Statistics 523, Problem Set 8 Solutions
Wellner; 6/7/2013

1. Durrett, Lemma (c), pages 46-47: write out the details of this proof
to a sufficient degree of detail to understand how the notation works.
The expanded proof should probably be about twice as long as the one
in the book.

Solution: If A and A’ are two partitions, we call AA’ the partition
obtained by taking all the points in A and A’. If we apply (a) twice
and take differences we see that ¥; = Q2(X) — Q2'(X) is a martingale
(since the difference of two martingales is a martingale). By definition
of Q,(Y) and (a) it follows that Y;> — Q22'(Y) is a martingale, and
hence

E(Q(X) = QY (X))? = BY; = EQRY(Y).
In the following we will drop the argument from @),A when it is X
and we will drop the r when referring to the process t — Q2. Since
(a +b)? < 2a? + 2b* for all a,b € R, it follows that
QYY) = Y (Yo, —Yi)’ where ¥, =0QF - Q¥
k
= Z{kaﬂ - QSA}!H - (Qi - Qi)}Q
k
= D @5, - — (@, —e)y
k
= D At} <2y (af +5})
k k
= 2) {(@n, - QD+ (@3, - Q)
k
= 2Q°%(Q%) +207%(Q%).

Thus to show that EY,? — 0 it suffices to show that if |A| + |A’| = 0
then EQ>4'(Q2) — 0.



To do this, let s, € AA” and t; € A so that t; < s < sp1 < tj41.
From the definition of Q% = Q%(X) we have

3Ak+1 - QSAk - Z (th o Xtﬂ'—1>2 - Z <th N th—1)2

ti<Sk+1 ti<sk

<X5k+1 - th)2 - (Xsk - th)2 = (a - b)2 - (C - b)2
= {(a=0) = (c=bH(a=b) + (c=b)} = (a — c){a+c—2b}
= (X5k+1 - Xsk)(XskJrl + Xsk - Zth)'

Squaring and then summing on s, € AA’ yields, with j(k) = sup{j :
tj < Sk}7

QTAN(QA) = Z(X5k+1 - Xsk>2{X5k+1 + Xsk - 2th(k)}2

SE<r

< Sl;p{XSkH + Xsk - 2th(k)}2 Z(XSkJrl - Xsk)Q

SE<r

= Sl;p{Xsk+1 + Xsk - 2Xt](/€)}2Q74A/(X)

The the Cauchy-Schwarz inequality yields

) 1/2 ) 1/2
EQAY(Q™) < {Esgp{XskH + X, — 2th(k)}4} : { EQAA (X)Q} :

The first term on the right side in the last display converges to 0 when
|A| + |A'] — 0 by the dominated convergence theorem since X; is
bounded and continuous. Thus it suffices to prove that

EQAY(X)? < 12M*.

. Durrett, Exercise 3.6, page 52: If X; is a bounded martingale, then
X? — (X); is a uniformly integrable martingale.

Solution: Since X? — (X); is a martingale and |X;| < M for all t,
BE(X), = EX? -~ EX2 < M?,

Letting ¢ — oo and using monotone convergence it follows that F({X )., <
M?. Thus Y; = X2 — (X); is dominated by an integrable random vari-

able:
Yy | X7 — (X)]

t
< XPIH (XD < M2 4 (X))o

Y
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which is integrable; EY < oo. This implies that {Y;} is uniformly
integrable.

. Durrett, Exercises 3.8 & 3.9, page 52: If S < T are stopping times and
(X)s = (X)r, then X is constant on [S,T.

Conversely, if S < T are stopping times and X is constant on [S, 77,
then (X)g = (X)7.

Solution: Let T, = inf{t : | X;| > n} and consider the stopped process
X1, By exercise 3.5 it suffices to prove the result when X is a bounded
martingale. By Exercise 3.7 we can suppose without loss that S = 0.
By the L? maximal inequality for the martingale X;,r and then the
optional sampling theorem on the martingale X? — (X); we find that

B (sup X) < 4B(X2,,) = B((X)70) = 0.

t<n

Letting n — oo yields E (sup,.., X7\y) = 0, and hence X is a.s. con-
stant (namely 0) on [0, 7.

