Statistics 523, Problem Set 7 Solutions
Wellner; 5/21,/2010

1. P1S, Exercise 13.1.4, page 353: Verify the claims made in example 1.10:
For all t € R let

N; = 1ix<y, and A, =0[N(r): r <tl.

(a) Show that the class Cs = {[X > r] : —oo < r < s} is a T—system
that generates Ag. Thus any two finite measures that agree on Cy also
agree on A, by the Dynkin m — A theorem.

(b) Show that for all —co < s <t < o0

F(s,t]

E{Ni|As} =as. lix<q + 1[X>S]1_7F(S)’

where F(s,t] = F(t) — F(s).
(c) Similarly, verify that for all —co < s <u <t < oo
1 — F(u—)

Bl A} =as 1o proy

(d) Show that the process
Mt = Nt — / 1[X2r}dA(T) = Nt - At
(70077&]

is a martingale on R adapted to the A;’s. To do this, show that
E{1a(Ne = No)} = E{1a(Ar — Ay)} (1)

for all sets A € C,.

Solution: (a) The class of sets Cs = {[X > 7] : —o0o < r < s]}is a
T—system: it is closed under finite intersections since for r, ' € [—00, $]
we have [X > r]N[X > ] = [X > r Ar] € Cs; and it contains
since [X > —oo] = Q. Furthermore, Cy generates A by the proof
of Dynkin’s m — A theorem, since C, is a m— system, it follows that
o[Cs] = A[Cs] where A[C,] is the minimal A—system generated by C;.
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But \[Cs] C Ay = o[[X < 7] : r < s since Ay is a A—system which
contains Cg: [X > r] = [X <r|® € A, forall —oo < r < s. Furthermore
A is the minimal such A—system containing Cs, and hence the claim

holds.
(b) The claimed equality holds if and only if

E {1,4 (1[x<s} + 1[X>s]%) } = E{14N;}

for all A € A,. But by (a) it suffices to show this identity for A € C;.
Thus let A = [X > r] for some r < s. Then the right side is

E{lixsnlix<q}t = E{lp<x<g} = F(t) — F(r),
and the left side is

F(s,t] }

E {1[X>r]1[xgs} + Lixsnlixsa)

=7
= Elpcx<s+ E{l[x>s}}% =F(s)—F(r)+ (1 — F(s))%

= F(s)— F(r)+ F(t) — F(s) = F(t) — F(r).

Thus the required identity holds and the conditional expectation is
equal to the right side a.s. as claimed.

(c) Similarly, the claimed equality holds for —oco < s < u <t < oo if
and only if

1— F(u—
E{lalixsy} =F {1A1[X>s} ( )}

1— F(s)
for all A € A;. But by (a) it suffices to show this identity for A € Cs.
Thus let A = [X > r] for some r < s. Then since r < s < u the left
side is
E{l[X>r}1[X2u]} = El[qu] = 1 — F(u—),

and the right side is

FE {1[X>r1[X>s]11__F7P(jZ;))} = E{l[X>S]}11_—F7f«EQ(Ls_))
1— F(u—)

= (= Fe) g =1~ Fl-)



Thus the required identity holds and the conditional expectation is
equal to the right side a.s. as claimed.

(d) To show that M is a martingale as claimed, it suffices to prove the
identity (1) for sets A € Cs. Thuslet A = [X > r] for some r € [—o0, s].
Then the left side of (1) is given by

E{lxsn(Ny =No)} = E{lpcx<q — lpex<q}
= F(t) = F(r) = (F(s) = F(r)) = F(t) — F(s).
On the other hand, the left side is

E{l[X>r}(At - As)}

= E{l[X>r}/ ]_[sz]d/\(l))}
(s,1]

- . {E(l[x>r]1[xzv])} dA(v)
1
- /@,ﬂ EljxsydA(v) :/ (1—F(v—))ﬁ(v_)dﬂ“)

(5.1
- /( ﬂ dF (v) = F(t) — F(s).

Thus the required identity holds and {My, A;} is a martingale.

