Statistics 522, Problem Set 2 Solutions
Wellner; 1/22/99

1. Suppose that X1, X5, ... areindependent random variables with P(X,, =
n?—1)=1/n* P(X,=—1)=1-1/n* Show that F(X,) =0 for all

n (so the game is “fair” for every n), but that
X,=n"'5,=n"" ZXi —as —1
=1

as n — oQ.

Solution: Note that P(X, = n* —1) = P(X, # —1) = n™%, and
therefore it follows that Y (P(X, # —1) < oo, and by Borel-Cantelli,
P(X, # —11i.0.) = 0. Hence P(X, =1 a.a.) =1 (here I'm using
[A, a.a.] for lim A, = (EnA;)C) and hence X, —,, —1, even though

EX,)=0*-1)n?+(-1)(1-n"2)=0
for all n.

2. Suppose that Xy, Xy, ... are i.i.d. Exp(1). Show that
(a) lim,X,/logn =1 a.s., and
(b) lim, X,../logn =1 a.s.

Solution: For any ¢ > 0
P(X,>(14+¢)logn) = e~ (Fe)logn _ l/nl"'E

so that > P(X, > (14 ¢€)logn) < co and hence, by Borel-Cantelli,
P(X, > (14 ¢)logn i.o.) =0. But this implies

lim, X, /logn <1+ ¢ a.s.
for every € > 0, and hence

(1) lim, X, /logn <1 a.s.
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Furthermore,
P(X, > (1 —¢)logn) = ¢~ (19lesn — 7 /1=

so that > > P(X, > (1 —¢)logn) = oo, and hence, by the second
Borel-Cantelli lemma, P(X, > (1 —¢)logn i.o.) = 1. This implies that

man/logn >1—¢ a.s.
for every € > 0, and hence
(2) lim, X, /logn > 1 a.s.

Combining (1) and (2) yields (a).
To prove (b), first note that for any fixed no <n

Xn:n maXg<ng Xk maXp,<k<n Xk
= max = , =
logn logn logn
man<n0 Xk Xk
<  max{ ——————, max
log n no<k<n log k

— s, max{(), sup
no<k<oo lOg k

Xy } Xy
= su
ng <kI<)oo 10g k

where (recall (1.1.15), page 7),

lim  sup = limsup —— =1
7000 o k< oo 10g k n—o0o 10g n
a.s. by part (a). This implies that
Xn'n
(3) limsup —— < 1 a.s.

n—oo 10N
On the other hand, using the fact that the X,’s are i.i.d.,
= (1—e)".

xr

Thus, since 1 —x < e™7,

P < (1= togn) = (1=~ ) < fexplon™ ) = expl—n)

nl—e



so that > 7 P(X,. < (1 —¢)logn) < oo and, by Borel-Cantelli,
P(X,.n < (1 —¢€)logn i.o.) =0. This implies that

. . XTL:TL
lim inf >1—c a.s.
n— 0o Og n

for every € > 0, and hence

Xn'n
Iiminf —— > 1 a.s.

n— 0o Og n

Combining (3) and (4) completes the proof of (b).

. (Monte-Carlo estimation). Let & : [0,1] — [0, 1] be continuous.

(i) Let Xy = 1{h(&) > O} where &,&, ... and O1,0,, ... are i.i.d.
Uniform(0,1) rv’s. Show that X, —us fol h(t)dt

(i) Let Y = h(&). Show that Y, —,.. [, h(t)dt.

(iii) Evaluate Var(X,) and Var(Y,).
Solution: (i) Now the X}’s are i.i.d. with

E(Xy) = Elh(&) 2®k}:/01/011{h(t) > s}dsdt

1 ph(t) 1
= // dsdt:/ h(t)dt
0 0 0

and hence X, —v,.5 fol h(t)dt by the SLLN.

(ii) Similarly the Yj’s are i.i.d. with E(Y;) = fol h(t)dt, so Y, —a..
[} h(t)dt by the SLLN.

(iii) Var(yn) =n""Var(X;) and Var(?n) = n"Var(Y)) where

E(X}) = /1 /1 1{h(t) > s}*dsdt = /1 h(t)dt
and . .
E(Y}) = / RE(t)dt < / h(t)dt
(since h(t) € [0,1] for all ¢ € [0, 1]) so that

Var(Y)) :/Olh(t)dt— (/Olh(t)dt>2 :/Olh(t)dt (1—/01h(t)dt>
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is greater than or equal to

Var(X,) = /01 R2(t)dt — (/01 h(t)dt)

with equality if and only if A({z : h(z) =0o0r 1})=1.

2

. An investment problem. Suppose that at the beginning of each year
you can buy bonds for $1 that are worth $a at the end of the year or
stocks that are worth a random amount V' > 0. If you always invest a
fixed proportion p of your wealth in bonds, then your wealth at the end
of year n+1is W11 = (ap+ (1 — p)V,,)W,,. Suppose that V, Vi, V4, ...
are i.i.d. with £V < oo and V™2 < oo, and that Wy = 1.

(i) Show that n=tlog W,, —..;. ¢(p).

