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Eexp (ix;A) =[E exp (ix, )]’
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m=1
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Substituting this into (3.14), we have that for each le[—m, ]

B

He")=Rep-(ag+2 ¥ ay"[pe/(1—ge™))

=1

peil peil
=Rep-g _—l—qe“ =p-u »—l—qe“

by (3.5) and (3.6). This and (3.13) give Lemma 3.2 for Case 1.

Case 2 The general case of continuous spectral density function
f(W,-), as in the statement of Lemma 3.2. .

Of course f(W,) is also real, non-negative and symmetric on T,
Using Lemma 3.1, for each n>1 let f, be a function of the form

J(2)=|p,(2)|* where p,(z) is a polynomial with real coefficients, such
that

Vie[—mnl, |f(e*)— f(W,eH|<1/n. (3.15)

For each n=1 let W™:=(W{", keZ) be a strictly stationary real
mean-zero finite-variance random sequence which is independent of
the sequence V' and has spectral density f(W®,)= () on T. (One
may have to enlarge the probability space, without changing the
properties of the sequences V, W, ¥ and Y in Construction 2.3)) For
each nx1 let Y™:=(Y{", keZ) be a (strictly stationary) sequence
defined from V,x, W™ the same way that Y is defined from V, x and
W in Construction 2.3. [See Lemma 2.4(i).]
For each keZ, by (3.15) and dominated convergence,

im EWQWP=lim | e** (e'*) dA

| Gmdivel n—->o—n
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jz1 |
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Hence
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E exp (iKl ﬂ.)]l = F eikif(W, ei).) dﬂ.

'%MS‘

1
) eim}.pqm- 1:,

" pett Y
_l—qe“ :

1ave that for each Ae[—n, 7]

=EW0VV,‘.

Hence for each j=>1, by Lemma 2.4(iii),

Jj
lim EYPY®=lim p- Y. (EWP W) P(x,= j)

n—w n— oo =1

b

Yo 1— et j
o Lpeii=aeD) =0 3 (EWol)-Pl= )

,zu’ ,pell B xS R L L Ll -
DRECONEEE -sny s

(3.17) This equality lim,.,EYY{=EY,Y; holds not only for
j21 [as in (3.16)], but also for j=0 by a similar argument [using
Lemma 2.4(iiij)] and for j< —1 by “symmetry”.
~ For each n21 let u, denote the (real) function on D which is
harmonic on D, continuous on D, and equal to f, on T. By (3.15)
and the maximum modulus principle, [u,—u||,<1/n for each n.
Also, each of the functions f, satisfies the hypothesis of Case 1 [Eq.
(3.3) and (3.4)] by a trivial argument. Hence for each jeZ, by (3.16)-
(3.17), Case 1, and dominated convergence,

-) give Lemma 3.2 for Case 1.
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Hence the spectral density of Y is given by

f(Y,eH)=p- u<—pe—u>-

1—ge

lim | e** (e'*) dA

n—-ow-m

This completes the proof of Lemma 3.2,




374 R. C. BRADLEY

In Section 4, in the proof of Theorem 1, when Construction 2.3
and Lemmas 24 and 3.2 are applied, the sequence W will be a
stationary Gaussian sequence whose spectral density has a particular
form (1/2n times the function H,(*) in Eq. (3.19) below

). In prep-
aration for this, a little more work is needed here.,
Define the function G on T by
G(e'): =1 = ikA | —ika
(e ) Zkgzklogk(e te )
e (cos k) (3.18)
= cos .
k=2 klogk

The sums here converge conditionally for Ae[—m,n]—{0}, and
diverge at 1=0. In fact G is continuous on T except at z=1 (1=0),

and lim,_,, G(e") = + o0, For this information, see [22, pp. 184 and
188, Theorems (1.8) and (2.15)].

For each ¢>0, define the function H, on T by

H (e = {g}ﬁ: 1[;(6) G(e")]if Ae [~ 7] —{0) (319

By the above comments on G and elementary arguments, we have
parts (i), (i) and (iii) of the following lemma.

