Statistics 522, Problem Set 1 Solutions
Wellner; 1/15/99

1. Complete the proof of (6) in Inequality 3.4, page 181, PfS, i.e. show
how the two one-sided arguments combine to yield the inequality with
absolute value signs.

Solution: Let 7 = inf{k < n : |S;| > A}. Thus [r = k] = [|5] <
Ao Skot| <A SE 2 AL k=1, .. n,and Yo [T = k] = [maxi<p<n [Sk| >
Al. Thus, with

a= min P(|S, — Sk| < (1 —¢)A),

1<k<n

aP(max |Sg| > A) < zn:P(|Sn — Sl < (I =) N)P(r =k)

1<k<n

= Z P(] NS, — Sk| < (1 —¢)A]) by independence
— ZP NSkl > AN IS, — Skl < (1 = ¢)A])

< ZP N[5 > eA))

= (|Sn| > cA).

2. Let Xy,..., X, be independent with 0 means, and independent of the
i.i.d. Rademacher 1v’s €y,...,€,; thus P(e, = +1) = 1/2. Let ® be
convex and /" on R. Then

ES(]Y aXl/2) < ES(| Y Xil) < E®2[) aXil)



Solution: Let X7,..., X/ be an independent copy of X,..., X,,. Then
since F(X]) =0, it follows that

BO(|Y Xel) = E®() (X — EX})))

< Ex®(Ex|) (Xp— X))

1

by Jensens’ inequality since || is convex

< ExEx/9(] Z(Xk - X)) since ® is convex

1
= Exx.®() a(Xp — X{)))

1
< Exxn ®R{D) ] aXil + D e Xil}/2)

1 1
since ¢ is

<

% {ECI)(2{| Y aXil) + E{]) 6kXxi|)}

since @ is convex
= EO(2{] ) aXi])
1
since the two terms have the same expectation.

Thus the second inequality holds (the one on the right). Similarly, to
prove the first inequality (the one on the left),

ES(|Y aXel/2) = E®(|Y a(Xy - EX})|/2)

IA

Ex ®(Ex|Y  en(Xi — X})|/2)
1
by Jensens’ inequality since |-| is convex

2



n

EX7EEX/<I)(|ch(Xk — X))|/2) since ® is convex

1

= Exx9(| Z(Xk — X})1/2)

IA

IA

Exx ({1 Xel+ ) Xil}/2)
1 1
since ¢ is

: {E@(ﬂ > X)+ Be({] wa}

since ® 1is convex
= EO({|) X))
1

since the two terms have the same expectation.

IA

3. Suppose that X is a random variable, and X’ =; X is independent of
X, so that X — X’ is symmetric. Show that

P(X| < a)P(X] > 1 +a) < P(X — X'| > 1),
and hence, by choosing a so that P(|X| <a) > 1/2,
P(IX|>t+4a)<2P(|X — X'| > t) <A4P(|X| > t/2).

Use this last display to show that F|X — X'|" < oo if and only if
E|X|" < .

Solution: Since X and X’ are independent,
P(X| < a)P(IX'] > t+a) = P(IX] < an|X] > t4a]) = P(IX-X] > 1)

since | X'| = | X' = X + X| < | X' — X| 4 |X]| implies | X' — X| >
| X' — |X| > ton [|[X] <a]N[|X'| > t+ a]l. If ais chosen so that
P(1X]| < a)>1/2, this yields

P(IX| >t +a) <2P(|X — X'| > t) < 4P(|X| > t/2).
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Thus it follows that
EIX -X'T" = / rt" T P(IX — X > t)dt
0

< /OO rt"TR2P(|X| > t/2)dt
0
< 2t /OO rs" ' P(]X] > s)ds
2”+1E(|JX|” :
Alternatively, by the C,—inequality,
EIX=X"" < CAE|X|"+E|X'|'} = 2E|X|"1{r < 1}+2"E|X|['1{r > 1}.
On the other hand

E|X|" = /OO rt" T P(IX| > t)dt
0
— </+/OO> rt" T P(IX] > t)dt
0 a
Oortr—lP(|X| > t)dt
r(s+ a)r_1P(|X| > s+ a)ds

ar—l—/
ar—l—/

< d

= a—l—(/ /) (s+a) "P(IX]| > s+ a)ds
4 (20) —d’ +/a rs (1—|—g)7’_12P(|X—X’|>s)ds

IA

(2a)" + 27’/ rs"TPP(|X — X' > s)ds
< (2a) +2°E|X - X'|".

It follows from the two inequalities that KX — X'|” < oo if and only
it BIX|" < oo

. (A weak law of large numbers under the assumption of uncorrelated
summands.) Suppose that X, Xs,... are uncorrelated and E(XJQ) <
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M < oo for all j > 1. Show that X — E(Yn) = (S, — ES,)/n —, 0
and X, — E(X,) =2 0 as n — oo.

Solution: Since the X,,’s are uncorrelated,

Var(8,) =Y Var(X;))+)_ Cov(X;, X;) = Var(X;) <Y E(X?)<nM
=1 i£] j=1 =1
and hence Var(X,) = n=2Var(S,) < M/n. Therefore, by Chebychev’s

inequality

_ _ — M
P(IX, - EX,)|>a < Var(X, <c?— =0
n
for every ¢ > 0; i.e. X — BE(X,) —p 0. Since E[X, — E(X,))? =
Var(X,) < M/n — 0, we also have X — E(X,) — 0.

. (Ly—convergence in the SLLN.) Suppose that Xi,...,X,,,... are i.i.d
with E|X;| < co. Show that X, —, = E(X;);i.e. E|X,—pu|— 0as
n — oo. [Hint: show that |X,| <Y, where Y, is uniformly integrable,
and that this implies the uniform integrability of X,.

Solution: Note that
X, <n™ ) |IXi| =Y,
i=1

where Y,, is uniformly integrable by Vitali’s theorem: E(Y,) = F|Xi]|
for every n and Y, —,, FE|Xi| = Yo by the strong law of large num-
bers and E(Y,) — FE(Yy) = E|X;|. It follows that {X,} is uniformly
integrable, and by Vitali’s theorem again FE|X, — u| — 0 as n — oo;
ie. X, = pu= E(Xy).



