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M. I Gordin proved a central limit theorem for some strictly stationary strongly
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this note we show that in that theorem, his assumption of a mixing rate (for the
ong mixing condition) cannot be altogether omitted.
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INTRODUCTION

t us first get some notations out of the way. If a term such as a, is
elf a subscript or superscript, it may be written as a(b) for
pographical convenience. The indicator function of a set S will be
noted I or I(S). If (Y,, seS) is a family of random variables (on
some probability space), then the o-field of events generated by these
r.v.’s will be denoted o(Y,, seS). '

Suppose (2, %, P) is a probability space. For any two o-fields o/
- and # c Z, define the following measures of dependence:

s/, B):=sup|P(A " B)—P(A)P(B)|, Ae </, Be%,

and K '

' I 7

B4, B).=sup3 ;1 '; |P(4; "~ B;)— P(A))P(B))| (1.1)
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358 R. C. BRADLEY

where this latter sup is taken over all pairs of finite partitions
{A1,...,A;} and {B,,...,B;} of Q such that A,es/ for all i and
Bje # for all j. Obviously, for any two o-fields .o/ and 4,

0<o(el, B)< p(A, B)<1. (1.2)

Suppose X:=(X,,keZ) is a strictly stationary sequence of (real-
valued) random variables on (Q, %, P). For each n= 1,2,3,..., define
the following dependence coefficients:

a(n): =X, n):=a(o(X,, k<0), (X, k=n))

and
B(n):=B(X, n): = B(o(X, k20), o(X,, k=n)). (1.3)

The sequence X is said to be “strongly mixing” [19] if a(n)—0 as
n—o0, and “absolutely regular” [21] if f(n)—0 as n— oo. By (1.2),
absolute regularity implies strong mixing. The partial sums of X are
denoted as usual by S,;=X,+---+X,.

Consider the following result of Gordin:

Tueorem 0 (Gordin [10, p. 174]) Suppose X:=(X,, keZ) is a

strictly stationary sequence of random variables such that EX 0=0 and
for some p>1,

E|Xo[P<oo and ia(n)l‘”"<oo. (1.4)

n=1
Suppose also that

lim n™*2E|S,| < oo. (15)

n—*oo

Then A:=lim,,,n"'E|S,| exists, 0Si<oo; and as n—oo the
random variable n='2S, converges in distribution to the normal law
with mean O and variance (n/2)-A* (degenerate if 1=0).

In the case 1<p<2, there is no assumption of finite second
moments, a somewhat unusual feature in central limit theorems.
Theorem 0 is a fundamental result in central limit theory under
strong mixing conditions. However, for a long time it was generally
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taken over all pairs of finite partitiohs
B,} of Q such that A;e s/ for all i ang
, for any two o-fields .« and B,

‘misunderstood; a misstatement of it has been treated extensively in
‘many references. This is described in detail by the author [5]; and
that reference also mentions other readily available references in
which one can find the proofs of Theorem 0 and other results of
yordin [10]. For central limit theorems for strictly stationary
rongly mixing sequences with finite second moments, but (as in
orem 0) with assumptions on E|S,| rather than ESZ, see Dehling,
nker and Philipp [8]. '

In this note we shall address the following two related questions:

(f, B) S B(st, B)<1. (12)

is a strictly stationary sequence of (real- -
nm (Q, %, P). For each n=1,2,3,..., define
coefficients:

Question 1 If (for a given p>1) the assumed mixing rate
©_,a(n)! " MP<oo in (1.4) is replaced by a slower mixing rate (and
e other hypotheses are left intact), then does the conclusion of
heorem O still follow?

=o(0(Xy, k20), o(Xy, k=n)

=B(0(X1, k=0), o(X,, k= n)). (1.

be “strongly mixing” [19] if «(n)—0 a
ular” [21} if f(n)—0 as n—co. By (1.2),:
strong mixing. The partial sums of X are
(1 + cee +Xn
ssult of Gordin:

p. 174]) Suppose X:=(X,, ke?) is a
¥f random variables such that EX 0=0and

uestion 2 Suppose (X,) is a strictly stationary strongly mixing
uence with finite second moments, such that Y%, |Cov (X 00 X)|
co. Suppose that n~1'/2S, converges in distribution to a non-
egenerate law as n—oo (“total attraction”), or as n—oo along a
ubsequence of the positive integers (“partial attraction”). Is that
it law necessarily normal?

