Statistics 523, Problem Set 3 Solutions
Wellner; 4/23/2010

1. Let R = inf{t > 1: B; = 0} for Brownian motion B (started from x € R at
time ¢ = 0), and let L =sup{t <1: B, =0}.
(i) Use the (ordinary) Markov property of Brownian motion to show that

P.(R>1+1t) = /pl(x,y)Py(To > t)dy, and
(L <) = [ pl0.9)Pm > 1~ 1)y

where 7o = inf{t > 0: B, = 0} and p,(x,y) = ¢((y — x)/v/t)/\/ is the transition
density for Brownian motion.

(ii) Use the distribution of 7, we computed in class and in problem 4 of problem
set 2 to show that

Py(L < s) = (2/7) arcsin(v/s),
and find the corresponding result for R.

Solution: (i) These both follow from the ordinary Markov property of Brownian
motion: In the case of R we condition on A; = o{B; : s < 1} to obtain

P, (R>1+4t) = E,P.(R>1+1t|A)

= E,P,(R>1+1tB)) = / P(R>14t|By = y)pi(z,y)dy
- / Py(TO > t)pl(x7y)dy (1)

In the case of L, conditioning on A; yields
P(L<t) = EPy(L<tlA)=EyPy(L <t|B)

— /OO P,(10 > 1—1)p:(0,y)dy. (2)
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(ii) From our calculations of the distribution of 7, it follows that

o0

P,(mo >1) = 7@’ exp (_y_Q) ds.
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Plugging this into (1) and taking x = 0 yields
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Thus the random variable S = R — 1 has density
2 1
= ————110.00)(9).
Ist8) = 2 v 0o0®)
Similarly, in the case of L we have

|y Yy
PT>1—t—/ exp(—=)ds.
y( 0 ) ., /—2 3 p( )

Plugging this into (2) yields
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by the change of variables v = t/(t + s) so dv = —tds/(t + s)?. Thus L has the
arcsin distribution with density 7=!(v(1 — v)) 42191y (v) = Beta(1/2,1/2).

Note that the interval [L, R] is an excursion interval for the Brownian motion B
straddling the time ¢t = 1. Chung (1976) finds the joint density of (L, R) (his

(v(1), B(1))):
1
Jr.r(u,v) = 2y /u(v — u)?
It turns out that the process B,, defined by
|B((1—t)L +tR)|
R—-1L

is a standard Brownian excursion.

sHO<u<1<wh

B..(t) = for 0 <t <1

Y

. Let B denote standard Brownian motion starting from 0. Consider the stochastic
process {7, : b > 0}. Show that this process has stationary and independent
increments. How is it related to the process M; = supg<,<; Bs”

Solution: Let a,b > 0. Then by the strong Markov property of Brownian motion
P(Ta+b_7'a <Y, Ta SI) = EP(Ta-i-b_Ta SvaanLATa)
= E{P(n < y)lp<a} = P(m < y) P14 < ).

Thus the increments of the process b — 7, are independent and stationary. By
looking at a graph of M;, it becomes clear that the jumps in the process T,
correspond to flat stretches in M;. In fact, M; and 7, are just inverses of each
other! It turns out that 7, has a (completely asymmetric) stable law with index
o = 1/2 with Laplace transform E exp(—A7) = exp(—bv/2)).

. Exercise 12.7.3(a), PfS, page 325. (This is connected to Example 13.1.8, page
352.) That is, with 7,5 = 7_, A 7, With a,b > 0 we have

Er? < 2I'(2)2%ab(a + b)* = 2°ab(a + b)%.

