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Poisson processes and a log-concave Bernstein theorem
by

Bo’Az KLARTAG (Tel Aviv) and JosepH LEHEC (Paris)

Abstract. We discuss interplays between log-concave functions and log-concave se-
quences. We prove a Bernstein-type theorem, which characterizes the Laplace transform of
log-concave measures on the half-line in terms of log-concavity of the alternating Taylor
coefficients. We establish concavity inequalities for sequences inspired by the Prékopa—
Leindler and the Walkup theorems. One of our main tools is a stochastic variational
formula for the Poisson average.

1. Introduction. Let ¢: [0,00) — R be a continuous function that is
C*°-smooth on (0, 00). Its alternating Taylor coefficients are

(1) ai(n) = (—1) SO(:;)'(t) (n>0,t>0).

A function whose alternating Taylor coefficients are non-negative is called
a completely monotone function. Bernstein’s theorem asserts that the alter-
nating Taylor coefficients are non-negative if and only if there exists a finite,
non-negative Borel measure p on [0, 00) with

o0
(2) o) = | e du(z) (= 0).

0
In other words, ¢ is the Laplace transform of the measure p. See Widder [18]
for proofs of Bernstein’s theorem. We say that the alternating Taylor coef-
ficients are log-concave if the sequence (a¢(n)),>0 is a log-concave sequence
for any ¢t > 0. This means that this sequence consists of non-negative num-
bers and for any m,n > 0 and A € (0,1) such that An + (1 — A)m is an
integer,

(3) ar(An 4+ (1= X)m) > a;(n) a;(m)r=2.
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Equivalently, a;(n)? > ai(n — 1)as(n + 1) for every n > 1, and the set of
non-negative integers n for which a;(n) > 0 is an interval of integers (either
a finite interval of integers or an infinite one).

A measure p on [0,00) is log-concave if it is either a delta measure at
a certain point, or else an absolutely continuous measure whose density
f:]0,00) = R is a log-concave function. Recall that a function f: K — R
for some convex set K C R"™ is log-concave if f is non-negative and

fOz+ (1 =Ny) > fl@) fly)t™ forallz,ye K,0< X< 1.

THEOREM 1.1 (“Log-concave Bernstein theorem”). Let ¢ : [0,00) — R
be a continuous function that is C*°-smooth on (0,00). Then the alternating
Taylor coefficients of ¢ are log-concave if and only if ¢ takes the form
for a certain finite, log-concave measure (.

There are several known results about Laplace transforms of log-convex
probability measures, rather than log-concave. In fact, Theorem is the
log-concave analog of Hirsch’s theorem, which analyzes the case where the al-
ternating Taylor coefficients of ¢ are log-convex and non-increasing. Hirsch’s
theorem states that this happens if and only if ¢ takes the form for a
measure u whose density is non-increasing and log-convex, apart from an
atom at the origin. See Hirsch [I1] and Schilling, Song and Vondracek [15]
Section 11.2] for a precise formulation and a proof of Hirsch’s theorem, and
also Forst [10] and Sendov and Shan [I6] for related results.

In Section [2| we prove Theorem by using an inversion formula for the
Laplace transform as well as the Berwald—Borell inequality [T, 2]. The latter
inequality states that if one divides the Mellin transform of a log-concave
measure on [0,00) by the Gamma function, then a log-concave function
is obtained. It directly implies the “if” part of Theorem In the proof
of Hirsch’s theorem from [I5], the réle of the Berwald—Borell inequality is
replaced by the simpler Cauchy—Schwarz inequality. Theorem admits the
following corollary:

COROLLARY 1.2. Let p be a finite, non-negative Borel measure on [0, 00)
and let ¢ be given by . Then u is log-concave if and only if the function
=D ()| 71/ s convex in t € (0,00) for every n > 1.

In fact, in Theorem [1.1}it suffices to verify that the sequence (a¢(n))n>0

is log-concave for a sufficiently large ¢, as follows from the following:

PROPOSITION 1.3. Let ¢ : (0,00) = R be real-analytic, and define at(n)
G . Assume that 0 < r < s and that the sequence (as(n))n>o s log-
concave. Then the sequence (ar(n))n>0 ts also log-concave.