uestion 2 (or perhaps one closely related to it) was posed by M.
senblatt (private communication) several years ago. In appli-
ns in time series analysis, when one is making use of asymptotic

[}
and ) a(n)' <o, rmality of partial sums, the normalizing constants are often of the

=1 er of n” /2 (as in Theorem 0 and Question 2); and Cov(X,,X,)

n decays sufficiently fast that ) ;|Cov(X,,X,)|<co (as in

: uestion 2), implying that n~!VarS§, converges to a finite non-

p-12gls egative number as n—oco. Thus it seems important to see what
‘" 15,/ < co. (1.5 inds of limiting behavior for S, one might encounter when one uses

J
‘the normalizing constants n~1/2,

In the literature, a number of strictly stationary strongly mixing
sequences with finite second moments have been constructed for
hich the partial sums fail to be asymptotically normally distributed.
owever, it seems that none of these examples addresses either
uestion 1 or Question 2. In the examples of Davydov [6,7], n™“S,
verges to a non-normal non-degenerate stable distribution for
ome a>1/2, and as a simple consequence hypothesis (1.5) in
heorem O fails to hold and instead n~*/|S,|»co in probability. In

exists, 0<A<oo;, and as n—oo the
werges in distribution to the normal law
/2)- A% (degenerate if A=0).

ere is no assumption of finite second
sual feature in central limit theorems.
al result in central limit theory under
owever, for a long time it was generally
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the examples of the author [1;2, Theorem 1;4], one has partia]
attraction of S, to non-degenerate non-normal laws, with normal-
izing constants on the order of ||S,||,; however, in those examples,
ES}=o0(n) as n—oo, and hence they satisfy the conclusion of
Theorem 0 with 4=0. Also, in the examples in Herrndorf [11] and
the author [3] the conclusion of Theorem 0 holds with A=0.

Our main result, Theorem 1 below, answers Question 2 (neg-
atively) for “partial attraction”. For “total attraction”, see the “note
added in proof”. Theorem 1 below also provides a partial answer to
Question 1; let us discuss this in some more detail.

Eq. (1.4) in Theorem 0 is a combination of moment assumption
and mixing rate. The CLT’s of Ibragimov [13] ([15, Theorems 18.5.3
and 18.5.4]) for strictly stationary strongly mixing sequences with
finite (2+ d)th moments (0< < o) are essentially sharp, in the sense
that the combinations of moment assumption and mixing rate are
essentially as weak as permissible. This was shown by Davydov’s
[6,7] counterexamples (satisfying barely weaker conditions).
Herrndorf’s [12, Corollary to Theorem 2] CLT under strong
mixing (involving a moment assumption of the form
EX3(log(14|X,[)*< o0, a>1) was shown to be essentially sharp in
the same sense by the example in [3, Theorem 7]. Also, the essential
sharpness of the CLT’s of Ibragimov [14] and Peligrad [18] under
the “p-mixing” condition was shown by the examples in [4]. It
would be of interest to see whether Theorem 0 is essentially sharp.
We are unable to answer that question. Theorem 1 below shows
that, at least in the case 1<p<2, Gordin’s mixing rate

a=10(n)!"P<co cannot be replaced simply by the condition
«(n)—0, or even by B(n)—0. In our construction for Theorem 1 the
mixing rate for «(n) (or f(n)) is not explicitly estimated; however, it is
apparently much slower than Gordin’s rate, and there is no obvious
way to significantly narrow the gap.

(We study absolute regularity instead of just strong mixing, because
we thereby obtain a slightly stronger result at no extra cost.)

