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1. Complete the proof of (6) in Inequality 3.4, page 181, PfS, i.e. show

how the two one-sided arguments combine to yield the inequality with

absolute value signs.

Solution: Let � � inffk � n : jS
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Solution: LetX

0
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; : : : ;X

0
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be an independent copy ofX
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n

. Then
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by Jensens' inequality since j � j is convex
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since the two terms have the same expectation.

Thus the second inequality holds (the one on the right). Similarly, to

prove the �rst inequality (the one on the left),
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by Jensens' inequality since j � j is convex
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since the two terms have the same expectation.

3. Suppose that X is a random variable, and X

0

=

d

X is independent of

X, so that X �X

0

is symmetric. Show that

P (jXj � a)P (jX

0

j > t+ a) � P (jX �X

0

j > t) ;

and hence, by choosing a so that P (jXj � a) > 1=2,

P (jXj > t+ a) � 2P (jX �X

0
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Use this last display to show that EjX � X
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< 1 if and only if

EjXj

r

<1.

Solution: Since X and X

0

are independent,

P (jXj � a)P (jX

0

j > t+a) = P ([jXj � a]\[jX

0
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P (jXj > t+ a) � 2P (jX �X
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j > t) � 4P (jXj > t=2) :
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Thus it follows that
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:

It follows from the two inequalities that EjX �X

0

j

r

< 1 if and only

if EjXj

r

<1.

4. (A weak law of large numbers under the assumption of uncorrelated

summands.) Suppose that X

1

;X

2

; : : : are uncorrelated and E(X

2

j

) �
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M < 1 for all j � 1. Show that X � E(X

n

) = (S
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n

)=n !
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Solution: Since the X

n

's are uncorrelated,
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5. (L

1

�convergence in the SLLN.) Suppose that X

1

; : : : ;X

n

; : : : are i.i.d

with EjX

1

j <1. Show that X

n

!
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1

); i.e. EjX

n

��j ! 0 as

n!1. [Hint: show that jX

n

j � Y
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is uniformly integrable,

and that this implies the uniform integrability of X
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.

Solution: Note that

jX

n

j � n
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jX
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j � Y
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where Y

n

is uniformly integrable by Vitali's theorem: E(Y

n

) = EjX
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for every n and Y
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a:s:
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by the strong law of large num-

bers and E(Y

n

) ! E(Y

0

) = EjX

1

j. It follows that fX

n

g is uniformly

integrable, and by Vitali's theorem again EjX

n

� �j ! 0 as n ! 1;

i.e. X

n

!

1

� � E(X

1

).
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