(ii) Show that the limit ¢(p) is a concave function of p. By computing
d(0) and (1), give conditions on V that guarantee that the optimal
choice of p isin (0,1).

(iii) Suppose that P(V =1) = P(V =4) = 1/2. Find the optimal p as

a function of «a.

Solution: (i) Now

and hence
n—1 n—1

_ 1 _ 1 _
n~'log W, = - Zlog[ap—l—(l—p)vj]—l—n "og Wy = " Z)Q—I—n "log W

where X; = log(ap + (1 — p)V;) are i.i.d. with

EX{ E ({log(ap + (1 = p)Vi)H{ap + (1 — p)Vi > 1})
E{(ap+ (1 —p)Vi)i{ap + (1 —p)1 > 1})
E{(ap+ (1 —p)Vi)} =ap+ (1 —p)E(V1) < o0
since log(z) <z —1 <z and F(V;) < oco. Also

EXT E ({[log(ap + (1 = p)V1)[}1{ap + (1 — p)Vi < 1})
E([(ap+ (1 =p)V)]*Hap + (1 = p)Vi < 1})
E([(ap+(1=pW)]7") < (L —=p) "BV < 0

<
<

<
<
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since |log(z)] < 272 for 0 < z < 1 and EV,? < co. Therefore E|X,| =
EX{ + EX; < oo, and by the SLLN

n—1

1
n~tlogW, = gz;Xj +n~log Wy
-

—.s5. EX) =c(p) = Floglap+ (1 — p)V].

(ii) Set g(p) = g(p; a,v) = log(v + (a —v)p). Since log is concave, and
the composition of a linear function and a concave function is concave,
g is a concave function of p for each fixed ¢ > 0, v > 0, and p € [0, 1];
for any A € [07 1]7 P1,P2 € [07 1]7

9(Ap1 +Ap2) > Ag(p1) + Ag(p2)

Therefore

c(Api +Ap2) = Eg(Api + Apy;a,V)
E{Xg(p1;a, V) + Ag(p2;a, V) }
= Ac(p1) + Ac(p2);

AV

i.e. ¢(p) is concave. Straightforward calculation yields

If ¢(0) > 0 and (1) < 0, then the maximizer of the function ¢(p)

(0,1). Taking limits in the above expression for ¢(p) yields

E(l =V/a) < 0if E(V) > a, and ¢(0) = E(a/V)—1 >0

if E(1/V) > 1/a, or if the harmonic mean of V., 1/E(1/V) < a. Thus
for 1/E(1/V) < a < E(V), the maximizer p,,q, € (0,1).

(iii) In the case that P(V =1) = P(V =4) =1/2, 1/E(1/V) =8/5

and E'V = 5/2. Direct computation of ¢(p) shows that this is zero for

Prmaz == Pmaz(@) = i _5a1i48_ 3 € (0,1)

if 8/5 < a < 5/2. When a > 5/2, pmar(5/2) = 1, and the maximum
occurs at the boundary. When a < 8/5, pypar = 0, and the maximum
again occurs at the boundary. (See the attached plots.)
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5. (Inversion of Laplace transforms.) Let P be a probability measure
on the Borel subsets of [0,00), and define its Laplace transform by
fo e dP(z) for ¢t € [0,00). Widder’s inversion formula for P

from @ 1s:

A (1)
(4) lim 3 kP ) = P((0.2)

n—0oo

for z € [0,00) with P({z}) = 0. Show that (4) holds via the following
steps:
(a) Differentiation of the integral & times shows that

A0 = [ (o).
0
(b) Setting ¢ = n, letting z > 0, multiplying across by (—1)*n*/k!,
and summing on k yields
(]

k %) [n2]

k=0

P(x).

whereemﬂ P(S,=Fk)and S, =Y) 4+ ...+Y, where Y7,Y5,...
are 1.i.d. Pmsson(:z;).
(c) Use the weak law of large numbers and (5) to show that (4) holds,

Solution: (a) and (b) are self-explanatory and follow immediately.
It remains only to show that the limit in (¢) holds. Now as noted
_m’ﬂ = P(S,=Fk)and S, = Yi+...4Y, where Y1, Y5, ... are i.i.d.

Pmsson(:z;) Hence

[nz] k

emne ”; = P(S, < [n7]) = P(n~'S, < n~'[nz])

k=0
= P(n7'S, —n7tn)+2<2)
= FU{Y, <z} =Fh.(Y,)

where the function .(y) = 1{y < z} is bounded and continuous except
at the point y = z, and where, by the SLLN, n™!S, —,, E(Y]) =z
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and n™'[nz] — 2z so that ¥, = n™'S, + 2 — n7![nz] —,., x and hence
also Y,, —4 . By the Helly-Bray Theorem 5.1 it follows that

(2]

e—m(”;) = Eh.(Y,) = h(z) = 1{z < 2}

k=0
for @ # z. Hence for z € [0,00) with P({z}) = 0 we have

,; (_kll)kn%(k)(n) _ /0°° k Oe_m(n;)’“dp(x)
_ _ /OOO E_hZ(Yn)dP(:z;)

5 /OOO h(2)dP(«)

_ /OOO e < =}dP(2)