. Durrett, proof of 4.2.c, page 55: Durrett writes “In view of the results
in the last paragraph, we can now prove the result by establishing it in
the case H = 1(44C and K = 1(. 4, and we can furthermore assume
that (i) b < cor (ii) a = ¢, b = d.” Justify these two claims.

Solution:
. Durrett, Exercise 4.2, page 56: ||H||x is a norm.

Solution: We need to show that:

(i) If H € lI1(X), and a € R, then |aH||x = |al||H]|x-
(i) If H, K € lIy(X), then ||H + K||x < ||H| x + || K| x-
(iii) If ||H||x = 0, then H = 0.

The proof of (i) is easy since

laH|% = E/Ooo(aH)Qd(X) = E/OOo a’H*d(X)

— @ [ 14X = o H]
0



To prove (ii), note that

1H + K%

= E/ (H+K)2d<X>:E/ (H> +2HK + K*)d(X)
0 0
- Wﬂ§+2E/ HEA(X) + K%
0

SHH%+ﬂEA HEKAX)| + | K%

where, by the Kunita-Watanabe inequality

e

HKd(X)| = |/OOOHKd(X,X)|

< [ mKlaxx)
0

([ ) ([ )

and hence by the Cauchy-Schwarz inequality

EI/OOOHKd<X)| < E{(/OOOHQd<X>>1/2 (/OOOKZd<X>)1/2}

IN

{E/OOO H2d(X>}1/2 : {E/OOO K2d<X)}1/2

= [[Hlx - [IK]x.

Thus it follows that

and hence

1 + K% < 1% + 21 Hllx 1K ]x + | K%
= ([H [lx + 1K]|x)*

(ii) (the triangle inequality) holds.

To prove (iii), suppose that

|H|% = E/O H?*d(X) = 0.

By the identification of || - ||x with the Ly(p)—norm for the Doleans

measure u

on II5(X) defined by
p(A X (s,1]) = E{1a(X):}
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for A € F, we have

/ H2(w0))dpu(w, 5) = 0,

and this implies that |Hs(w)| = 0 almost everywhere with respect to p.

The following concerns Durrett’s solution to this problem: If we fix w,
then ¢ — (X); defines a measure. The triangle inequality for L? of that
measure implies

(/<HS * Ks>2d<X>t) " (/ Hfd(X>t) - (/ dep()t)m

Taking expectations yields

P { (fon+ srax,) 1/2} <E { ( eacx.) 1/2} v B { ([ wax.) 1/2} |

This is not quite the inequality claimed in the Exercise as stated since

b { (/ H3d<x>t)1/2} #{ ([ zaco,) }1/2 = |1H]lx.

Since EY'Y/? < (EY)Y2 by concavity of p(x) = 2'/? we do have

E { (/(Hs + Ks)2d<X>t) } { (/ H2d( )}1/2 + {E (/ K§d<X>t) }1/2,

but this does not yield the triangle inequality either.

An alternative solution is via the Doléans measure yu defined above: for
Ae F,

p(A X (s,1]) = E{1a(X):}

Then ||H| x is indeed the Ly(x) norm on the space IT of predictable
functions:

o= 0= ()

and hence the triangle inequality for Lo(p) holds. In this sense || - ||x
is not a norm, but a pseudo-norm (or semi-norm).



6. Durrett, Exercise 4.3, page 56: X € M? if and only if F(X?) < oo and
E(X)s < 0.

Solution: If X € M?, then by definition (sup, £(X?))"/? < oo and
hence both EX? < oo and E(sup, X?) < oo by Doob’s L?—maximal
inequality. To see that F(X)., < oo, let T,, be a sequence of stopping
times 1 oo so that X is bounded and (X )7, < n. Then by optional
sampling
E(XE, = (X)1)lm,50 = EX{1i5,50).

Letting n — oo yields F(X2% — (X)o) = EXZ, and hence F(X)., =
E(X2) - EX? < oco.

