Statistics 522, Final Exam
Wellner; 3/5/99

1. (36 points)

A. Give an example of a martingale with X,, —, 0, but X, /4, 0.
[Hint: Set Xy = 0, and define Xi,... as follows: P(X; = +1| X1 =
0) == 1/(2k>, P(Xk == 0|Xk_1 == 0) =1- 1/k, P(Xk == ka_1|Xk_1) =
(1) s g0, P(Xe = 00X 1) = (1 — 1/ 11y, 0]

B. Give an example of a martingale {X,, A4,} with X, —,, —oc.
[Hint: let X,, = Y1 +--- 4 Y, where Y; are independent with F(Y;) =0
and P(Y; = —1) =1 — ¢, then find an appropriate choice of the ¢;.]

Solution: A. Note that X}, takes on integer values, and

P(X, #0) = FP(X, #0[X,_1)

9 1
= L (@1[)@_1:0] + El[Xk_ﬁéO])

= lP(Xk =0)+ lP(Xk—l # 0)

k k

1 1
= (1= P(Xp #0) + - P(Xut #0)
= l—>0
= - :

and hence P(|X;| > ¢) < 1/k — 0 for any 0 < ¢ < 1. Thus X} —, 0.
To show that X, /.., 0, we will show that P([|X,] > €i.0.]°) = 0 for
each € € (0,1), and hence P(|X,| > €i.0.) = 1. But

P([|Xo] > ei0]?) = PUZ N5, [Xn = 0])
— lim P(NZ_, [X, = 0])

n—00
= lim P(X, =0, X,11 =0,...).
n—00
But for each fixed n
P(X,=0,X,,1=0,...) = lim P(X,=0,...,Xy=0)
N—=co



1 1 1
— (1= -] = —— Yoo (1 = =
(1= )= ) (1= 1)
N-—-1N=-2 n—1
N N-1 n
n—1

_ 0
N

and hence the above limit is 0 and P(|X,| > €i.0.) = 1. Thus X,, %,
0.

B. If ¥1,Y5,... are independent with P(Y; = —1) = 1 — ¢, P(Y; =
yi) = ¢ — 0 with y; = (1 — ¢)/e;, then E(Y;) = 0. Thus an easy
calculation shows that {X,, 4, } is a mean zero martingale. Moreover,
P(Y;, =y 1.0) =0if Y.[7e < oo; eg. take ¢ = 72, Then we
have P([Y; = y; i.0.]°) = P(Y; = —1 a.a.) = 1, and this implies that
X, =Yi+--4+Y, = —o0 as..

. (48 points).

A. Prove the following:

Lemma: If o—fields F,, T F.., a o—field,and Y, —; Y, then E(Y,|F,) —1
E(Y|F).

B. Prove the following:

Lemma: Suppose that o—fields F,, T F.., a o—field, Y, —,, Y, and
|Y,| < Z where Z € Ly. Show that E(Y,|F,) —as F(Y|Fu).

C. If {X,} is uniformly integrable and X, —,; X, then X, —; X
and A above shows that E(X,|F) — E(X|F). Find an example to
show that F(X,|F) need not converge a.s.

[Hint: Let Y1,Y5,... and 7, Zy,... be independent rv’s with P(Y, =
1)y=1/n, P(Y, =0)=1—-1/n, P(Z, =n) = 1/n, P(Z, = 0) =
1 —1/n. Consider X, =V, 7, and F = o[Y],Y3,...].]

Solution: A. Note that since Y, —; Y, Y € L, and
EIE(Y,|F,) — E(Y|F.)l < EIE(Y,|F,) — E(Y[F,)|
+ E|E(Y|F,) — E(Y|Fs)|
< E{E(|Y, = Y|[F.)} + E[EY|F,) — E(Y|Fs)]
= BE(|Y, =Y|)+ E|E(Y|F,) — E(Y|F)]
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where the first term converges to zero since Y,, —; Y, and the second
term converges to zero since Z, = E(Y|F,) is a Doob-martingale, and
hence converges a.s. and in L.

B. Now write

< JE(Y, = YI[F) 4+ [E(Y, = YI[F)l.

