Statistics 523, Problem Set 2 Solution
Wellner; 4/17/13

1. PfS Course Notes, Exercise 11.1.1, page 274: (Chf expansions for the uan array
Xni, .-, Xnn) Consider a uan array of rv’s X .
(a) Let Fy; and ¢, denote the df and the chf of X,,;. Show that

max |ni(t) — 1| — 0 uniformly on every finite interval.
(b) Set €,(t) = >i_; lonk(t) — 1|2, Show that if X, ~ (0,02,) and o2 =
Sr_ 02 < M < oo with maxg<, 02, — 0, then €,(¢t) — 0 uniformly in
each finite interval.

2
n
t on

Solution: (a) This was already done in Problem Set #1, problem 3, (a) implies

(b).
(b) Note that since maxy<, 02, — 0, we know that the triangular array is uan
by Markov’s inequality:

I,EQKP(’X”’C’ >€) < rilgi(aik/eQ —0

as n — 0o. Furthermore, by inequality 9.6.1 we have

max [ G (t) — 1 < Kaalt]* max EX, = Kaalt] maxoy,.

Thus it follows that

en(t) D lou(t) =1
k=1

< max|du(t) — Kot oy
= k=1

< max | (t) — 1| Ko  T* M

0

for [t| < T and since Y, o7, < M.



2. PfS Course Notes, Exercise 11.1.2, page 274:
(a) If ¢ is id, then ¢(t) # 0 for any t.
(b) Let ¢ and ¢,, denote the chf of Y and of the Y,;’s respectively where Y £
Y1+ ---+Y,, and the Y,;’s are i.i.d. for each n. Show that these Y,,;.’s form a

uan array.
(¢) IfY,, =4 Y for id random variables Y,,, then Y is id.

Solution: (a) Since ¢ is the characteristic function of Y, ¢ = |¢|? is also a char-

acteristic function (of Y=Y with Y| Y’ independent, Y’ LY. Since Y is infinitely
divisible, so is Y — Y and hence 1 (t) = |§(t)|* satisfies ¥ (t) = |p(¢)|? = |on(t)*"
for some characteristic functions ¢,; the ¢, are the characteristic functions of
Y,,;iid. withY,; +---+Y,, 2 Y. But then | (1) = o)V — 1{|o(t)] #
0} = ¢(t). Since ¢ is continuous, we know that it is bounded away from zero for
some neighborhood of 0, and hence the limit ¢ is 1 for all ¢ in a neighborhood of
0. Since ¢ is continuous at 0, the Cramér-Lévy continuity theorem implies that
it is a characteristic function. Since all characteristic functions are continuous we

see that {t : |¢(t)] = 0} = 0. Thus ¢(t) # 0 for any ¢.

(b) That the Y, ;’sin Y, 1+ +Y,, LY are uan essentially follows from the
proof of (a) above, since the limiting characteristic function ¢ is that of the law
degenerate at 0, and hence the (i.i.d. array) of Y, ;’s is uan.

(c) Suppose that Y, is infinitely divisible for each m and that Y,, —4 Y.
By infinite-divisibility of Y,,, for each n > 1 there are i.i.d random variables
{Yin; 1 < j < n} such that Z;L=1 Yinn.j < Y,,. Fix n and consider the col-
lection {Y, 1 : m > 1}. Then the first step is to show that this collection is
tight. This proceeds along the lines of the proof of our first theorem concerning
infinitely divisible laws: Note that

P(Ym,n,l > K)n = P(Ym,n,l > K7 s 7Ym,n,n > K)

< P> Yuny>nK)=P(Y, >nk),

so, since {Y,,} is tight (since Y, =4 Y),
limsup P(Y,n1 > K) <limsup P(Y,, > nK) — 0

m— 00 m— 00

as M — oo, and similarly for the left tail. Thus there is a subsequence {Y,,y 1}
satisfying Y, .1 —4 some Y,, ;. Since the Y,/ ,, ’s are i.i.d. for each k, this yields
Yoi,..., Yy, iid. such that Y, ,,x —4 Y, as m' — oo for each 1 <k < n. By
the Mann-Wald theorem we find that

YiYn,1+"'+Yn,n-
Since this holds for each fixed n, Y is infinitely divisible.
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3. PfS Course Notes, Exercise 11.2.1, page 283: Suppose that a,  with a; = 1
and suppose that ame = amay for all k,m > 1. Then show that a, = n'/* for
some « > 0.