Solution: Now Y;(c) = exp(cB; —c*t/2) is a martingale in ¢ for each fixed ¢ € R.
Differentiating with respect to ¢ and setting ¢ = 0 yields

Y“’( ) = Yi(e)(B, - ct) = B,
Y2 (e) = Yi(e)(B: — ct)? — t¥y(c) == B} -
Y% (c) = Yi(e) (B, — ct)* — Yi(c)2(B, — ct)t — m( )(B; — ct)
= Y(c)(B, — ct)® — 3tY(c)(B, — ct) = B} — 3tB,,
Y () = Yile) (B, — ct)" — 6tY;(c) (B, — ct)? + 3£2Y;(c)
= B} — 6tB? + 3.



Thus {B} — 6tB? + 3t* : t > 0} is a martingale and for the stopping time 7 we
have

0= EB! —6E{rB?} + 3E7%,

or, equivalently,

3ET* =6E{rB?} — EB!
where

EB! = (a"b+ b'a)/(a +b) = ab(a® +b*)/(a + b) < ab(a + b)*.

Furthermore, by the Cauch-Schwarz inequality

E{rB2} <{ET*-EB}'",
so we have, with A2 = E7? and B? = EB?,

3A%2 < 6AB — B? or 342 —6AB + B% < 0.

Thus A < (6B++/36B2 — 4 -3B?)/6 = B+B/2/3 = B(1+/2/3). We concude
that

E(m?) = A < B*(1++/2/3)* < (14 +/2/3)ab(a + b)*.
. Exercise 13.1.6, PfS, page 353.

Solution: In example 1.12, N(t) is a Poisson process with intensity A; and
M(t) = N(t) — X\ and M?(t) — At are both martingales. A natural exponential
martingale to consider is

_ _exp(eM(t))
YO =Yl = Bl (n)
Since
Eexp(cM(t)) = FEexp(c(N(t) — At))
= exp(—cAt)Eexp(c(N(t))
= exp(—cAt)exp((e® — 1)At),
we find that

Y (t) = exp(cN(t) — (e — 1)At).



I claim that {Y'(t), A:}:°, is a martingale on [0,00). To see this, note that for
0 <s<t<oowe have

E(Y(1)]A;) = E(exp(eN(t) — (e° — 1)At)|A,)
= E(exp(c(N(t) = N(s)) — (" = DA(t — s)) exp(cN(s) — (” = 1)As)|As)
Y (s)E (exp(c(N(t) — N(s)) — (e = 1)A(t — s))|.As) a.s.
Y(s)E (exp(c(N(t) = N(s)) — (e“ = DA(t = 5)))  as.

) —
since N(t) — N(s) is independent of Aj
= Y(s)-1=Y(s) a.s.
and hence {Y'(t), A;:}22, is a martingale. Note that

YO0 = Sy, = Yt (V) — M) |,
(

= Yo(t) (N(t) — e“At) |
= N(t) = Xt = M(t),

c=0

YO() = Y]y = Ye(t) (NO) — M) | Ly Yelt) (—eN) |
= M?(t) — At,
5@(3)(1?)5%1@(15)}020 = Yo(t) (N(t) = €M) | + Ye(1)2 (N()—eCAﬂ( M),
+ Yo (t) (N(t) — e“Xt) (—eAt)| _, — Ye(t)e Mt

= Y1) {(N(t) — e°Xt)® — 3e“NE(N ()—e% —e“t}\ o
= M>(t) — 3XtM(t) — At,

4 d4
YO = vl

= Y.(t)(N(t) — et) {(N(t) — e“Mt)” — 3e“M(N(t) — e“At) — €Mt}
Yo(t) {3(N(t) — e“At)*(—e°At) — 3e“AE(N(t) — e°\t)
— 3 (N (t) — e“Xt) (—e“At) — At} | _,
= Y. (t) {(N; — eMt)* — 6N (N, — e“Nt)?
—4e“NE(N; — €At) + 3(e“At)* — e“Mt} }0:0
= M} — 6AtM? — 4\t M, + 3(\t)* — At.
Note that the expected value of the right side is
M+ 3(M)? —6(A)2 —4-0+3(Mt)* — Xt = 0.