Here the second term converges a.s. surely to zero by the dominated
convergence theorem for conditional expectations using the dominating
function |Y,, — Y| < 27 for all n. For any fixed m < n, the first term

is bounded above by

E(sup |Yy = Y||F.) —as. E(sup |Yi —Y||Fx) asn — oo
k>m

k>m

Nes. B(0[Fo) = 0 as m — oo

using first the a.s. convergence of the L;— bounded Doob martingale
{E(supps,, |[Ye=Y||Fn), Fn}, for each fixed m, and then the dominated
convergence theorem for conditional expectations (with the dominating
function 27 again).

C. With Y, and 7, as described in the hint, P(|X,| > ¢) = P(Y,
1,7, =n) = 1/n?* and hence by Borel-Cantelli, P(|X,| > ¢ i.0.) =
and hence X, —,, 0 = X. Furthermore, F|X, — X| = EX,
E(Y)E(Z,)=(1/n)-1—=0,s0 X,, =1 0= X, and {X,} is uniformly

integrable by Vitali’s theorem. However,

=

E(X,|F) = E(X,|Y,) = E(Y,Z,|Y,) = Y, E(Z,) =Y,

since E(Z,) = 1. Where P(|Y,| > ¢) = 1/n for e € (0,1), and hence by
the second Borel-Cantelli lemma, P(|Y,| > € i.0.) = 1;i.e. Y, /45 0.
Thus E(X,|F) =Y, Aas 0.

. (32 points).
Suppose that Z;, Zs, ... are i.i.d. N(0,1) rv’s. Let S, = > 7_, Zk, and
define

Y, = exp(aS, —bn).
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A. Prove that Y, —,, 0if and only if b6 > 0.
B. For r > 1, prove that Y,, —, 0 if and only if r < 2b/a?.

Solution: A. To prove that Y, —,, 0if and only if b > 0, first suppose
that b > 0. Then, by the SLLN,

a&—b—hl.s.a-()—b<0,

n

so that a5, — bn —,, —oco, and hence by the continuous mapping
theorem, Y, = exp(aS, — bn) —4. 0.
Now suppose that Y, —,s 0. Then we have log(Y,) = aS, — bn —,.
—o0; i.e. for any large M > 0, there is an N = Ny (w) such that for
all w in a set A with probability 1, there is an N = Ny(w) so that for
n > N we have

aS,(w) —bn < —M for n > Ny(w);

Le.
n M
aM—bg——<0, n > Ny(w).
n n

Since we know that S,/n —,, 0, with probability one we can also
make a5, (w)/n arbitrarily small for n >some N’(w). Combining these
two facts, it is clear that the above inequality can hold only —b < 0;
i.e. b> 0. (Alternatively: since S, ~ N(0,n), if b < 0 it follows that

P(Y, >1)=P(aS, —bn >0)=P(aS, >bn) > P(S, >0)=1/2,

and hence Y, /£, 0.)
B. Now write Y,, = [[/_, X; where X; = %=t are i.i.d. with

EX! = Eexp(raX;)exp(—rb) = eriat/2mrh = T

Note that x4, < 1 if and only if r < 2b/a®. Since Y] = [[, X7, it
follows by from the X;’s being i1.i.d. that

EY ={p}" =0
if and only if r < 2b/a?.

Do either problem 4 or problem 5.
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4. (42 points).
Suppose that X7, Xs,... are i.i.d non-negative random variables with
E(Xy) > 1. Let M,, = [[}_; X;. Let A, = a[My,..., M,].
A. Show that {A,,, A, } is a sub-martingale.
B. Find the Doob decomposition of {M,,, 4,}.
C. If P(X; = 0) > 0, show that M, —,; 0 although {M,} is not
integrable (i.e. L; bounded).

Solution: A. Now

E(Mya|An) = E(M,X,14]A,)
=05 MoE(Xo41]A)
=as. MyE(Xot1)
= uM, > M,

so {M,, A,} is a sub-martingale.
B. Now with My =1,

Ay = Y {B(M|A; 1) = M1} + EMo
7=1

n

= Y (nMjy = M) +1

7=1
= (p=1)> Mj+1.
7=1
Note that this yields
E(A,) = (p=1)) @ +1
j=1
= (n=D(l+p+-+p7)+1

= ' =1+1=p"=EM,).