In Gordin’s result, the weaker the moment assumption is (ie. the
lower p is), the faster the mixing rate that is assumed. In order to
sharply test the extent to which one might be able to relax the
mixing rate in Theorem 0 for a given value of p, one would have to
take the value of p into account, and this apparently will require
constructions quite different from the one given here (which involves
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52, Theorem 1;4], one has partia]
‘ate non-normal laws, with norma]-
" |IS4||2s however, in those examples,
ce they satisfy the conclusion of
the examples in Herrndorf [11] and
f Theorem 0 holds with A=0. :

the value p=2 in a critical way). Our construction is just a first step
_ in attacking this question.
Here is our main result:

THEOREM 1 There exists a strictly stationary sequence X:=(X,,
- keZ) with the following five properties:

| below, answers Question 2 (neg EXo=0, EX2=1 and EX,X,=0 Vn#0. (1.6)
Foral“total a{tc;'action’,’,t.sele the “not X is absolutely regular (and hence strongly mixing). (L.7)
o Bk, o el vy B < a9
sombination of moment assumption lim,_, , n~Y2E|S,| fails to exist. (1.9)
bragimov [13] ([15, Theorems 18.5.3 There exists a subsequence Ny <N,<N;<:'- of

ary strongly mixing sequences with positive integers such that (1.10)

x) are essentially sharp, in the sense
nt assumption and mixing rate are
ble. This was shown by Davydov’s
ying barely weaker conditions)
Theorem 2] CLT under strong
snt  assumption of the form
'as shown to be essentially sharp in
1 [3; Theorem 7]. Also, the essential
imov [14] and Peligrad [18] under
shown by the examples in [4]. I
ther Theorem O is essentially sharp,
question. Theorem 1 below shows
1<p=<2, Gordin’s mixing rate
replaced simply by the condition
our construction for Theorem 1 the
ot explicitly estimated; however, it is
»rdin’s rate, and there is no obvious
gap. :
nstead of just strong mixing, because
nger result at no extra cost.)
the moment assumption is (i.e. the
g rate that is assumed. In order to
h one might be able to relax the:
siven value of p, one would have to
it, and -this apparently will require
| the one given here (which involves

Vx#0, lim, ., , PN Y?Syy, <x)=F(x)

vhere F is the distribution function defined by

-1 x

Fr=e Ly @)+ Y S [ (uJ)~ 126100 gy ,
J= —

L J

Of course property (1.8) follows directly from (1.6) and Cauchy’s
uality. The limiting distribution function F in (1.10) is that of a
isson mixture of normal distributions, including the point mass
t 0.

In order to carry out the construction for Theorem 1 we shall
mbine spectral density arguments from Ibragimov and Rozanov
1, the author [1,2], and Herrndorf [11].

- Theorem 1 will be proved in Section 4, after some necessary
reliminary work is done in Sections 2 and 3.

2. PRELIMINARIES INVOLVING ABSOLUTE
REGULARITY

n this section we shall give three lemmas, primarily concerned with
e absolute regularity condition. The first one can be found in [3,
emma 2.1].
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LeMMA 2.1 Suppose o/ 1,94 ,,... and B, B,,... are o-fields; and the
o-fields (of, v B,), n=1,2,... are independent. Then

A, 2,)5 3 Kot )

LEMMA 2.2 Suppose o/, B and € are o-fields, 0 <e< 1, and & has an
atom B satisfying P(B)=1—¢. Then

B, B v )< 2+ f(L, b).

Proof By an elementary measure-theoretic argument,

B(st, B v €)=sup % |P(A NB;NC,)

||M>q

||M~

—P(4)P(B;n C})|

where this sup is taken over all choices of finite partitions
{A1,..., A}, {By,...,Bs} and {C,,...,Cy} of Q such that A4,e .7 for
all i, B; e@ for all j and C,e¥ for all k. Accordingly, let {Al, JApp
{Bi,....,B;} and {C,,...,Cx} be arbitrary fixed partitions w1th
those properties; it sufﬁces to prove for these partitions that

Wl
M~

é f |P(4; B;n C})— P(4;)P(B;n C,)|
=1

1j=1k

H

<2+ B(L,%b). 2.1

The L.H.S. of (2.1) is non-decreasing as one refines any of these
three partitions. Hence, without loss of generality we can assume
that the specified atom B of & is one of the events Bj; say B=B,.
We then have

i i ﬁ |P(4;~ B; N Ci) —P(4;)P(B;n C})|
=1

i=1 j=1k

- e
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-..and B,,B,,... are o-fields; and the
. are independent. Then

/ ea,,)é S Bt 3,)
1 n=1

d € are o-fields, 0<e<1, and & has an
Then

) <2+ (A, b).

