Statistics 522, Problem Set 3 Solutions
Wellner; 1/29/99

1. Let X1, Xs,... be iid where P(X}, = 0) = P(X}, = 2) = 1/2 for all
k. Show that > 7 X,/3" —,, (some S), and determine the mean,
variance, and the name of the df Fgs of 5.

Solution: Let Y, = X, /3" where P(X, =0) = 1/2 = P(X; = 2).
Then we compute u,, = EY, =0-(1/2) +(2/3*)(1/2) = (1/3"), 02 =
Var(Y,) = 1/3*", so that

and

Hence, by the 2-series theorem,

Sn — zn:}/k —a.s. io:}/k =9
k=1 k=1

and we have E(S5) = 1/2, Var(S) = 1/8. By the construction it is clear
that S,, takes on values in the Cantor set € for each n and so does S:

P(S € C)=1. Setting F,(z) = P(S, < z) for € (0,1), we find that

12 0<e<2/3
Fl(“')_{1 2/3<a <1’

1/4 0<x<2/9
Fy(z) =4 1/2 2/9<x<2/3 ,
3/4 2/3<x<7/9

and, in general, F,(z) = >, ap/2" for @ = S, a1/3", ax €
{0,2}. Since S, —,, S implies that S, —; S, we conclude that for
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x = EZOZI ak/?)k, ar € 40,2},

Fs(x) = li7£nFn(:1;) = lggp(Sn <a)=P(S <)

= Z ak/2k+1 )

k=1
and hence the distribution Fg of S is the Cantor singular distribution
on [0, 1].

. Suppose that X; ~Uniform|[—Fk, k] for & > 1, and where 0 < a < 1. (a)
Show that > 7, a* Xy, =, (some S).

(b) Evaluate the mean and variance of S.

Solution: (a) Let Y; = a*Xj. Then the Y,’s are independent with
pr =0, Var(Yy) = a*k*/3. Thus we have y = >°7 p, = 0, and

o0 100
2 2 2 2
Uzgan:—gnan<oo
3
n=1 n=1

Now

V| < supka” < supza”
k>1 rz>1
-1

< —xlog(1 = —.

< sxti%xexp( zlog(1/a)) Toa(1/a)
Thus the bounded part of the two-series theorem applies and we con-
clude that S, = Y27 Y —as S with E(S) = 0 and Var(S) =
(1/3) >0~ n*a® < co.
(b) From part (a), £(S5) =0 and

o= 4o, lad*a®+1)
Var(S):§nz:;na :gm,

by differentiating twice across the identity

o0

1
Zazk:m.

k=0



3. If X1, Xy, ... are arbitrary rv’s with all X > 0 a.s., then Y7 EX; <
oo implies that >~ | X} —,.5. (some S).

Solution: Let S, = 2?21 X;. Then since all the X;’s are > 0, for
k > n we have Sy — 5, = Efzn-l—l X; < >0, X as. so that
maX,ch<m (Sk — Sn) = Sp — Sn. Therefore it follows that for every

e > 0 we have

B X))

P(max |Sy =5, 2 ) = P(Sy =8, 2 ¢) < —==H
n<k<m .
< Z;in-l—l E(Xj)
B €
— 0

as m,n — oo since E;’;l E(X;) < .

4. Suppose that P(A, i.0.)=1and P(BS i.0.) =0. Show that
P(A, N B, io0) =1

Solution: Note that for m > n, B,, D N2, By, and hence

[A, N B,i0] = N2, U A,NB,
= lim UX_ A, N B,
n— 0o
O lim U_ A, NN By
n— 0o
= lim {U*_ A, NN, Bi}
n— 0o

= [A, i0]N[B, aal]

where P(A, i.0.)=1and P(B, aa.)= P([B, i.0]%) =1. It follows
that P([4, N B, i.0]) = 1.

5. Let X, Xi, Xo,... be i.i.d. and consider the partial sums S5, = X; +
...+ X, Let 0 < r < 2 (and suppose E(X) =0 in case 1 <r < 2).
Show that the following are equivalent:

d) E(maxi<p<n |Sk|]") = o(n).
6) n_l maxlﬁkﬁn |Xk|r —a.s. 0



Solution: The equivalence of (a) and (b) is the Marcinkiewicz-Zygmund
theorem (Exercise 10.4.4, page 188). Furthermore, from our proof of
the SLLN, we know that (a) is equivalent to (e).

Now
n
n~! I]£1<ELX|Xk|r <n”! g | Xk —as EIX|
n
- k=1

where E(n™t Y70 |Xk|") = E|X]", so by Vitali’s theorem {n~' maxj<, | Xx|"}

is uniformly integrable, and hence by (a) and (e) we have
(1) E{n_1 maX|Xk|r} — 0.
k<n

Suppose that (a) holds so that (b) and (e) also hold. Furthermore, (b)
implies that S,/n'/" —, 0. By the Hoffmann-Jgrgensen inequality, we
know that
FEmax |Sy]” < K{F max |X;|" + 15}
k<n 1<i<n

where
FE max | X;|" = o(n)
1<i<n
by (1), and
to = inf{t : P(r&ax |Se] > 1) < 1/(2-4")}.
Now

th/n = inf{t/n'/": P(max|Sy| > 1) < 1/(2-47)}"
= inf{s>0: P(r]£1<ax|5k| > snt/T) < 1/(2-47))

— 0

since, by the Ottaviani-Skorokhod inequality

P(]S,| > Snl/r/Z)
P S Uy <
(12115?; |8k > sn ) < 1 — maxi<p<n P(|Sn — Skl > sn'/7/2)
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where the numerator converges to 0 for every s > 0 and the denomina-
tor converges to 1 for every s > 0 since, for each ng < n,

max P(]S, — Sg| > sn'/"/2)

1<k<n
< max_ P(|S, — S| > sn'"/2) + max  P(|S, — Si| > sn'/"/2)
n—ng<k<n 1<k<n—ng
< . 1/r . 1/r
< max P(|S;] > sn'77/2) + max P(|5;] > sn'7/2)
E|S;|"
S max | ]|

+ max P(S;| > 57 /2)

1<j<no "N J2"  no<j<n

— 040

since the first term converges to zero for each fixed ng as n — oo
because E|X|" < oo and the second term converges to 0 for each s > 0
as ng — 0o since S, /n'/” —, 0. Thus (a) implies (d).

(d) implies (c) trivially. On the other hand, (c) implies (a) easily as
follows: suppose that (c) holds but (a) fails; i.e. E|X|" = co. But since
(c) holds, the C,—inequality implies that

o =E|X,|” = E|S,— S,
< CAES + B[S}
= C,o(n),

which is a contradiction. Hence F|X,|” = F|X|" < oo and (c) implies
that (a) holds.