To prove the converse, note that since X is a local martingale (in order

to define (X)), and optional stopping for the stopping times T, yields
the previous display. Rearranging this we find that

E(X3 lms0) = EX{lm=0 + E(X)1, 11,50
< EXJ+ B(X)y < 00

and hence X is L2—bounded.

7. Durrett, Exercise 4.5, page 59: If X is a bounded martingale and H €
II5(X), then |H - X||o = || H||x-

Solution: Let H™ € bll; with |H™ — H||x — 0. Since ||(H" - X) —
(H - X)||2 — 0 it follows from Exercise 4.4, the isometry property for
bIl; and Exercise 4.4 again that

[ - X2 = lim [[H" - X[, = T [| H"][x = [[H]|x

(Exercise 4.4 is as follows: if || - || is a norm and ||z, — x| — 0 then
[ znll = ]l

This follows easily since ||z|| < ||z, ||+||z,—2|| by the triangle inequality
and hence ||z|| < liminf, ||z,|]. On the other hand ||z,| < ||z||+ ||z, —
x|| by the triangle inequality again, so lim sup,, ||z, || < ||z||. Combining
these yields

)] < Tim inf {|a, | < Timsup [|a, || < |z},
n

and hence lim, ||z,| = ||z].)



8. Durrett, Theorem 6.5, page 65: If X, Y are continuous local martin-
gales, H € II3(X) and K € II3(Y), then

t
(H-X,K-Y), = / H, K, d(X,Y),.
0

Prove this theorem.

Solution: Let
t t

T, = inf{t >0 |thv/ Hfd(X)svm]\// K2d(Y), > n}.
0 0

Then by stopping at T, it suffices to prove that the claimed equality
holds for bounded martingales X and Y, H € I[I(X), K € TI5(Y). But
this holds by Theorem 5.4.

9. Durrett, Exercise 6.2, page 66: If X is a continuous local martingale
and H € II(X), then H-X € M? and ||H - X |z = |H||x. (Here I am
not sure I believe the claim: we start with a local martingale X and
end up with a martingale H - X, at least according to Durrett’s claim.
Thus you may need to rephrase the claim slightly. Alternatively, give
a counter-example.)

Solution: Let
t
T, = inf{t>0: |X| \// H24(X), > n},
0

and consider the process X stopped at T,; i.e. X». Since X" is
a bounded martingale, it follows from Problem 7 (Exercise 4.5) and
Lemma 3.7 that

[ X = I, = B [ HBaox™), = £ [ ma)n o

Tn
= E | HX(X), < E/H§d<X>s < o0 (2)
0

since H € II(X) and since fOT” H2d(X), < [[° H2d(X),. By Doob’s

L?—maximal inequality we find that

Th 0
E <sup(H : X)f) <4FE H2d(X), < 4E/ H2d(X), < oco.
0 0

t<Tn
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10.

11.

Letting n — oo and using monotone convergence yields
E (Sup(H : X)?) < 00,
t

and hence H - X € M?2. This provides an integrable dominating func-
tion for application of the dominated convergence theorem in (?77):
letting n — oo on both sides of (??) yields ||H - X||2 = || H||x-

Durrett, Exercise 6.3, page 66: Let X be a continuous local martingale.
Let S < T < oo be stopping times, let C'(w) be bounded with C'(w) €
Fg, and define Hy = Cl(s7(s). Then H € II3(X) and

/ H,dX, = C(Xr — Xg).

Solution: By stopping we can reduce to the case in which X is a
bounded continuous martingale and (X), < N for all ¢, which implies
H € TI5(X). Now replace S and T by S,, and T,, which stop at the next
dyadic rational and let H} = C for S,, < s < T, then H} € II; and it
follows from the definition of the integral in Step 2 (Section 2.4) that

/ HrdX, = C(X1, — Xg,).

But if |C| < K a.s. then

7" = Hllx < K{E(X)n, — (X)r)+ E(X)z, — (X)7)}

— 0

by the dominated convergence theorem. Using Exercise 4.4 and (4.3.b)
it follows that ||[(H™ - X) — (H - X)|l2 = 0, and hence [ H!'dX; —,
[ HydX,. Clearly C(Xr, — Xg,) —ras. C(X7 — Xg), and hence the
claimed equality holds.

