Statistics 523, Problem Set 4 Solutions
Wellner; 5/1/2013

1. PfS Course Notes, Exercise 12.3.1, page 309:
Let Z ~ N(0,1) and the Brownian bridges V, UV, and U® be inde-
pendent. Fix a > 0. Show that:

(11) S(t) =V(t)+tZ,0<t <1 isa Brownian motion.

(12) S(at)/+/a, 0 <t < oo is a Brownian motion.

(13) S(t+a)— ( ), t >0, is a Brownian motion.

(14) /1 —aUW 4+ ,/aU®? is a Brownian bridge if 0 < a < 1.

( ) Z(t) = {UD(#) + UD (1 - 1)}/v/2, 0 < t < 1/2 is a Brownian

(16) U(t) = (1 —=1t)S(t/(1 —1t)), 0 <t <1,is a Brownian bridge; use
the LIL at infinity to show that this U converges to 0 at t = 1.

(17) tS(1/t), 0 <t < oo is a Brownian motion; apply the LIL of (10)
to verify that these sample paths converge to 0 at ¢t = 0.

Solution: (11) Now § is clearly Gaussian with ES(t) = EV(t) +
tE(Z) =0+t-0=0 and, by independence of V and Z,

ES(s)S(t) = EV(s)V(t)+stE(Z*) =sAt—st+st=sAt

for 0 <s,t <1, so S is a Brownian motion process on [0, 1].

(12) Again S = S(at)/+/a is a Gaussian process with ES(t) = 0 and
ES(s)S(t) = {(as) A (at)}/a = s A't, so again S is a Brownian motion
process on [0, 00).

(13) S(t) = S(t + a) — S(a) is clear Gaussian with mean 0 and

ES(s)S(t) = E{(S(s+a)—S(a))(S(t+a)—S(a))}

= (s+a)A(t+a)—(s+a)Na—(t+a)Na+a
= (s+a)—a—a+a=s if s<t,

= s At for arbitrary s,t > 0.

Hence S is again Brownian motion on [0, 00).

(14) Now V(t) = /1 — aUW £ /aU? with UL and U® independent



and a € [0, 1] is clearly Gaussian with mean 0 since both U®) and U®)
are Gaussian with 0 mean. Furthermore

EV(s)V(t) = (1—a)EUY(s)UD () + aBUD (s)UD (1)
= (I—a)(sAt—st)+a(sANt—st)=sNt— st.

Thus V is a standard Brownian bridge process on [0, 1].
(15) Again, Z is a mean 0 Gaussian process on [0, 1] and

E{Z(s)Z(t)} = 27YHEUW(s)UD () + EUP (1 - s)UP (1 —1)
= 27 HsAt—st+(1—s)A(1—t)—(1—-5)(1—1)}
= 27 s—st+(1—t)—(1—s)(1—t)} if s<t
= 27 Ms—st+(1—-t)1—(1—8)}=s(1—1t) if s<t
= sAt—st for 0<s,t<1.

Thus Z is a standard Brownian bridge process.
(16) Now U is a mean zero Gaussian process since S, and we compute

BUSU®) = B{(1-5)S(s/(1 - £))(1 — )S(/(1 - 1))}
— A-s)1-t——p

/\_
= (1-9)1-t)—

1—s 1-—t

if s<t¢
= s(1—1t) if s<t
s ANt —st for general 0 <s,t<1.

Moreover, note that

11}111(1 —1)[S(t/(1 —1))|

< i1~ )VET = ) Tog ogl11 — ) imstp — LU
o | 5(9)

= 0-1=0 almost surely

by the LIL for BM at co. Hence U is a standard Brownian bridge
process on [0, 1].



(17) Now S(t) = tS(1/t) is a 0—mean Gaussian process with

E{S(s)S()} = stB{S(1/s)S(1/t)}

st((1/s) A(1/t) =st-(1/t) if s<t
s if s<t¢t

= sAt forany 0<s,t < 0.

Furthermore,
1/t
lim [S(t)] < hmt 2t loglog(1/t) - lim sup [SA/)
o0 N0 2t loglog(1/t)

1/t
= hm\/2tloglog 1/t) hmsup SA/0]

V/2(1/t) loglog(1/t)

S
= hm\/2t10glog 1/t) - lim sup STl

r oo 4/2(r) loglog(r)

= 0-1=0 a.s.

by the LIL for S at +oo. Thus S is standard Brownian motion on
[0, 00).