Proposition [1.3] is proven in Section [3] alongside concavity inequalities
related to log-concave sequences in the spirit of the Walkup theorem [17].
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While searching for a Prékopa-Leindler type inequality for sequences, we
found the following:

THEOREM 1.4. Let f,g,h,k:7Z — R satisfy

sy sty <1(| 722 ) o[22, veve

where |x] is the lower integer part of x € R and [z] is the upper integer
part. Then

(4) <z€%ef<x)> (;Zeg(x)) < (%eh(@) (%ek(lﬂ))_

Our proof of Theorem is presented in Section [p|and it involves prob-
abilistic techniques. It would be interesting to find a direct proof. However,
we believe that the probabilistic method is not without importance in it-
self, and perhaps it is mathematically deeper than other components of this
paper. The argument is based on a stochastic variational formula for the ex-
pectation of a given function with respect to the Poisson distribution. It is
analogous to Borell’s formula from [4] which is concerned with the Gaussian
distribution. The stochastic variational formula is discussed in Section [4

Theorem [1.4] is reminiscent of the variant of the Prékopa—Leindler in-
equality obtained by Cordero and Maurey [8, Proposition 1.2], all the more
so as their main tool is the stochastic formula of Borell mentioned above.
Let us also mention that it is easy to tensorize Theorem However, the
inequality that we obtain is not entirely satisfactory as it depends on a
rather arbitrary way of rounding coordinates. For instance, in dimension 2,
one gets two formally different inequalities: The conclusion

( 22 ef(cc)) ( 22 eg(x)) < ( 22 eh(z)) ( 22 ek(x))

TEZ TEZ TEZ TEZL

holds if either

f(x)~l-g(y)§h( L1y | P21 Y2 >+k:< x1+y1| [22+y2 >

2 ’ 2 2 ’ 2

for every x = (x1,22) and y = (y1,%2) in Z2, or if

1ty | [22+ o] (21 +y1] |22+ y2
<
f(x)+g(y)_h(_ 5 || 3 >+k‘< 5| >

for every x,y € Z2.

The Berwald—Borell inequality (or Theorem implies that when p is
a finite, log-concave measure on [0, 00) and k < ¢ < m < n are non-negative
integers with k +n = £+ m,

(5) at(£)as(m) — as(k)ag(n) > 0,
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where a;(n) = §°(z"/n!)e™"* du(z) is defined via (1) and . The following
theorem shows that the left-hand side of is not only non-negative, but
it is in fact a completely monotone function of t:

THEOREM 1.5. Let u be a finite, log-concave measure on [0,00). Then
for any non-negative integers k < ¢ < m < n with k+n = £+ m there exists
a finite, non-negative measure v = Vg g m.n on [0,00) such that for anyt > 0,

o0
(6) | e7™ du(x) = ar(f)ar(m) — ar(k)as(n),
0

where as usual ay(n) = { (2" /nl)e™ du(x) is defined via and .

Theorem is proven in Section [3| Let us apply this theorem in a few
examples. In the case where p is an exponential measure, whose density is
t — ae™ on [0,00), the measures v from Theorem vanish completely.
In the case where p is proportional to a Gamma distribution, the measures
v are also proportional to Gamma distributions. When p is the uniform
measure on the interval [1,2], the density of the measure v = 11,12 from
Theorem is depicted in Figure 1. This log-concave density equals the
convex function (t—1)(t—2)/2 in the interval [2, 3], and it equals (t—2)(4—t)
in [3,4].

1 2 3 4 5

Fig. 1. The density of vp,1,1,2 where g is uniform on the interval [1, 2]

We suggest that the measure v from Corollary be referred to as the
Berwald—Borell transform of p with parameters (k,¢,m,n). All Berwald—
Borell transforms of log-concave measures that we have encountered so far
were log-concave themselves. It is an interesting problem to characterize the
family of measures v which could arise as the Berwald—Borell transform of
a log-concave measure on [0,00). Such a characterization could lead to new
constraints on the moments of log-concave measures on [0, c0) beyond the
constraints posed by the Berwald—Borell inequality.

2. Proof of the log-concave Bernstein theorem. The proof of The-
orem [I.1] combines ideas of Berwald from the 1940s with the earlier Post in-
version formula for the Laplace transform. The “if” direction of Theorem
follows from:
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LEMMA 2.1. Let p be a finite, log-concave measure on [0,00). Assume
that ¢ is given by (2). Then the alternating Taylor coefficients of ¢ are
log-concave.