LemMa 3.3

i) Ye>0, H, is a real non-n
onT.

ll) limclo [Sup—n§1§n Hc(eu)] = 1
i) VAe[—mn]—{0}, lim, o H (¢*) =1,

i) For every ¢>0 there exists a number Y(€)>0 such that the
Jollowing statement holds: If 0<c=y(e), and W:=(W,, keZ) is a
stationary real Gaussian sequence with EW,=0 and wi
density f(W, )=(1/2r) H/("), then BW,1)<e, W is absolutely regular,
]EWO—llgs, and Vk+#0, ]EWOW;clge.

Proof of Lemma 3.3(iv) Regardless of the value of ¢, one will
automatically have absolute regularity by [16, p. 129, Theorem 8].
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The fact that B(W,1)<e¢ if c is sufficiently small, is a trivial corollary
of [2, Lemmas 0.2 and 1.2] (see [2, p. 78] for the notations there).
Also, for each keZ, )

L |
EW,W,— | &*-—dA
I 07k je 2n

-7

| . [P |
— ikA H iA 1 — ik,
e 2n Le)d _’(,,e 27zd'l

-r

T .
< | 5 |Hd(e"~1]dr

The last integral here does not depend on k, and it converges to 0 as
¢l0 by Lemma 3.3(ii) and (iii) and dominated convergence. The last
part of Lemma 3.3(iv) follows. This completes the proof.

(3.20) For each ¢>0, let U, be the (real) function on D which is
harmonic on D, continuous on D and equal to H, on T.
For each ¢>0, each zeD,

U(2)—1|= ‘Re (ﬁ _j “—“Lz [H.(e%—1] dl)'

eh_

1 T |eil+zi .
< iy __
<> —"‘n|eu—2| |H (e —1|dA
<12 f|H(e“)—1|dA (3:21)
T2n 1—[] ¢

by [20, p. 255, Theorem 11.10] (and the trivial fact that U(-)—1 is
harmonic on D, continuous on D and equal to H(-)—1 on T). By
Lemma 3.3(i)) and (iii) and dominated convergence, lim,, [*,
|H(¢"")—1|dA=0. Hence by (3.21), lim,;, U(z)=1 for all zeD, and
this convergence is uniform on compact subsets of D.

(322 If 0<p<1, g=1—p, and O<e<n, then the set of points
pe*/(1—qe™), Ae[—m, —e] U [e ], is a closed, and hence compact,
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subset of D, and hence

i2
. pe
lim sup , Uc<&i ) -1 I:, =0.
clo [le[—n,—c]uu‘,nl 1—ge®

The following lemma lists some properties of the functions U.()
that will be used in Section 4.

R. C. BRADLEY

Lemma 3.4

i) Suppose 0<p<1, 9=1—p and O<e<n. Then there exists q
number y*(p,e)>0 such that the Jollowing  statement holds: If
0<c=y*(p,e) and the Junction u on T is defined by

i1 F
u(e):=U. ( — u), (3.23)  coef
—ae pos:
then u is real, non-negative, continuous and symmetric on T, and func

Sl+eVie[—n ]

ue) <21-eVie[—n, —&] U [e,n]
=0if 1=0,

The

ii) Suppose 0<p<l1, g=1—p, >0 and g is a real continuous T
Junction on T. Then there exists a number P**(p, &,8) >0 such that the
Jollowing statement holds: If 0<c<y**(p, &,8) and the function u on
T is defined by (3.23), then

L ) T Ther
| &e®) - ue*yasr— | ge®di|<e.

In Lemma 3.4(i), the symmetry of u on T follows from the Defi
symmetry of U, on D (ie., U(2)= U(2)), which in turn follows from el
the symmetry of H,on T [see Lemma 3.3(i)]. The rest of Lemma
3.4(i) follows from Lemma 3.3(i), (ii) and (iii), the maximum modulus
principle, (3.22), and basic properties of H, and U, stated above. K
Lemma 3.4(ii) follows from Lemma 3.4(j) and dominated conver- eep

gence. (Of course, in Lemma 3.4(i), u(*) is real, non-negative,
continuous and symmetric on T even if ¢>%*(p,e).)
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4. PROOF OF THEOREM 1 “

For each L=1,2,3,... let ¢,>0 be a number such that

» 7} 1_2—L<1_2—(L+1/2)__38L

<1—2"E+UD 43 o1 _p-@+D) (4.1)

Obviously

-p and O0<e<m. Then there exists a
t the following statement holds: If
tu on T is defined by

iA
=U, (—pi—l) (323)

—-L

2
0<8L<T forall L=1. 4.2)

!