Durrett, Exercise 6.4, page 67: If X is a continuous local martingale,
then

t
/ 2X,dX, = X7 — X§ — (X),.
0



12.

Solution: Note that for a partition {t]' : 0 < i < k,} with ¢j =0 and
tp =1 we have

kn—1
xox - S, -x)
=0
kn—1 kn—1
= D (X, —Xg)?+ Y 2Xp {Xy, — Xip)
1=0 1=0

since b* —a®? = (b—a)(b+a) = (b—a)(b—a+2a) = (b—a)?+2a(b—a).
By Theorem 3.8 the first term converges to (X);. By Theorem 6.7 the
second term converges to 2 fot X.dX,. Thus

t
X2 x2_o /0 X.dX, + (X)e,

and the claimed equality holds. Alternatively, from [t6’s formula with
f(x) = 2% we have f'(x) =2z and f”(x) = 2, and hence

X2 - X = — f(Xo)
:/f dX+1/2/f” (X)s
- /Ozxsts+(1/2)/ot2d<X>s
— /OtzxstsHX)t,

and rearranging yields the claimed identity.

Durrett, Exercise 6.5, page 67: Show that if X is a continuous local
martingale and we evaluate at the right end point then

t
D 2Xp {X () - X (1)} %p/ 2X,dX,+2(X); = X2 — X2+ (X),.
i 0

Solution: Using the same notation as in the previous problem we have,



using 2b(b — a) — 2a(b — a) = 2(b — a)*

kn—1 kn—1
D 2Xi Xy, — X} = Y 2X {Xin | — X}
=0 =0
kn—1
- Z (Xin, — Xim)® =5 2(X)s.
1=0

Thus the previous problem yields

32Xy, (X (02) = X (22}

kn—1 kn—1
= D 2Xy (X, — X} = Y 2Xp { Xy, — Xip)
i=0 =0
kn—1
+ > 22X {Xe,, - Xa)
=0
kn—1 kn—1
- Z 2Xt?+1{Xt?+1 B Xt?} o Z 2Xt? {Xt?H o Xt?}
i=0 =0
kn—1
+X7 = X5 =) (X, — Xon)?
=0

= 20X+ XP — X5 — (X),

t
= X2 X2+ (X), = 2/ XodX, + 2(X),.
0

13. Let f € Ly[(0,00), A] and consider the process Z(t) = exp(fot f(s)dB(s)—

3 f(f f?(s)ds) where B is standard Brownian motion. (a) Compute
E{Z(t)|Fs} where F; is the o—field generated by {B, : r < s}. Is
{Z;} a (local-) martingale?
(b) When f(t) = p # 0, the process Z(t) = exp(uB(t)—(1/2)u?t) yields
the Radon-Nikodym derivative dP, ;/d P, of P,|¢, with respect to Fyle,
where P, is the law of Brownian motion with drift, B, (t) = B(t) + ut,
on (C0,00),Cl,x)); recall problem 4 of Problem set 6. Does Z in
part (a) have a similar interpretation for a general Ly function f?7 [See
Durrett, Theorem 3.7 and Section 5.5.]

10



Solution: (a) We compute
E(Zi|F5)

_ E{exp(/f dB)\f} exp( (1/2/f2() )

= E{exp(/o f(r)dBT)-exp(/f dBT>] } exp< 1/2/f

e ([ s, s ([ 108 oo (112 /f

almost surely since [J f(r)dB, € F, and f f(r)dB, = f: ( )
By) is independent of F,. But we also recall that [ f(r ~

N(0, [T f?(r)dr), and hence

Eexp ( / t f(r)dBr) ~exp (% / t f2(r)dr) |

Putting this together yields

E(Zy|F,) =as. exp </0 f(rydB, — (1/2) /0 f2(r)dr> = Z,,

and hence {Z;, F;} is a martingale.
(b) In Durrett’s Theorem 12.4 we take ay = Z; and take X; = B; under
P. Then I claim that

