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1. Let X(¢) be a continuous local martingale and let ¢ be a convex func-
tion. Show that ¢(X}) is a local submartingale.
Solution: Let T, = inf{t: |X;| > n}. By Durrett (2.4), page xx, this
sequence will reduce X;. Note that X" < n. Jensen’s inequality for
conditional expectation (see e.g. (1.1.d) implies

E{o(X{")|Frons} = @(B(X{"|Fr,ns) = 9(X.7).
Thus {¢(X;), F:} is a local submartingale.

2. Let X; be a continuous local martingale and let R < oo be a stopping
time. Show that Y; = Xg,s is a local martingale with respect to
gs = -FR+5'

Solution: Let T,, < n be a sequence which reduces X, and let S, =
(T, — R)*. If s < t, then it follows from the definitions, the optional
sampling theorem, and the fact that 1{7,, > R} € Fr C Frys, that

E(Yins, lis,>019s) =  E(X(reoar, > Fris)
=a.s. 11, >RE (X (Reoya, [ Frs)

=a.s. X(R+s)ATw L[Tn>R = Ysns, L[s,>0-

Thus {Y;, Gs} is a local martingale.

Revised solution: Let Y, = Xi., and G, = Frys. Let T,, < n be
a sequence of stopping times which reduces X. Let S, = (T,, — R)™.
Then we want to show that

E(Y;tsn|gs/\5n) “as. }/ssn’ (1)



that is, the sequence {S,,} reduces Y. But we compute

E()/;Sn |gs/\5n) = E(Yt/\sn 1[Sn>0] |gs/\5’n)
E{Xpt@ns,) Limn>r)| Fr(snSn) }
E{X rroar, Vi1, >Rr) | F(Rts)AT0 }
Uiz, > R EE{ X (o1, | F(Rts)AT }
since [T, > R] € Fr C Frys and [T, > R] € Fr,,

=a.s. 1[S00 X(Rts)ATn
= Y5

where the next to last equality holds by optional sampling: stopping
X2 at the two stopping times R + s < R+t yields the (two-term)
martingale {X£137X£1t}- Thus (1) holds; i.e. Y is a local martingale.

. Show that if X is a continuous local martingale with X; > 0 and
E Xy < oo, then X, is a supermartingale.

Solution: Let T, be a sequence of stopping times that reduces X.
By the martingale property of the reduced sequence it follows that for
A € Fy we have

E(1a X, Lim,>0) = E(LaXolm,>0)-
By Fatou’s lemma and the dominated convergence theorem this yields

E(]-AXt) S hm infE(lAXt/\Tnl[Tn>0})

n—oo
S nhj& E(lAXgl[Tn>0]) = E(lAXO).
By taking A = Q this yields E(X;) < EXy < co. Since the inequality
holds for all A € Fy we can conclude that E(X;|Fy) < X, almost
surely. To see that E(X;|F;s) < X, almost surely for 0 < s < ¢, apply
the previous argument to Y; = X, ,; which is a local martingale by the
previous problem.

. Definition: If X and Y are two continuous local martingales, define

(X, V) =-((X+Y), —(X-Y))

A



where (X); is the unique continuous increasing process that makes
X2 — (X,Y); alocal martingale. Show that:

() (X +Y.2) = (X, 2+ (Y, 2

(i) (X —Xo, Z) = (X, Z)y;
(iii) If a,b € R, then (aX,bY)
(iv) If a € R, then (aX), = a?

+=ab(X,Y)y

(X )

Solution: (i) Note that

(X + Y)tZt - ((X, Z>t + <Ya Z)t) = XiZi + Y2 — <Xa Z>t - <Y7 Z)t

= (XeZi — (X, 2)) + (Vi Ze — (Y, Z))

is the sum of two local martingales and hence is a local martingale. By
a.s. uniqueness of the covariation process, this implies that (i) holds.
(i) Now —XyZ; is a local martingale, so if ¥; = X, it follows that
(Y, Z);, =0, and then (ii) follows from (i).

(iii) For a,b € R the process

(aXy)(bY;) — ab{X,Y), = ab(X,Y; — (X, Y))

is a local martingale, and hence (iii) holds.
(iv) This follows immediately from (iii) by taking a = b and ¥ = X.