For each L=1,2,3,... we shall define a polynomial p® with real
coefficients (its degree will be denoted J;), a positive integer N, a
positive number ¢;, and a real non-negative continuous symmetric
function u; on T; such that for each L1,

1—ge
mtinuous and symmetric on T, and

S1-27E*Vy e[ —m 7]

lel— L . . ,

cl-mm] L [P Pue”) 121-27"Vie[—n —e ] Ule,n]  (43)
le[—m —e] U [en] =1 =0for A=0 |

0.

The definition will be recursive.

—p, €>0 and g is a real continuous To start off, let p™ be the constant real polynomial defined by

ts a number y**(p,e,g)>0 such that the
)<c=y**(p,e,g) and the function u on P (2):=(1—-2"32)12 for all 2. (4.9

n Then its degree is
Hdi— [ gleH)di|<e. '

o Jy=[degree of pM]=0. 4.5
mmetry of u on T follows from the
(2)=Uz)), which in turn follows from
ee Lemma 3.3(i)]. The rest of Lemma
(i), (ii) and (iii), the maximum modulus
roperties of H, and U, stated above.
Lemma 3.4(i) and dominated conver-

Define the positive integer N, by
| N,:=2. (4.6)

Keeping in mind that 0<¢, <= by (4.2), let ¢, be a number such that

0<e; =927 (4.7
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and

¢ Sy*27hey), (4.8)

where the quantities y(-) and y*(-,) are as in Lemmas 3.3(iv) and
3.4(i) respectively. Referring to (4.8) and Lemma 3.4(i), let u, be the
real non-negative continuous symmetric function on T defined by

(1/2)e'* >

uy(e):= Ucm(W

(4.9)

Note that by (4.4) and (4.8)/(4.9)/Lemma 3.4(i) and (4.1), one has that _

Vie[—m 7],
[PV (®)|Pus (€ S (1-27)(1 +¢y)
<1-27324¢ <1-27%
Vie[—mn, —e ] e, ],
[P Puy(eh) 2 (1-27)(1—¢))
>1-2732 g >1-27}

and |[p"(e"*)|?u;(e"*)=0 for A=0. Thus the required Eq. (4.3) holds
for L=1.

Now suppose that L>=2, and that for each [=1,2,...,L—1 the
polynomial p® with real coefficients (and its degree J,), the positive
integer N,, the positive number ¢, and the real non-negative
continuous symmetric function u, on T are already defined, such that

Loy <1-27"MVie[—mn]
Z |p(1)(eu)|2ul(eu) 21-2"E"Vy e [—m —er_1Juler—1,m]
=1 =0for A=0
(4.10)

(i.e. the required Eq. (4.3) holds with L replaced by L—1).
Since the functions |[p®(-)] and wu(-), I=1,...,L—1, are real,

I ——————)

no
fu
co

pa

D

ha

le
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271 e)), (4.8)
*,) are as in Lemmas 3.3(iv) and

8) and Lemma 3.4(i), let u, be the
metric function on T defined by

(1/2)e*
() )

emma 3.4(i) and (4.1), one has that

S(1-27%)(1+¢y)

g <1-27%

(&1, 7],

2(1-279)(1—s)

g >1-2714

Thus the required Eq. (4.3) holds
that for each I=1,2,...,L—1 the
its (and its degree J,), the positive

r ¢, and the real non-negative
on T are already defined, such that

[—mn,m]

TAe[—m, —e,_JUlep—y,7]

(4.10)

h L replaced by L—1).
d w(), I=1,...,L—1, are real,
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non-negative, continuous and symmetric on T, (4.10) implies that the
function 1—27E* 12 S L-115(0(ei%)|2y (6% is also real, non-negative,
continuous and symmetric on T. Using Lemma 3.1, let p™ be a
polynomial with real coefficients such that