Proof. In the case where p = cdg for some ¢ > 0, we have ¢ = ¢ and
the alternating Taylor coefficients of ¢ are trivially log-concave. In the case
where p = ¢y, for xg > 0 we have ¢(t) = ce”**® and hence

—txo .1
ar(n) = ceni!:vo‘
Since ay(n) > 0 for every n and a;(n+1)/ai(n) = x¢/(n+1) is non-increasing,
this is indeed a log-concave sequence. In the case where i has a log-concave
density f, we denote fi(x) = e~ f(z) and observe that

() eW(t) = [ (o)t e f(w) dz = | (—2)* fu(x)dx (k> 0,t>0).
0 0

The function f; is log-concave, and hence we may apply the Berwald—Borell
inequality [I], 2]; see also [0, Theorem 2.2.5] or [13], Theorem 5] for different
proofs. This inequality states that the sequence

Sgo xk fi(x) dx
k!
is log-concave, completing the proof. =

We now turn to the proof of the “only if” direction of Theorem
which relies on the Post inversion formula for the Laplace transform (see
Feller [9, Section VIIL.6] or Widder [I8, Section VII.1]). Suppose that ¢ is
continuous on [0,00) and C*°-smooth on (0,00), and that the alternating
Taylor coefficients a;(n) are log-concave. In particular, the alternating Taylor
coefficients are non-negative. We use Bernstein’s theorem to conclude that
there exists a finite, non-negative Borel measure p on [0, 00) such that
holds true. All that remains is to prove the following;:

(8) ks (k > 0)

PROPOSITION 2.2. The measure i is log-concave.

The proof of Proposition requires some preparation. First, it follows
from and that for any R,t > 0,

| Rt] | Rt] 00 00
n — " n_ —tx _
9) z_%t ag(n) = ZO o (S) e du(x) = (S) P(N;, < Rt) du(z),

where N; is a Poisson random variable with parameter s, i.e.,
n

S
P(Ng=n)=e Sm,

The random variable N has expectation s and standard deviation /s.
By the central limit theorem for the Poisson distribution (see Feller [9,

forn=0,1,2,...



90 B. Klartag and J. Lehec

Chapter VII] or Schilling, Song, and Vondracek [15, Lemma 1.1]), for any
a >0,

1, a>1,
(10) P(N, < as) 2 {1/2, a=1,
0, a < 1.

The left-hand side of is always between 0 and 1. Therefore we may
use the bounded convergence theorem, and conclude from @ that for any
R >0,

LRt
(11) lim » "~ t"as(n) = ([0, R)) + su({R}).

t—o00
n=0

For ¢ > 0 define g; : [0,00) — R via

t"t . ay(n), x = n/t for some integer n > 0,
gi(x) =

g () a(n + 1A, = (n+N)/t for A € (0,1),n > 0.

Write p; for the measure on [0, 00) whose density is g;. We think about
as an approximation for the discrete measure on [0, c0) that has an atom at
n/t of weight t"as(n) for any n > 0.

LEMMA 2.3. Assume that pu((0,00)) > 0. Then for anyt > 0 the measure
e is log-concave on [0,00). Moreover, if u({0}) = 0 then for any R > 0,

ue([0, R) == p([0, R)) + 3u({R})-
Proof. Since 1((0,00)) > 0, for any ¢ > 0 and n > 0,

© _n
L
a(n) = S e B qu(x) > 0.
o !

The density g; is locally Lipschitz, and for any integer n > 0 and x= €
(n/t,(n+1)/t),
a(n+1)

ar(n)
The sequence (a¢(n))n>0 is log-concave, hence a;(n+1)/a:(n) is non-increas-
ing in n. We conclude that (log g;)’(x), which exists for almost every x > 0, is
a non-increasing function of x € [0, c0). This shows that the locally Lipschitz
function g¢; is a log-concave function, and consequently u; is a log-concave
measure. In particular, the density ¢g; is unimodular, meaning that for some
xo > 0, the function ¢; is non-decreasing in (0,zp) and non-increasing in
(zg,00). We claim that for any R,¢ > 0 we have the Euler-Maclaurin type

(log g;)'(z) = logt + tlog
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bound
s LBt] 1 n 3
(12) (o)=Y ja ()] < Fswpato)
0 n—0 >0
Indeed, the sum in is a Riemann sum related to the integral of ¢g; on the
interval I = [0, [tR + 1]/t]. This Riemann sum corresponds to a partition

of I into segments of length 1/¢, and by unimodularity, this Riemann sum
can deviate from the actual integral by at most (2/t) sup,~¢ g:(x). Since the
symmetric difference between I and [0, R] is an interval of length at most
1/t, the relation follows. According to , for any R,t > 0,

| Rt
(13) |0, R) - Xl )| < % sup gu(a) = Bsuptaq(n).

x>0 n>0

Next we make use of our assumptlon that ©({0}) = 0 and also of the fact
that sup,, e *s"/n! tends to zero as s — 0o, as may be verified routinely.
This shows that for ¢ > 0,