1easure-theoretic argument,

J K

fj Y Y |P(4;nB;nCy)

i=1 j=1k=1

A)P(B; " C})|

ver - all choices of finite partitions

{Ci,...,Ck} of Q such that A;e.o for

'for all k. Accordingly, let {Ap,... 4

be arbitrary fixed partitions with
prove for these partitions that

Bt ). 21)

lecreasing as one refines any of these
t loss of generality we can assume
% is one of the events Bj; say B=B,.

- P(4;)P(B; n Cy)|

_ negative integers k and infinitely many positive integers k. Suppose
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=Y |P(4;nB;nC) —P(A;)P(B; C,)|
i,jk

_ +Z|P(AimB1 N C,)—P(A4;)P(B; 0 Ck)l
ik

<Y P40 B;nCY+ Y P(4)P(B;n Cy)
it it

+Y |P(4; "By A C)—P(4; n G|
ik

+; IP(Ai N Ck)“P(AilP(Ck)I

+Z;,‘ IP(Ai)P(Ck)_P(Ai)P(BI N Cy|

=P(B})+P(B{)+Y P(4;n B; " C,)
i,k
+§ 'P(Ai N Cy) —P(Ai)P(Ck)| +§ P(A;)P(B; N C})

= P(BS)+ P(BS) + P(B5)

) |P(4; 1 C)— P(4)P(C,)| + P(BS)

<de+2p(, ).

Thus (2.1) holds. This completes the proof of Lemma 2.2. .

The next lemma (Lemma 2.4 below) deals with a construction that
will play a prominent role in the proof of Theorem 1.

Construction 2.3 Suppose 0<p<1. Define g=1— p. Suppose

Vi=(W, keZ) is a sequence . of iid. {0,1}-valued r.v.’s with
P(Vo=1)=p and P(V;,=0)=gq. To avoid trivial technicalities, assume

urther that YweQ, one has that V(w)=1 for infinitely many
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W:=(W,, keZ) is a strictly stationary sequence of (real-valued)
random variables, the sequences V and W being independent of each
other. Define the sequence of random integers k:=(x;, jeZ) by the
following two conditions:

Voel,... <x_2(w)<x_1(a))<rc0(w)§0<1grcl(w)<xz(a))

<Ksz(w)<...
and

VweQ, tkeZ:V(w)=1}={k(w): je2).
Define the random sequence Y:=(Y,, keZ) as follows:

Wjw) if k=x,(w), jeZ

Vweq, Y"(w):{o if V(@) =0
k -_— -

LEMMA 24 In the context of Construction 2.3, the Sollowing state-
ments hold:

i) The sequence Y is strictly stationary.

i) P(Y,#0)<p.

i) If EWo=0 and EWj<oo, then EYy=0, EYi=p-EW?, and
Vnx1, EYOY;=P'Z?=1 (EWo W) - P(i;=n).

i) B(Y,1)Sp(W,1).

v) Vaz2, BY,m)<YiZs P(Vi++V,_ =1): B(W,I+1).

vi) If W is absolutely regular, then Y is absolutely regular.

Proof: Proof of (i) This is elementary and is left to the reader.

Perhaps the easiest way to carry out the proof is to show that the
sequence of random vectors ((V;, Y;), ke Z) is strictly stationary.

Proof of (i) P(Y#0)<P(Vy=1)=p.

Proof of (iii) First note that Yo=W, -I(V,=1i). Hence E Y=
(EW,) p=0 and EY;=(EW?}) p. To compute EY, Y,(n2 1), first note
that for each n>1 the events {V,=1 and K,=n}, 1=1,2,...,n and
{Vo=0 or ¥,=0} form a partition of Q. Also note that for each ! =1
the r.v. x; is a measurable function of (M, V3, V3,...,); and hence x;,
Vo and W, W, are independent r.v.’s. Consequently, for each nzl,
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onary sequence of (real-valued)
nd ‘W being independent of each
m integers k:=(x;, jeZ) by the

EY,Y,= ) E(Y,Y,|Vo=1and x,=n)- P(V,=1 and x,=n)

+E(Y, Y,|Vo=0or ¥,=0): P(V,=0 or V,=0)

<Ko() S0<1 =k (w) <ky(w)

1

M=

E(WoW,|Vo=1and x,=n)- P(V,=1)- P(x,=n)

1

Kksz(w)<...