L-1
Vie[—mn], [1-27E1D— 5 |p0(ei) |2y ()
=1

— P <ey. (4.11)

Multiplying p by —1 if necessary, we assume that
p(1)z0. (4.12)
Define its degree
Jy=degree of p, v (4.13)

From a well known property of the Fejer kernels [see (3.1)1, we
have

lim :'21; | Fu(eH)|p™Ae™)? da= lp®(e"0)|?

n— oo
—(L+1/2

where the last inequality holds by (4.10) and (4.11). Using this fact
let N, be a positive integer such that

£

N >4t @ 1»4)
N,>N,_,, (4.15)
N}/? is an integer, _ (4.16)
Ni?>J,, ' 4.17)
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and

1= .
VnzNi’z,—z— [ Fu(e)|p™(e™)|? da
T -n

>1-2"E+1D 9, (4.18)

Keeping in mind that 0<¢, <7 by (4.2) and 0<N ! <1 by (4.14), let
¢;, be a number such that

0<c <y(27%/N}), (4.19)

CL é ’))*(NZ ! > sL)a (420)

and

1
L SYRH(NL Y, 8L,EF,,(')|P‘”(')|2) forn=Ni?,N,  (421)

where F,(°) is as in (3.1) and the quantities y(-), y*(-) and y**(-) are
as in Lemmas 3.3(iv) and 3.4(i) and (ii). Referring to (4.20) and
Lemma 3.4(i), let u; be the real non-negative continuous symmetric
function on T defined by

) Nl
u (eh:=U L) (HTLN?F) 4.22)

To complete this definition, all that remains is to check that the
required Eq (4.3) holds for this value of L. First, by (4.11) and (4.1)
we have that

L-1
Vie[—mnl, 1__2—(L+1/2)_8L§ Z Ip(')(eu)|2u,(e”')
=1
+ | P& ei).)|2

§1_2—(L+1/2)+8L

<l1.

Henc

by (4

Using
value
again
(4.3).
defini

Fo
kez)

(4.
value
For «
integ
techn

4.
seque
(1/2n

4.
each

Nc¢
for L
are n
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© Hence [p"(e'¥)|?<1 for all 1e[—m,n]. Hence

f Fn(ei).) Ip(L)(eil)lz i . Ip(L)(eil)'zuL(eil) _ Ip(L)(eiﬂ.)lz = lp(L)(ei).)IZ

<¢ forall Ae[—m,n],

12 _ g, . (4.18)
2 —¢ forall Ae[—m, —g ] U [ef, 7]

x [y () — 1]{
by (4.2) and 0<N; ! <1 by (4.14), let ,
by (4.20)/(4.22)/Lemma 3.4(i). Hence by (4.23),

g '}’(2 —L/N%)s (419) i lp(l)(eil)lzu’(eil)
1=1

(N e, (4.20)

S1-2"C*D 4 26, Ve[ —n, 7]

{g 1278+ _2¢ Ve[ —m, —e ] U [eg, 7]
PO forn=N2 N, (@421) |
Using (4.1) we now get the two inequalities in (4.3) (for the specified
values of 1). Also, u(e"'®) =0 (see e.g (4.20)/(4.22)/Lemma 3.4(i)
again), and hence by (4.10) we have the last part (“=0 for A=0") in
(4.3). Thus all of (4.3) holds, and this completes our recursive
definition.

For each L=1,2,3,... let V®:=(V{", keZ) and W®:=(WD,
Z) be random sequences with the following properties:

(4.24) For each L=1,2,3,... V¥ is an iid. sequence of {0,1}-
lued r.v’s such that P(V{’=1)=N;! and P(VP¥=0)=1—N; 1.
For each L21, each weQ, ViP(w)=1 for infinitely many negative

all that remains is to check that the egers k and infinitely many positive integers k (a trivial
value of L. First, by (4.11) and (4.1) technicality).

1e quantities p(-), y*(-) and y**(-) are
(i) and (ii). Referring to (4.20) and
| nen-negative continuous symmetric

N 1 ei).
(T—(l—iN—W) (4.22)

(4.25) For each L=1,2,3,... W& is a stationary real Gaussian
sequence with EW({?=0 and with spectral density f(W®),e'h)=
(1/2m) H,1)(¢”) [see (3.19) and Lemma 3.3(i)].