C. Now E(M,) = u™ — oo since g > 1, so that {M,} is not I,
bounded; i.e. {M,} is not integrable. But if P(X; = 0) > 0, then
>, P(X; = 0) = oo, and hence by the second Borel-Cantelli lemma,
P([X, =0] i.0.) =1, and hence M,, =, 0.



5. (42 points).
Let X1, X5, ... be independent random variables with means F(X;) =0
and finite variances 0]2, g=12,.... Let 5, = X; +...4+ X, and
A, =olXy,. ... X, ],n=1,2,....
A. Show that {52, A,} is a submartingale.
B. Evaluate the Doob decomposition of {52}.
C. If > 772, 07 < oo, show that the martingale {S,} converges a.s.
(giving a martingale proof of part of the three-series theorem).

Solution: {52 A,} is a sub-martingale since 5, is a mean 0 martin-
gale, and hence, by the conditional verion of Jensen’s inequality,

E(ShpilAn) 2 {B(Sna A} = 57 aus.

B. In this case,
S = (S = {(Su)) + (Sn)

where the predictable variation process is (S,) = > "_, o?

J=177"
C. Now
E(SH)=E(S,)=) 0! /) ol <co.
7=1 7=1

So the sub-martingale S? converges a.s. by the m.g. convergence the-

orem; i.e. S, —q.. ;’;1 X;.

6. (40 points).
Let Xi,...,X, be i.i.d. Poisson(l) random variables, set S, = X; +
...+ X,, and Z, = (S, — n)//n. Prove Stirling’s formula, n! ~
V2mn(n/e)”, by showing that each of the following steps is valid:
A.

E Sn—n _:e_nzn—kn_k:nn-l-l/?e_n
N — Vno k! n!
B. Z, =4 Z ~ N(0,1).

C. BZ; - EZ =1/V2n.
D. n! ~ 202 = \P2rn(n/e)".
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Solution: A. First, S, = X; +--- 4+ X, ~ Poisson(n), and hence we

can compute
S, —n\ “(n—k\ nfe
B = —
(7)) - 2%
n o "k nkem
- T Z Z \/_ k!

- _nzk, \/_Z )

n ket
= /ne™" ——\/_e_”zi
_ 1!
k=0 k=1 (k 1)'
= \/ﬁe_”n—.
n!

B. Since F(X;) =1, Var(X1) = 1, the Lindeberg - Lévy CLT yields

CQ

Zn = V(X = 1) = N(0,1).

C. Note that E(Z?%) =
it follows that

or all n, so {7} is uniformly integrable and

< ) 1
EZ- s EZ = FE(Zt) = / P E P —
" ( ) 0 2T 2T

D. It follows from A and D that

P iz - mz) -

n!

This is equivalent to

i.e. n! ~21n(n/e)™.

. (36 points).
Suppose that X;, Xy, ... are i.i.d. mean 0 rv’s with F(X?) < co. Let
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S, = 2?21 X;, R, = 2?21 Si,and A, = o[Xy,..., X,].

A. Show with Y, = R, — nS,, {Y,, A,} is a martingale.

B. Find the Doob-Meyer decomposition of the submartingale Y2, and
use it to compute E(Y?).

Solution: A. First, note that summation by parts yields

n noJ
R, = > 8= X
j=1

j=1 i=1
= Y X g
i=1 =1

= > Xin—i+1)
=1
N

= nS,— Y (i—1)X;.

=1

It follows that

n

Vo= Ry —nS, == (i-1)X,

=1
and hence, by independence of the X;’s,
E(Yn+1|~’4n) = Y, - E(an+1|~’4n)
= Y, —nkE(X,11)=Y, a.s.,

ie. {Y,, A,} is a martingale.
B. Now Y2 — (Y,,) is a martingale where

(Y,) = zn:(z 1)t = Uzniikz — 2 (n — Ln(2n —1) ‘

=1 k=1 6
Thus it follows that