+0-P(V,=0or V,=0)

1} ={kfw): je Z).

% k€Z) as follows: =p"§1 (EWoW) - P(x;=n).

v) if k=xkj(w), jeZ

his completes the proof of (iii).
Vi(w)=0.

Proof of (iv) Note that as a consequence of the definition of Y in
onstruction 2.3, one has-

truction 2.3, the following state-

O'(Yk,kg())CO'(Vk, Wkakéo)

onary.

O'(Yk, kg 1) < O'(Vk, Wk’ kg 1).

ten EY,=0, EY3=p-EW3, and
L=n).

ence by' Lemma 2.1,

Va1 =D):BW,1+1).
n Y is absolutely regular.

B(Y,)=B(V, 1)+ B(W,1)=0+B(W,1).

 Proof of (v) Let n=2 be arbitrary but fixed. Let {Ay,...,A;} and
{By,...,B;} be arbitrary fixed finite partitions of Q such that
A;ea(Y,,k=0) for all i and B;eo(Y,,k=n) for all j. To prove (V) it
suffices to prove that

:ntary and is left to the reader.
1t the proof is to show that the
, ke Z) is strictly stationary.

=p.

Yo=W,-I(V,=1). Hence EY,=
compute EY, Y, (n=1), first note
:1 and k,=n}, I=1,2,...,n and
f Q. Also note that for each I>1
of (Vy, V5, V3,...,); and hence k;;
Consequently, for each n>1, -

7

I n—1
Y Y |P<AmB,-)—P<A‘-)P(B,)|§I=ZO P(Vyi+-+V,_ =)

i=1 j=1

x (W, 1+1). 22

It is well known that o(Y;,k=n) is simply the collection of events
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{(Y,,Y,,,,Y,,,,..)€C} where C ranges over all Borel subsets of
R" From this fact and an elementary set-theoretic argument, ope
can show that for each 1=0,1,...,n—1, there exists a partition
{BY,BY,...,BY} of Q such that for each j=1,...,J one has

BV eo(V,kzn) v o(W, k=1+1)
and
Bin{Vi+- 4V, =l}=BYn{Vi+ - +V,_,=1}.
The details of that argument are left to the reader.
Now for each Ie{0,1,...,n—1}, each ie{l,...,I}, each
jef{l,...,J}, the events A; and BY belong to the o-field

(Ve W, k=0) v a(Vi,k=n) v o(W,,k=1+1), which is independent of
o(Vy, V,,...,V,_1). Hence

|P(4; 0 B))— P(4,)P(B))|

M~
M~

i
I

i=1 j=1

n—1

=Y T PB4 4V =1

1=0
—P(A)PB; N {V,+ - +V,_ =1})]

Y Y Y IPAABY AV 44V, =1))
ioj o1

—P(Ai)P(B§”ﬂ{V1+“'+V..—1=l})|

=ZZZIP(AimBS'”)'P(Vl‘F"‘+V;.—1=l)
~ 4

pJ

—P(A)P(BY)- P(V; + -+ V,_, =I)|

=Z[P(V1+"'+V;-1=l)-z Y |P(4; ~ BY)
1 7 "

J

“P(Ai)P(B§l))|]§ZP(V1+"' +V,_1=1)
1

L N A N T ]
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ranges over all Borel subsets of X 2[B(V,n)+ B(W,1+1)]

entary set-theoretic argument, one

...,n—1, there exists a partition where the last step is a consequence of Lemma 2.1. Since f(V,n)=0,
for each j=1,...,J one has Eq. (2.2) holds. This completes the proof of (v).

v o(W, k=1+1) Proof of (vi) This follows from (v) and an elementary limiting
- argument, which is left to the reader. This completes the proof of

Lemma 2.4,

- B® =

B+ =1k Remark  Let us make two extraneous comments in passing. (i) In
Lemma 24(v), obviously P(Vi+-—+V,_;=D)=("7Yp'q¢" 17" (ii)
Analogs of (iv), (v) and (vi) of Lemma 2.4 hold for the strong mixing
condition and also for several other conditions, including p-mixing,
¢-mixing, y-mixing and information regularity (see [2] and [17] for
e definition of these other conditions). (For the analog of Lemma
4(vi) for y-mixing and information regularity, one has to make the
additional assumption that the dependence coefficients are all <00.)