. PfS Course Notes, Exercise 12.3.6, page 310:

(a) Suppose that k and h on [0,1] are in Ly[0,1]. View white noise
as an operator dS that takes the function h into a random variable
f[O,I] h(t)dS(t) in the sense of —,. Define this integral first for step
functions, and then use Exercise 4.4.6 to define it in general. Then
show that f[o 1 (t)dS(t) exists as such an Lo—limit for all h € Ly[0, 1].

(b) In case h has a bounded derivative h'on [0, 1], show that

/ h(t)dS(t) _hS|0+ / S(t)K (t)dt.
[0,1] [0,1]

(c) Determine the joint distribution of [, ,; 2(t)dS(t) and f[o j h(£)dS().

Solution: (a) First consider h(t) = 1,4 (t) for 0 < a < b < 1. Then
we define S(h) = [, hdS = [, dS(t) = S(b) — S(a). Now for any
function A of the form hy,(t) = 37", ¢jl¢;_,+,)(t) with ¢; real and



S (ti-1,t5] = (0, 1], define

j=1
WWE/ hindS = ¢;(S(t;) — S(t;1)).
[0,1] j=1
Then S(h,,) is clearly Gaussian and we have
m 1
BS(hn)?) = 3 ity —t1) = [ K0t = [
- 0

Jj=1

where ||, ||2 denotes the norm in Ly([0, 1], A) for Lebesgue measure
A. Thus the map h — S(h) = f[o,l} hdS defines a linear isometry from
the collection of step functions in Lo ([0, 1], A) into Lo(2, A, P). Since
the set of step functions is dense in Lo([0, 1], \) by Exercise 4.4.6, we
may extend this isometry by continuity to all h € Ly(]0, 1], \), and by
linearity the whole process {S(h) : h € Ls([0,1])} is Gaussian. Note
that for g, h € L]0, 1] we have

4g.h) = llg+hl* = llg — hlI*

(this is known as a polarization identity), and hence inner products are
also preserved: for all g, h € Ly[0, 1]

1
E(S(9)S(1) = {g.h) = [ ghax
0
(b) When h has a bounded derivative ', we instead define

S(h)

imﬁ@ﬁ;—/famymm

0

:lMﬁM—AhMﬁ@m

since |h(t)| = |f[;f h'(s)ds| < ||W|let for 0 < t < 1. Our goal will
be to show for this alternative definition that we also have E(S(h)?) =

fol h%(t)dt and hence the same isometry holds as in (a) for the functions
in C1[0,1] as a subset of Ly[0,1]. Since C'[0,1] is also dense in L,[0, 1],
the definition agrees with the definition given in (a). We calculate as
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follows. First note that it suffices by linearity to consider A monotone
non-decreasing and bounded by ||A||o. For monotone h we compute
(using Fubini’s theorem frequently)

2

ES(h) = E(h(l)S(l)— /0 1S(s)h’(s)dx)
~ R2(1) - 20(1)E{S(1 )/1 B (5)S(s )ds}+E(/1 h’Sd)\>2

= w2 s [ [ s nomtnas
= wy—2ntr) [ onyas ([ >d)

v [ / (5 At — s (I (st
h(1) — sh’ ) //s/\t—sth’ ()R (£)dsdt

(st

(/oh ) // (s At — st)dh(s)dh(t)
_ (/01h 5) + Var(h(€)) where ¢ ~U(0,1)

()

by using (6 4.13) on page 113 of PfS, course notes

) /0h2(t)dt—</01h(t)dt)

2

- /0 2(t)dt.

(¢) Now for any step functions g, h,, in Ls[0,1] with g, —9 ¢ and
h,, —9o h we see that

/0 JondS = Zc] (t;-1)) ~ N(O, [[gmll?)

by the independent and stationary increments property of S, and sim-



ilarly
([, 8) (] )
[0,1] [0,1]

and we conclude (again) that

M

eyt =ty = [ g (Ot

I
—~ <

E(S(@)S(h) = (g, h) = / oy

Thus (S(g),S(h)) ~ N5(0,3) where
)
(9. 1) Al

. PfS Course Notes, Exercise 12.9.2, page 332:
Let V,(r) = ZZ:1 IS(tak) — S(tnx-1)|" and [[Py]| = Sup1§k§n|tnk -
tn&—lL
() Let Z ~ N(0,1). Let r > 0. Show that:

(a) C, = B|Z|" = 2T ((r + 1)/2)/y/7.