. PfS, Exercise 13.1.5, page 353: Verify the claims made in example
1.11: Suppose that the rv’s &1, &, ... are i.i.d. Uniform(0, 1), and let
N,.(t) = nG,(t) = (the number of &’s <t). Show that

N, (t) - /Ot = Gulr2)) g,

1—17r

- Vn {Un(t) + /Ot Un(j;)dr}

M, (t)

1

is a martingale with covariance n(s A t).

Solution: Let A} = o{lg<q, 0 < s <t, i =1,...,n}. Now note
that

n t
Ligi>r
a0 =3 {teo - [ 32}

i=1
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is a sum of the basic one-jump counting process martingales treated in
the previous problem in the special case of Fi(z) = z for 0 < z < 1,
and hence with hazard rate function A(z) = 1/(1 — z) and cumulative
hazard function A(t) = fot(l —r)~!dr. Since the sum of martingales is
also a martingale, the first equality of the claim follows. Alternatively,
for0<s<t<l,

- T

n tq, )
pon Ok = Y8 {ine) - [ 12ala ]
i=1

n

3 " Lgon)
— 1 (&) — Ld
i=1 { o:1(&) /0 L= T}

a.s., by the result of the previous problem

= M,(s).

The second equality of the claim follows since

\/H{Un(t) +/0t Uf(j;)dr}

_ n{(Gn(t)—t)—/Ot1_G”(q__);(1_r)dr}
- Nn(t)—/otn(l_G”(T_))dr—ntJrn/ot1_Tdr

1—7r —r
'n(l - Gu(r-))
= N,(t) — /0 T dr.

The last claim concerning the covariance follows from the calculation
of the covariance of the basic process

t
Ml(t) = 1[§1§t] —/0 1[512,«}(1 — T’)fldr.



Since M is a martingale, for 0 < s <t < 1,

E{M,(t)My(s)} = EE{(Mi(t) — Mi(s) + Mi(s))M;(s)[Ag}
= E{M(s)E{M(t) — My (s)|AL}} + E{M,(s)*}
= 0+ E{M(s)*} = E{(My)(s)}

51 ,
_ E{/ KQ]W}
o 1—r
81_
= / Tdr:s
o L—r

where we have used the fact that for a (one-jump) counting process

(M), = /[ Tzl = AAGIAG)

Thus Cov[M;(t), M (s)] = sAt, and this yields, using the fact that M,
is the sum of n independent copies of M,

Cov|M,(t), M, (s)] = n(s At).

. PIS, Exercise 12.8.1, page 328: Let Xy = 0, and X;,... beiid. (0,0%).
Define Sy = X + - - - + X}, for each integer k > 0.

(a) Find the asymptotic distribution of (S; + Sy + ---+ S,) /¢, for an
appropriate c,.

(b) Determine a representation for the asymptotic distribution of the
“absolute area” under the partial sum process, as given by (|Sy|+- -+

|1Snl)/cn-

Solution: (a) With ¢, = n%? we have

n n 1

T, =n92% "8 = =3 8.(i/n) = / S, (1)t
- n < 0
J=1 J=1

where S,(t) = n/23" X, Now for the Skorokhod construction
IS, — S|| =, 0, so for T}, of the Skorokhod construction

1
T, =, / oS(t)dt ~ N(0,0°/3)
0

b}



since

E(/OIS(t)dt)2 = E(/ S(t )dt/IS( )dt’)
// ))dtdt
/ /t/\tdtdt _2/01 (/Ott’dt’)dt:2/01%t2dt
_ 1

OJ

Thus T,, =4 N(0,02/3) for T, formed from any X;’s with mean 0 and
variance 0.
(b) Again with ¢, = n?/?,

= RSB/ = [ Bl

and hence for A, of the Skorokhod construction,

1 1
A, ﬁp/ |aS(t)|dt:a/ o
0 0

and for any X;’s with mean 0 and variance o2 we have A,, —4 o fol IS(¢)|dt.
The distribution of fol |S(t)|dt has been determined by Takécs (1993).
Computation of its Laplace transform(s) was carried out by Kac (1946)
and Perman and Wellner (1996). See Janson (2007) for a survey of var-
ious Brownian area distributions and their applications.

