
Statistics 522, Midterm Exam Solutions

Wellner; 2/19/99

1. (18 points). De�ne three of the following four terms:

(a) The conditional expectation of a random variable X given a (sub-)

sigma-�eld D.

(b) A martingale, sub-martingale, and super-martingale.

(c) A stopping time (relative to a �ltration A

n

).

(d) The compensator of a sub-martingale.

Solution: See chapters 10 and 18.

2. (27 points). Give careful statements of three of the following �ve the-

orems or results:

(a) The S-mg convergence theorem.

(b) The three-series theorem.

(c) The strong law of large numbers.

(d) The step-wise smoothing property of conditional expectations.

(e) The interpretation of conditional expectations in terms of an (or-

thogonal) projection onto L

2

(
;G; P ) where G � A.

Solution: See chapters 10 and 18.

3. (42 points). Suppose that X

0

= 1, and let X

n

� Uniform(0;X

n�1

) for

n � 1. Let A

n

� �[X

0

;X

1

; : : : ;X

n

] for n = 0; 1; : : :.

(a) Show that with Y

n

� 2

n

X

n

, fY

n

;A

n

g

1

n=0

is a martingale, and

hence that fX

n

;A

n

g

1

n=0

is a non-negative super-martingale.

(b) Apply the s-mg convergence theorem to the martingale

fY

n

;A

n

g

1

n=0

.

(c) There is no convergence theorem stated for a non-negative super-

martingale in PfS, but based on what you know about the s-martingale

convergence theorem and the reversed martingale convergence theorem,

state a convergence theorem for non-negative supermartingales and ap-

ply it to fX

n

;A

n

g

1

n=0

. What is the a.s. limit of X

n

in the present case?

(d) Is there any connection between the martingale fY

n

;A

n

g

1

n=0

and

Kakutani's product martingales?
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(e) Use (d) to determine whether or not the martingale fY

n

;A

n

g

1

n=0

is uniformly integrable. Does convergence hold in L

1

?

(f) Compute E(X

2

n+1

jA

n

) and E(Y

2

n+1

jA

n

).

(g) Use the computation in (f) to �nd a martingale related to fX

2

n

g,

and use it to compute E(X

2

n

) and E(Y

2

n

). Are either fX

n

g or fY

n

g

square-integrable?

Solution: (a) Since X

n+1

�Uniform(0;X

n

), E(X

n+1

jA

n

) = X

n

=2 �

X

n

a.s., and hence fX

n

;A

n

g

1

n=0

is a non-negative supermartingale. Fur-

thermore,

E(Y

n+1

jA

n

) = 2

n+1

E(X

n+1

jA

n

) = 2

n+1

X

n

=2 = 2

n

X

n

= Y

n

a.s.

so that fY

n

;A

n

g

1

n=0

is a non-negative martingale.

(b) Now E(Y

n

) = E(Y

0

) = E(X

0

) = 1, for all n, and Y

n

� 0,

so fY

n

;A

n

g

1

n=0

is an L

1

�bounded martingale, and hence by the s-

martingale convergence theorem, Y

n

!

a:s:

Y

1

.

(c) Theorem. If fX

n

;A

n

g is a non-negative super-martingale, then

X

n

!

a:s:

X

1

.

Proof. W

n

� �X

n

� 0 is a sub-martingale with EW

+

n

= 0. Thus by

the s-mg convergence theorem, W

n

= �X

n

!

a:s:

�X

1

� W

1

. In the

present case, X

n

= 2

�n

Y

n

!

a:s:

0 � Y

1

= 0.

(d) Yes. Since X

n+1

�Uniform(0;X

n

) =

d

X

n

�Uniform(0; 1) � X

n

W

n+1

where W

n+1

�Uniform(0; 1), it follows that

X

n

=

n

Y

k=1

W

k

where W

1

;W

2

; : : : are independent Uniform(0; 1) rv's. Thus Y

n

=

2

n

X

n

=

Q

n

k=1

(2W

k

) where 2W

k

�Uniform(0; 2) are i.i.d. with E(2W

k

) =

1. Thus Y

n

is just the Kakutani product martingale formed from i.i.d.

Uniform(0; 2) random variables.

(e) Since a

k

= E(2W

k

)

1=2

=

p

2

R

1

0

u

1=2

du =

p

2(2=3) < 1,

n

Y

k=1

a

k

=

�

p

2

2

3

�

n

! 0

as n!1; i.e.

Q

1

k=1

a

k

= 0. Thus by Kakutani's theorem the martin-

gale fY

n

;A

n

g

1

n=0

is not uniformly integrable, and L

1

�convergence fails:
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1 = E(Y

n

) 6! E(Y

1

) = 0.

(f) Note that

E(X

2

n+1

jA

n

) = V ar(X

n+1

jA

n

) + (E(X

n+1

jA

n

))

2

=

1

12

X

2

n

+

1

4

X

2

n

=

1

3

X

2

n

a.s.

and therefore

E(Y

2

n+1

jA

n

) = E(2

2(n+1)

X

2

n+1

jA

n

) = 2

2(n+1)

1

3

X

2

n

=

4

3

Y

2

n

:

(g) By the calculation in (f),

E((3=4)

n+1

Y

2

n+1

jA

n

) = (3=4)

n+1

4

3

Y

2

n

= (3=4)

n

Y

2

n

a.s. ;

and therefore Z

n

� (3=4)

n

Y

2

n

is a martingale. Thus E((3=4)

n

Y

2

n

) =

E(Z

n

) = E(Z

0

) = 1, and it follows that E(Y

2

n

) = (4=3)

n

, and E(2

2n

X

2

n

) =

(4=3)

n

, or E(X

2

n

) = (1=3)

n

. Thus fX

n

g is square-integrable, but fY

n

g

is not square-integrable.