() ElStns1,ta]l” = Coltns — tng_1]"'?,

Var(|S(tn,k—17tn,k]|r) = (CQT Cf)|tn,k n,k—1|r~

(8) Now show that EV,(2) = 1 and Var(V,(2)) < (Cy — C?)||Py||
and hence

D P(Va(2) =1 2 €) < *(Cor = C2) Y | Pall.
n=1 n=1

(v) Finally prove that V,,(2) —,, 1 if Zzozl [Py < o0.

Solution: («) First, if Z ~ N(0,1) and r > 0
Bzl = 2 [ sem e 2

— \/>/ 21} (r=1)/2 =2 1y,

= \/;2’“ DR ((r+1)/2) = 27T ((r + 1)/2) /7 = C,.
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Thus Cy, = 1-3---(2k — 1). Then note that S(t,x) — S(t, 1) ~
N(0,tp % — tni—1) and hence

E‘S(tn,kfla tn,k] ’r = |tn,k - tn,kfl‘r/gE‘Z‘r = Cr‘tn,k - tn,k71|r/2-
and

Var(S(tn k-1, tn,k]Q) = FE|S(tni-1, tn,k”4 —{EIS(tn -1, tn,k]‘Q}Z
- (04 - 022)|tn,k - tn,k—1|2

as claimed (and with r = 2).
(8) Now it follows from («) that

n n

Evn(Q) - CZ Z(tn,k‘ - tn,k‘—l) =1- (tn,k - tn,k—l) =1

k=1 k=1

since Cy = 1, and using the independence of the increments of Brownian
motion,

n

Var(Vo(2)) = (Ci—C3) Y (tus — tas1)’

k=1

< B-=DPn HZ nk = tnk-1) = 2| Pnl|

as claimed (but with r = 2). Thus by Markov’s inequality,

D P(Va(2) =1 2 ) <2672 || Pall.
n=1 n=1

() This last display together with the Borel-Cantelli lemma shows that
P(|Vn(2) = 1| > € i.0.) = 0 for every € > 0, and hence V,(2) —,, 1 if

D onet IPall < oo

. PfS Course Notes, Exercise 12.9.3, page 332: Prove theorem 9.1(b)
when all t,;, = k/2". That is, with V,,(r) = 3o [S(tur) — S(tas_1)|",

show that V;,(1) —q.. 00 if ||Py|| = supicpcon [tuk — tnp—1| — 0.

Solution: By the Paley-Zygmund inequality, for any A € (0,1) we
have

P(V,(1) > AEV,(1)) > (1 — A>z{?‘//2(( ))}



where, by (a) of the previous problem,

2”

kEook—1
EV,(1)=C — M2 =yn 2 = 022,
(1) 1;\2n ST 1 1
and
ok k-1
Var(V,(1)) = (Co = C7) > o = g | = G227 = (1 ).
k=1

It follows that

EVZ(1) = Var(V,(1))+{EV,(1)}?
= (1-C})+Cr2n

where EV,(1) = €12/ — co as n — oo. Thus

liminf P(V,,(1) > AEV,(1)) > (1 — \)?

n—o0
for every A € (0,1). This implies that V(1) =, 1.
. Let S denote a standard Brownian motion process on [0, 00), and define
X(t) = e7'S(e*) for t € (—o0,00).

(a) Compute EX(¢)X(s) and E(X(t)X(t + h)).
(b) Is X a Gaussian process?
(c) Is X a stationary process?

Solution: (a) Now

EX(t)X(s) = e e 'ES(e*)S(e*)
e e e Nt} =efele® if s <t
= et if s<t,

e~ 15l for general s,t € —ooo.

(b) X is clearly a mean 0 Gaussian process since S is mean-zero and
Gaussian. (c) Note that for any ¢; <ty < --- <), with ¢; € R we have
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where ¥ = (exp(—|ty —t;]))]%=y- But if & > 0 we see that
(Xt +h), ..., X(t, + h)) ~ Ni(0,X)

as well since the new covariance matrix has entries exp(—|(t; + h) —
(t + h)|) = exp(—|t; — tx|). Thus X is stationary. The process X is
known as an Ornstein-Uhlenbeck process; see Breiman (1968), pages
347-350. It turns out that X is also a Markov process, and that if a
process is Gaussian, stationary, and Markov with continuous sample
paths, then it is an Ornstein-Uhlenbeck process up to its mean.