(4.26) The sequences V1, WM, V@ w®  are independent of

L-1
1/2)_’8L§ z lp(l)(exl)lzul(et}.)
=1

+ l p(L)( ei).) |2 ,
Note that 0<N; '<1 for each L>1, by (4.6) for L=1 and (4.14)
for L>2. Hence for each L>1 the requirements in Construction 2.3
e met with p, g, V and W there being N; !, 1—N!, v and W&
ere.

<l1.
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(427) For each L=1,2,3,... let Y®:=(Y{", keZ) be the random
sequence defined from V™ and W the same way that the sequence
Y was defined from V and W in Construction 2.3.

By Lemma 2.4(i), (ii) and (iii), one has that for each L21, YWD s
strictly stationary, and

VL>1, P(YP#0) <N * (4.28)

and
VL=1, EY{=0 and E(YP)? < o0. (4.29)

(One can see that in (4.28) equality holds in our present context, but
that is not important.) By (4.6)/(4.9)/(4.22), (3.20), (4.25) and Lemma
3.2, the spectral densities of the sequences Y are given as follows:

VL21L,Vie[—mn], f(YD, )= u(e”). (4.30)

27N,
For each L=1,2,3,..., represent the polynomial p by
PO =g+ Pz PP i (430
(Recall (4.5)/(4.13) and the fact that the coefficients p{" are real) For

each L=1,2,3,... define the (strictly stationary) sequence X:=
(XD, keZ) as follows:

J(L)
VkeZ XP:=N}* S pPYR,; (4.32)
j=0
Obviously by (4.29),
VL>1, EX®¥ =0 and E(X{)*< o0. (4.33)

By (4.30) and a well known formula for spectral densities of moving
averages (see e.g. [9, p. 500, line —2]), the spectral densities of the
sequences X are given as follows:

; 1 . .
VLz1, Vie[—nn], f(XP,e)= o (e PuL(e). (434)

otl

ele

by

by

B
C
p1



. BRADLEY

ON A THEOREM OF GORDIN 383
let Y®:=(Y[", keZ) be the random By (4.26), (4.27) and (4.32), we have the following fact:
I W the same way that the sequence
" in Construction 2.3. (4.35) The sequences X, X, X, are independent of each

other.

The following comment is unnecessary but will render some
_ elementary technicalities trivial. For each L22,

~ i), one has that for each L>1, Y® jg

P( YE)L) 75 0) é NE ! (4'28) L-1
: [P Pu e <1 - Y [PP(e™)Puy(e™)
) I=1
=0 and E(Y{)?< 0. (4.29)
(Yo {§2"L"1’forle[—n,—2‘L]u[2"‘,n]

lality holds in our present context, but <1forAe[—27L2"L]

)/(4.9)/(4.22), (3.20), (4.25) and Lemma

ie sequences Y™ are given as follows y (4.3) and (4.2), and hence

1
2aN,

1 (Y, e =———u(e?).  (430) EX§)*= | f(XP,eH)dA<2C-0412.27

—4.9—L
esent the polynomial p®™ by =4-2

24pPz2 4+ pB D, (431) y (4.33) and (4.34). Consequently

- that the coefficients p{" are real.) For

3 E|x{|< 3 X[, < o0. 4.36
(strictly stationary) sequence XV:= ,;1 X&) ,;1 8 (439

- Define the random sequence X:=(X,, keZ) as follows:

J(L)
1= N12 Zo PRY® (4.32

; VkeZ Xp=Y X, (4.37)
P

=1

By (4.36) this sum is well defined (in fact absolutely convergent a.s.).
Clearly X is strictly stationary. Our task now is to verify the
properties (1.6)—(1.10) in Theorem 1 for this sequence X.

Proof of (1.6) EX,=0 by (4.37), (4.36) and (4.33).
Next, for each neZz,

=0and E(X)? < co. (4.33)

rmula for spectral densities of moving
ine —2]), the spectral densities of the
llows:

[e o]

L EXOX[SE T ] X80] <o

M=1

JOXD, e =[P P, (4.4

LY
)
L=1