. (a) PfS, Exercise 12.10.1, page 338. Here is a rephrasing: suppose
that Y7,..., Y, are i.i.d. exponential(1) random variables, and set
T.=Yi+---+Y,fork=1,2....n+ 1. Suppose that &,&,... are
i.i.d. Uniform(0,1) and let 0 < &, < &1 < ... < & < 1 be the
order statistics of &1,...,&,. Show that

Tl Tn d
U = = &ty Enm) = )
- (Tn—H 7 ’ Tn—f—l) (f ! f ) §(n)

(b) Show that the construction in (a) for a fixed n is not correct jointly
in n: i.e. show that

(Un L) # o)
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Hint: consider n = 1.
Solution: (a) The joint density of Yi,...,Y, 1 is given by

n+1
py () = exp(= D y;)1jo.0o) (W(1))-
1

Thus the joint density of the partial sums T = (11, T3, ..., Thi1) i8, by
an easy calculation,

pr(t) = pe(y)| 2

= GXP(—thrl)1[0§t1§t2§---§tn+1]

since y; =t; —tj—1 for j =1,...,n+ 1 with ¢, = 0 so that the matrix
involved in the Jacobian is lower triangular with 1’s on the diagonal,
—1’s just below the diagonal, and 0’s elsewhere, so the Jacobian is 1. It
follows that the joint density of (U, T,41) with U = (T3,...,T,)/Th+1
is given by

PUTir (W tnt1) = pr(uttnsr, - Unbngrs Tnaa) - T4y

n
- tn—i—l eXp(_thrl)1[0§U1§~~~§Un§1, 0<tp+1<00]"

Computing the marginal density of U = (Uy, ..., U,) yields

pQ(Q> = / pQ,Tn-H(Qa thrl)dthrl
0
= 1[0<u1<...<un<1]/ thy1 €XD(—tny1)dt,
0
= nll[ogulg...gungl}

since fooo r"e”"dr =T (n+ 1) =n!l. Thus U 4 (&nts -5 Enm)-
(b) Note that for n =1,

i Y1 Yi+Y,
(Q17Q2) - ) s
i+ Vi+Ye+Ys Vi+Yo+Ys

so that the representation of &5.1 is

i YitYe W
YVi+Y, Vi+Yo+Ys “" YV, +Y,
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while the representation of &,.9 is

Y1+ Y,
Yi+Yo+Ys
B i Y4 N Ys,
Yi+Y, i+Ye+Ys YVi+Yo+Y;s
R (.
1+ Y

On the other hand, for the order statistics of £, & i.i.d. Uniform(0, 1),
if &1 < &, then at sample size n = 1 we have &.; = &, while at sample
size n = 2 we have (£3.1,&2.2) = (&1,&); i.e. the value &1 appears
among the values (£2.1,&a2.0); in particular as &, in this case.

In general in going from n—1 to n all the values &,,_1.; appear in the list
of &,;’s, but one new value gets added, namely &, which divides one
of the spacings intervals for sample size n — 1 into two sub-intervals.
On the other hand, the construction in terms of exponential random
variables involves a shortening of all the spacing intervals at sample size
n — 1, and adding a new spacing interval from 7,,/7T,.; to 1 of length

Yn+1/Tn+1-

References

JANSON, S. (2007). Brownian excursion area, Wright’s constants in graph
enumeration, and other Brownian areas. Probab. Surv. 4 80-145 (elec-
tronic).

KAc, M. (1946). On the average of a certain Wiener functional and a related
limit theorem in calculus of probability. Trans. Amer. Math. Soc. 59 401—
414.

PERMAN, M. and WELLNER, J. A. (1996). On the distribution of Brownian
areas. Ann. Appl. Probab. 6 1091-1111.

TAkAcs, L. (1993). On the distribution of the integral of the absolute value
of the Brownian motion. Ann. Appl. Probab. 3 186-197.



