Statistics 522, Problem Set 8 Solutions
Wellner; 3/5/99

1. Exercise 11.7.2, P1S page 241: If F,, —4 I for a continuous df F', then
| F., — F|| — 0.

Solution: Let M be a (large) positive integer, and set xpr; = x; =
F7YG/(M+1)) for j =1,..., M, and let xp90 = —00, Tprp41 = 0.
Then for « € [xj_1, ;] we have

< Folzy) — Flrj-1) <
Fo(x) — F() { g FnEx]‘L) —(F(l']; 2

and hence

Fu(zy) — Fay) +1/M
Fo(zj) = Flaj) —1/M

IFo—Fl < max  sup  |F(z)— F(o)]

1<jsM+1 rj—1 <r<ry

< max [Fu(z) — F(aj)| +1/M

— 0+ 1/M

since F, () — F(x) at all # in view of F' being continuous. But since
M is arbitrary, this can be made arbitrarily small; i.e. ||F, — F|| — 0.

2. Exercise 11.7.3, PfS page 241: Suppose that X, ~ F,. Show that
{F, :n > 1} is tight if either:
(a) limsup, F|X,|" < oo for some r > 0. (b) F, —4 F.

Solution: (a) Let ¢ > 0. Now by Markov’s inequality

li EIX,|"
limsup P(|X,| > M) < i SUP ey £]Xo ] <e
n—00 Mr

for M > M(r,¢) = (limsup, ., E|X,|"/e)'/". Thus there is an N =
N(e,r) such that sup,,n P(|X,| > M) < 2¢. But since Fy, ..., Fy are
df’s, there exists a K’ = K. so large that max;<,<n P(|X,| > K) < 2e.
Taking R = R. = max{M, K'} we have

sup P(|X.| > R) < 2e.

1<n<



Thus {F,}, the family of distributions of {X,}, is tight.

(b) Let € > 0. Let r = r(¢) € Cp be so large that 1 — F(r) < ¢/4, and
let | = l(e) € Cp be so small that F(l) < €/4. Now there exists an
N = N, so large that

|F(r) — F(r)| < ¢/4 for all n >N

and

|F.(l)— F(I)| < e¢/4 for all n>N.

Then we have

sup FL([1,r]7) < F(I)+ (1 = F(r))

n>N
+ 1 Ful) = (O + [Eu(r) — F(r)]
< ¢fd4e¢/i+e¢/i+¢/d=c¢
But since Fy,..., Fy are distribution functions, we can easily find an

interval [’,r'], such that

! nNe
Jmax Fo ([l <,

and hence the interval [a,b] = [[ A", r V 1] satisfies

sup Fu([a,b]°) <€

1<n<

ie {F,} is tight.

. Exercise 11.8.3, PfS page 241: Suppose that log X ~ N(0,1); thus the

density of X with respect to Lebesgue measure is
fx(x) =27 exp(—(log x)*/2)/ V2T, x> 0.
For |a| < 1, let Y have the density function

r(y) = fr(y;a) = fx(y)[1 + asin(27 log y)], y>0.

Show that X and Y have exactly the same moments.

2



Solution: It is clear that Y has the same moments as X if and only if
[ o etsingzrtog iy =0
for £ =1,2,.... Changing variables, it follows that
| rstsineriognds = <= [y exp(-(logy)?2)sinf2nlog )y
0 \/2_7T

sin(27r:1;)d:1; )

— (&
V 2m /—oo
kx —a? /2

Now the function in the integrand, g(x) = e*e
entire function in the complex plane, and it follows from Cauchy’s

sin(2mx), is an

formula that the integral fr g(z)dz = 0 for any closed path I' in the

complex plane. In particular, taking the closed path to consist of the x

axis from — R to R, followed by the semicircle of radius R in the lower

half plane connecting (+R,0) to (—R,0), then [.g(z)dz =0. Now for
= —Re, 0 c[0,7],

g(z) = exp(—kRe")exp(—R*/2)exp(i2n Re')
= exp(—kR(cosd + isind))exp(—R*/2) exp(i2m R(cos § + isin b))
= exp(—kR(cosd 4 isin b)) exp(—R*/2) exp(—27 Rsin 0) exp(i27 R cos )

so that
l9(2)| < exp(—R(k cos 0 + 27 sin 0)) exp(—R?*/2) — 0

as R — oo. Thus taking the limit on R across the identity fF(R) g(z)dz =
0 yields
/ hre 2 sin(2ra)dx = 0.

o0

. Exercise 11.8.5, PfS page 241. Show that the N(0,1) distribution is
uniquely determined by its moments (by appealing to the previous
proposition).

distribution are E(Zk) =0

Solution: The moments of the N(O 1)
dz=(k—1)(k—=3)---3-1. k even.

for k odd, and E(Z%) = [ 2*¢(z)



Thus per = (2k — 1)(2k — 3)---3 - 1 where there are k factors. Thus
par < (2k — 1)%, and /,Léé% < (2k — 1)"/2, so that

1 2k — 1)1/2
lim sup E/,Léézk < lim sup Q .

k—oc0 k—oc0 k

Thus by part (c) of exercise 11.8.4, the N(0,1) df is the unique d.f.

with the moments py.

. Exercise 11.1.1, PfS page 222: Let rv’s X and A be arbitrary. Let
e > 0. Suppose that GG has derivative g. Then

[Fxsa = Gl < [[Fx = Gl + ellgll + P(IA] > ¢).

Solution: First write

Pyyale) - Glr) = /( s =)

= P(X+A<2)—Gx)

= PIX+A<z|Al<e)+ P(X+A <z Al >¢€)—G(x)

{§ P(X <az+4¢)—Gx)+ P(A] > ¢)
> P(X <z—¢—Ga)

It follows that

[Fxialz) = Glz)] < max{|Fx(z +¢) = Gz + )], [Fx(v —¢) = G(z — o)}
+ max{|G(z + ¢) = G(z)], |G(x — ¢) — G(2)}

+ PA|> o).

From this it follows easily that the asserted inequality holds.