(Z,X), = (Z,B), = / Z,f(s)d(B), = / Z,f(s)ds

This follows from Theorem &.7 and the calculation in class on 5 June
showing that Z, = f(f Z,f(s)dX,. Then Theorem 8.7 yields

2.X) = ([ 256X X0 = (| 2.5(6)aB. B

_ /Ot ZJ(s)d(B)S:/Ot Z.f(s)ds

Then from the Girsanov formula of (12.4),
b1 b1

A= [z~ [ S (/Zf() ')
= /—Zf ds-/f

11

o)

)



14.

Thus under @, X; — A; = X; — fot f(s)ds(= By) is a martingale.

(Sources for harmonic functions) A fact from complex variables is that
the real and imaginary parts of an analytic function satisfy the Cauchy-
Riemann equations; that is, if f(z) is a differentiable function of z =
x + 1y and if we write f(z + iy) = u(z,y) + iv(z,y), then

Ou/0x = 0v/dy and Ou/dy = —0v/0x.

(a) Use the equations in the last display to show that u(z,y) and v(z, y)
are harmonic. What harmonic functions do you obtain from the real
and imaginary parts of the analytic functions e* and ze*?
(b) Consider the harmonic functions f you found in (a). What is the
result of applying Ito’s formula to the processes of the form X, = f(B;)
where B, is 2-dimensional Brownian motion?
(c) Consider the family of hyperbolas given by H, = {(z,y) : 2*—y* =
a}. What is the probability that the standard two-dimensional Brow-
nian motion in R? starting at (2, 0) will hit H (1) before hitting H(5)?
Hint: consider the harmonic functions obtained from the complex func-
tion f(z) = 22
Solution: (a) Now

Pu O 0?u 0%

and =

or? Oxdy’ o2 Oyox’

SO
u  O%u 0%v 0%v

+ = — =
ox?  0y? Oxdy Oyox
since the two mixed partial derivatives in the last line are equal. Simi-
larly,

0

0% 0%u 0% 0%u

S qQ &v_ 9
Ox? Oxdy’ a oy?  Oyox’

v 0% 0*u 0?u
2 T T - =0

ox dy Oxdy  Oyox

For f(z) = €* = "™ = e%(cosy + isiny) = e* cos y + ie® siny we have

u(z,y) = e*cosy and v(x,y) = e”siny.

For

SO
Av =

f(z ze* = (z +iy)e" ™ = (z +iy)e”(cos z + isiny)

~—

= e"(xcosy —ysiny) + ie®(ycosy + xsiny)
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we have u(z,y) = e*(zcosy—ysiny) and v(z,y) = e*(y cosy+x siny).
(b) If f is harmonic, then for B, = 2-dimensional Brownian motion
started at z,, Itd’s formula yields

FB)= 1By = [ VBB +5 [ Af(B)s
= [viw)-az,

Thus f(B,) is a martingale.

(c) When f(2) = 2% = (x +iy)? = (2% — y?) + i2xy we have u(z,y) =
2? —y? and v(z,y) = 2zy. Thus u(B,) is a martingale. To emphasize
that B may start at z, # 0 we write X, = B, + x, where B, = 0. Now
let H, = {(z,y): 2*> —y? = a}, and define

T, =inf{t >0: X, € H,},

and for « < B let 7,3 = 74 A 7. Thus {705 = 7o} = {70 < 75} is
the event that 2-dimensional Brownian motion started from z hits H,
before it hits Hg. By optional sampling with z, on the x—axis and
with 291 € (a2, 4?) we have

u(@o) = EU(XTmﬁ)
= u(X.,.a)P(Ta < 7'5) + U(XTB P(Tﬁ < Ta)
(

= ap+f(l—p)=5-(B—-ap
where p = P(7, < 73). It follows that

B — u(zy)
B—a

When 5 =5, a =1 and z, = (2,0) we find that

p=P(ry, <73) =

5—(22-0%) 5-4 1
N 5—1 44
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