left to the reader.
n—1}, each ie{l,...,I}, each
nd By belong to the o-field
% k=1+1), which is independent of

(B))

3. PRELIMINARIES INVOLVING SPECTRAL DENSITIES
NBin{Vi+-+V, =1} -
In this section we shall give some notations and lemmas involving
spectral densities of stationary sequences.
~ The unit circle in the complex plane will be denoted by T.
A real function h on T will be said to be “symmetric” if
e*)=h(e™ ™) ¥ Ae[—m,7].
In what follows, for a given strictly stationary sequence X =(Xy,
keZ) of real-valued random variables with finite second moments
d absolutely continuous spectral distribution function, the spectral
density of X will be defined on T (instead of on [—=,x]), and will
be denoted by f(X,e”). Of course f(X,') is (equivalent to) a
function which is real, non-negative, integrable, and (since X is real)
also symmetric. Conversely, any function on T which is real, non-
~ negative, integrable, and symmetric is the spectral density of some
_strictly stationary real sequence (in fact, of some stationary real
. Gaussian sequence).
For each n=1,2,3,... define the function F,: T—[0, ) by

A+ Ve =1h]|

"o it =1))

vt V=)

N P(Vy+- 4V, =)

2

-1=1)-} Y |P(4;n BY)

ZP(V1+"'+Vn—1=l) F,,(e“):=1l1+e“+e2”+"'+e("_1)“'|2
1 n
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1 sin®(n4/2) . _ .
=<{n sin?(4/2) fAel=—ma]-{0} (3.1)
nif A=0,

that is, the Fejer kernel of order n—1.

LEmMMA 3.1 Suppose h is a real non-negative continuous symmetric
Junction on T, and ¢>0. Then there exists a polynomial p(z)=

Po+piz+-+p;z’ with the coefficients po,py,...,p, all real, such
that

Vie[—mn,n], [h(e?)—|p(e™)?| se.

Remark In the sequel, we shall repeatedly make use of the trivia]
fact that for any polynomial p(.) with real coefficients, the function
|p(‘)| is real, non-negative, continuous and symmetric on T.

Proof The proof is well known; we give it here for convenience,
For each n=1,2,3,... define the function g, on T as follows [see

(3.1)):
T .
Vie[—m,n], g,.(e”l)=5* | Fu(e M) 2 (™) dp.
T -T

As is well known, g,—h'? uniformly on T. Since h is bounded,
gZ—h uniformly on T. Fix N1 such that

llex—h||.. <& (3.2)

It is easy to see that the function gy is real and is of the form
gn(et)=Y N1y, ae™ where the a;’s are real and a,=a_, for all k.
Define the polynomial p(z):=)"-',. 4,z '** Then for each
Ae[—m, ], p(e*)=e" ™ Dig (¢"%) and the lemma now follows from
(3.2).

Some notations are needed. Let D denote the open unit disc in the
complex plane. Let D:=D u T, the closed unit disc. It is well known
(see e.g. [20, Chapter 11]) that for any real continuous function f on
T there exists a unique real function u on D which is harmonic on
D, continuous on D, and equal to f on T; and further, if f is non-

negati
symim
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LEMM.
W an
EW32-
functi
harmo
sequer

Ren
(with
square
spectr.
factor

Pro
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is of t

where

Def
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negative then u is non-negative, and if f is symmetric on T then u is
,lif Ae[—mn,n]—{0} ~ symmetric in the sense that u(z)=u(Z) for all zeD.
(3.1 - For the next lemma, recall Lemma 2.4(i)~(ii).

 LemMA 32 Suppose that the numbers p and q and the sequences V,
~ W and Y (and x) are as in Construction 2.3. Suppose that EW,=0,
EW3<o0, and the sequence. W has a continuous spectral density
function f(W,) on T. Let u denote the real function on D which is
~harmonic on D, continuous on D, and equal to f (W,*) on T. Then the
sequence Y has spectral density f(Y,") on T given by

-1

on-negative continuous symmetric
tere exists a polynomial p(z)=
ients po,py,-..,py all real, such

17

‘f(Y,eu)=P'u(—pe——)‘v’).e[—n,n].