4. (26 points). Suppose that X 2 L

2

(P ) and D is a sub-sigma �eld. The

conditional variance of X given D is de�ned by

V ar(XjD) = E

�

(X � E(XjD))

2

jD

	

:

(a) Prove that

V ar(X) = E[V ar(XjD)] + V ar(E(XjD)) :

(b) Interpret the formula in (a) geometrically.

Solution: (a) First we write

V ar(X) = E(X � E(X))

2

= E

�

(X � E(XjD) + E(XjD) � E(X))

2

	

= E

�

(X � E(XjD))

2

+ 2(X � E(XjD))(E(XjD) �E(X))

+ (E(XjD) � E(X))

2

	

= EE

�

(X � E(XjD))

2

jD

	

+ E(E(XjD) � E(X))

2

= EV ar(XjD) + V ar(E(XjD))
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since, by computing conditionally on D,

E f(X �E(XjD))(E(XjD) � E(X))g

= EE f(X �E(XjD))(E(XjD) � E(X))jDg

= E ((E(XjD) � E(X))E f(X � E(XjD))jDg)

= E f(E(XjD) � E(X))(E(XjD) � E(XjD))g

= E f(E(XjD) � E(X)) � 0g = 0 :

(b) In the proof of the identity in (a), the argument producing the 0

for the middle term expresses the orthogonality of X � E(XjD) to all

D-measurable functions, and hence, in particular, to E(XjD)�E(X).

Thus the geometric picture is as follows:

5. (26 points). Suppose that Z

1

; Z

2

; : : : are i.i.d. N(0; 1) random variables.

Let Z � (Z

1

; : : : ; Z

n

), so that Z � N

n

(0; I

n

) where I

n

is the n � n

identity matrix, and let A be an orthogonal matrix (i.e. an n � n

matrix with A

T

A = I

n

). Let S

n�1

� fx 2 R

n

: jxj = 1g.

(a) Show that AZ � N

n

(0; I

n

) for any orthogonal matrix A.

(b) Use the result of (a) to show that Z

n

=jZ

n

j � Uniform(S

n�1

). You

may use the fact that the Uniform distribution on S

n�1

is the unique

distribution which is invariant under orthogonal transformations.

(c) Show that R

n

= (Z

2

1

+ � � �+ Z

2

n

)

1=2

satis�es R

n

=

p

n!

a:s:

1.
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(d) Use (a) - (c) to show that if Y

n

� Uniform(S

n�1

), then for any

�xed integer k it follows that

p

n(Y

n1

; : : : ; Y

nk

)!

d

N

k

(0; I

k

).

Solution: (a) If A is an orthogonal matrix,

E(AZ) = AE(Z) = A0 = 0 ;

and

E(AZZ

T

A

T

) = AE(ZZ

T

)A

T

= AI

n

A

T

= AA

T

= I

n

and since linear combinations of normal variables are normal, we �nd

that AZ � N

n

(0; I

n

).

(b) For any Borel set B � S

n�1

and any orthogonal matrix A we have

jAZj

2

= Z

T

A

T

AZ = Z

T

Z = jZj

2

, and hence

P (Z=jZj 2 B) = P (AZ=jZj 2 A(B))

= P (AZ=jAZj 2 A(B))

= P (Z=jZ j 2 A(B))

where A(B) � fAx : x 2 B � S

n�1

g. Thus the distribution of Z=jZj

is invariant under orthogonal transformations; since there is only one

such distribution on S

n�1

, the uniform distribution, we conclude that

Z=jZj �Uniform(S

n�1

).

(c) Now

1

n

R

2

n

=

1

n

(Z

2

1

+ � � � + Z

2

n

)!

a:s:

1

by the SLLN since Z

2

1

; Z

2

2

; : : : are i.i.d. with E(Z

2

i

) = 1. ThusR

n

=

p

n!

a:s:

1 by the continuous mapping theorem.

(d) If Y

n

�Uniform(S

n�1

), then since R

n

= jZ

n

j,

p

n(Y

n1

; : : : ; Y

nk

) =

d

p

n(

Z

1

jZj

; : : : ;

Z

k

jZj

)

= (Z

1

; : : : ; Z

k

)

p

n

R

n

!

a:s:

(Z

1

; : : : ; Z

k

)

by the result of (c). Hence we conclude that

p

n(Y

n1

; : : : ; Y

nk

)!

d

N

k

(0; I

k

) :
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6. (26 points). Let �

1

; �

2

; : : : be i.i.d. Uniform(0; 1). Let G(t) = t for

t 2 [0; 1], G(t) = 0 for t � 0, G(t) = 1 for t � 1, be the Uniform(0; 1)

distribution function. Let G

n

(t) = n

�1

P

n

i=1

1

[0;t]

(�

i

), the uniform em-

pirical distribution function. Prove the Glivenko-Cantelli theorem for

G

n

: kG

n

�Gk

1

� sup

0�t�1

jG

n

(t)� tj !

a:s:

0.

Solution: See PfS section 10.5, page 190.
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