Solution: (From Breiman, Probability, page 202.) Since a,x = ana; for all
m,k > 1 it follows that ay; = (ay)’ for all k,j > 1. For n > k, choose j so that
api < a, < api+1. Thus we have

log ay; <loga, <logai+,
or
jlogay <loga, < (j+1)loga.

Dividing by j log k yields

log ay, < log a,, logn < J+ 1logayg
logk — logn jlogk = j logk

Letting n — oo and hence also j — oo and logn/(jlogk) — 1, yields

logay .. loga,

= =A>0
logk  n—c logn ’

or equivalently a, = k*.

4. P1S Course Notes, Exercise 11.2.2, page 283: Suppose that Y ~ G is stable with
characteristic exponent . Then E|Y|" < oo for all 0 < r < a. (Hint: use the
inequalities of section 8.3 to show that nP(]Y| > a,x) is bounded in n where

an, = n'/®, and then bound the appropriate integral.

Solution: First note that if Z =Y —Y” where Y’ £ Y and Y, Y’ are independent,
then Zis symmetric and inequality 8.3.2 with a = 0 and m = median(Y) yields

1
QE\Y —m|" < E|Z|" < 2" E|Y]".
Thus E|Y|" < oo implies E|Z|" < oo, and conversely, via the C,inequality

1 1
E|Z" = (1Bl —m" > {HE,Y,T - mr} |

so that E|Z|" < oo implies E|Y|" < oo.



By Corollary 11.3.1 we have ¢z(t) = exp(—c|t|*). Furthermore, by inequality
9.5.1 and the elementary inequality 1 —e™® <a (or 1 —a < e ?),

1/x
P(Zlz0) < 7o [ (1= Res(t)d

1/x 1/x
= 7[E/ (1 —exp(—ct®)dt < 733/ ctdt
0 0

1 7
xf(oHrl) c e

a—+1 a—+1

= Tcx
It follows that for r < a

Bzl = / re"LP(|Z] > 2)dx < 1+i/ ooy
0 Oé+1 1

Tc 1
a+la—r

<

< 00.

Remark: It turns out that E|Y|* = oo if Y is stable with characteristic exponent
a <2

. Let v > 0,0 € R, §; € R, and suppose that 0 < v + Z;; (5J2 < 00. Define, for
t e R,

U(t) = eVt H(l + 6jt)€—6jt’
j=1
and consider ¢(v) = 1/U(iv).
(a) Is ¢ the characteristic function of some random variable Y7 If so, identify YV’

in terms of some simpler independent random variables.

(b) Is Y infinitely divisible?

Solution: (a) From the definitions of ¥ and ¢ we find that
eivéj

(v) = 1/U(iv) = exp(—yv?) exp(—ivé) H Ao

Jj=1

The first factor in the last display is the characteristic function of a N(0,2y)
random variable; i.e. \/2vZ where Z ~ N(0,1). The second term is the charac-
teristic function of the constant random variable —¢. Each of the factors in the
infinite product is the characteristic function of —(Y;—9,) where Y} is exponential
with densityd; ' exp(—y/d;)1,0)- Thus ¢ is the chf of

Y =V29Z-5-) (Y;—5))
j=1
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where the Y}’s are independent and independent of Z. Note that E(Y; — ;) =0

and . .
ZVar(Yj) = 2532 < 00
o j=1

so that Y is almost surely a finite (proper) random variable.

(b) Y is infinitely divisible since Z is infinitely divisible, —4 is infinitely divisible
and each Y; — §; is infinitely divisible: for each j > 1 and m > 1 we have
Y; —0; L > e (Y — d5/m) where the Yj; are ii.d. Gamma(1/m,d;).