1) - IP(eu)lzl e 1— qei"

Remark With standard arguments, Lemma 3.2 can be extended
th appropriate modifications) to other stationary mean-zero
quare-integrable sequences W besides the ones with continuous
ectral density. However, Lemma 3.2 in its present form is satis-
factory for our purposes.

epeatedly make use of the trivial
ith real coefficients, the function
us and symmetric on T.

we give it here for convenience,
inction g, on T as follows [see

Proof We shall first consider the following special case:

E

n Case I The spectral density function f(W,-) for the sequence W
j‘ F,(e 4= M)nt12(gin) dyy. P y fw,) q

of the form

nly on T. Since h is bounded,
ich that '

fW,eh= 3 aeit (3.3)

j=-o

a; is real for all j

| gy is real and is of the form
«s are real and a,=a_, for all k.
y+1@2Z¥ 1% Then for each

1d the lemma now follows from

a;=a_;for all j, and

(3.4)

@

Y |ajl<oo.

J= -

' denote the open unit disc in the
closed unit disc. It is well know:
ny real continuous function f or
n u on D which is harmonic ot
f on T; and further, if f is non

Define the function g on D by

[}
gz)=ag+2Y a;.
j=1
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By (3.4), g is well defined, analytic on D and continuous on D. The
function Reg is harmonic on D, continuous on D and equal to
f(W,-) on T by (3.3) and a trivial calculation. Hence (referring to

the statement of Lemma 3.2),
u=Reg on D.

For each jeZ, by (3.3) and (3.4),

EWoW;= [ e (W,e*)dA=2na_;=2na,.

For each ke Z define
a:=EY, Y.

Then

¢ is real for all k, and
cy=c_, forall k.

For each n=1, by (3.7) and Lemma 2.4(iii),

¢=p- ), (EWoW)- P(x;=n)

ie

-~

=p- Z (2na)) - P(x,=n).
=1
Hence by (3.4) (see also Construction 2.3),

X [afs 3 p . [2na)- Pto=n)

n=1 =1

Ms

P(x;=n)
1

=2np- Y |a|-
I=1

n

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

Hence |

For eac
(3.8). Hi

Now
by (3.12

The inte
[see (3.1

It is e
iid., eac
respectiy
has of
1=1,2,3
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nalytic on D and continuous on D. The & —2mp- i a1
on D, continuous on D and equal to =<np = %

a trivial calculation. Hence (referring to

),

'=Reg on D. (3.6)

< o0. (3.11)

Hence [by (3.9)], > _ |c,,|<oo. Define the function h on T by
nd (3.4),

. 1 2 .
He=5o T aet (3.12)
¥ (W,e*)di=2mna_;=2na;. (3.7 v
For each keZ, (= e*h(e*)di=c_,=c,=EY,Y, by (3.12), (3.9) and

1. (3.8). Hence
h=f(Y, ). 6D

Now ¢y =p- EWZ =2na,p by (3 8), Lemma 2.4(iii), and (3.7). Hence
y (3 12), (3.9) and (3.10) for each Ae[—mn, x],

ci=EY,Y,.

:al for all k, and } (39)

-xforall k.

. 1 .
h(e*)=Re o [co +2 Z c"fz'"‘:l

Lemma 2.4(iii), 1 © R »
=Reﬁ 2na,p+2 ) p* Y. (2nay)- P(x;=n)- ™"
n=1 =1

1

. (EWoW))- P(x;=n)
1

=Repl:ao+2 Yoa-y P(rc,=n)~e""‘il
=1 n=1

- (na) P=n). o
=Rep [ao +2 Y aEexp (irc,,l):l. ’ (3.19)
; I=1

astruction 2.3), :
‘ The interchange of the order of summation in (3.14) is valid since
[see (3.11)] the double sum is absolutely convergent.
It is easy to show that the r.v.’s ky,k,—k, k3 —K,, ks — x3, . are
.d., each taking the values me{1,2,3,...} with probabilities pq""1
spectively (a “geometric” probability function). For each 1>2 one
as of course k;=k;+(k;—Kk;)+ - +(k;—K,_,). Hence, for each
»2,3,... by standard properties of characteristic functions,

) Z [2na)|- P(xc;=n)

Y |al- Y, P(x,=n)
=1 n=1