C (tz)" T tx)"™ oo
supt"a(n) = sup S @efm du(z) < S (sup ( m') etx) dp(x) o, 0,

n: n:
n>0 n>0 0 0 n>0

where we have used the dominated convergence theorem in the last passage.
The lemma now follows from and . "

The following lemma is due to Borell, and its proof is contained in [3]
Lemma 3.3] and the last paragraph of the proof of [3| Theorem 2.1]. For the
reader’s convenience, we include a short proof. For A, B C R and A € R we
write A+ B={x+y;x € A, yc€ B} and AA = {A\z; v € A}. We say that
an interval I C R is rational if it has a finite length and if its endpoints are
rational numbers.

LEMMA 2.4. Let p be a finite Borel measure on R such that for any
intervals I,J C R and X € (0,1),

(14) PO + (1= X)) = p(D) u(I)

Then w is log-concave (i.e., either u = cdy, for some ¢ > 0,29 € R or else
w has a log-concave density). Moreover, the conclusion remains valid if we
only assume that holds for rational I, J and \.

Proof. For x € R and € > 0 set

r—e,r+¢
RS
We deduce from that f. : R — (0,00) is a log-concave function for all
e > 0. Denote
f(z) = limsup f-(x) € [0, +00] for z € R.

e—0
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Since f: is log-concave, it follows that for all 0 < A <1 and =,y € R,

(15) FOz 4+ (1= XNy) > fa) fy)'

where in case f(x) = oo or f(y) = oo we interpret by continuity. By
the Lebesgue differentation theorem, the function f is the density of the
absolutely continuous component of the finite measure p. In particular, f is
integrable. Moreover, if f(z) < oo for all # € R, then the measure x is
absolutely continuous, and in any case, the set of all points x € R where
f(x) = 0 has zero p-measure.

If f(x) < oo for all z € R, then p is absolutely continuous with a
log-concave density f, as required.

Otherwise, there exists zy € R with f(xz¢) = +o00. Since f(xg) = +oo,
necessarily f(x) = 0 for x # ¢, as otherwise implies that f equals +o0
in an interval of positive length, in contradiction to the integrability of f.
Thus f(x) = 0 for all x # ¢, and p is supported at the point {z(}. In this
case necessarily p = cd,, for some ¢ > 0.

For the second part of the lemma, observe that

w((x —e,x+¢€)) =sup{u(l); I C (z —e,x + ¢) is a rational interval}.

Using this equality, one can show that if holds for rational I, J and A
only, then f. is log-concave. We then proceed as above and conclude that
is log-concave. m

Proof of Proposition[2.4 We may assume that p((0,00)) > 0 as other-
wise u = cdp and the conclusion trivially holds. Therefore a;(n) > 0 for all ¢
and n. By the log-concavity of the sequence of alternating Taylor coeflicients,

(Sooxe—tmdﬂ(x))Q _ at(1)2 _Oo —tx t—o00
19 e dute) ~ azy = @O =) 7 dulo) =5 ul(oh).

For ¢ > 0 write v for the measure on (0,00) whose density with respect to
p equals x — et Then by the Cauchy-Schwarz inequality,

({2 ze ™ du(2))® ([ zdu(z))’ .
W e T R SO0

From and we see that ©({0}) = 0, which is required for the appli-
cation of the second part of Lemma Let I,J C [0,00) be intervals and
0<A<1. Set K =AM+ (1—\)J and assume first that

(18) n(0I) = p(dJ) = n(0K) =0,
where OI is the boundary of the interval I. In this case, by Lemma [2.3
19)  p) = lim (1), p(J) = lim (), p(K) = lim p(K).
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Since p is log-concave, the Prékopa—Leindler inequality (see, e.g., [0, The-
orem 1.2.3]) implies that for all ¢ > 0,

(20) pe(K) = pe (D) e ()
From and we thus deduce that
(21) WO + (1= A)JJ) = (D) ()=,

We know that holds true for any intervals I,J C Rand 0 < A < 1
satisfying condition , where K = AI+(1—M\)1. Since p is a finite measure,
it can only have a countable number of atoms. Hence there exists a € R
such that none of these atoms are congruent to @ mod Q. In other words
by translating p, we may assume that it has no rational atoms. Then
holds for all rational I, J, A and Lemma [2.4] implies that p is a log-concave
measure, as desired. m

The proof of Theorem [I.1] is complete.

Proof of Corollary[1.3. If p is of the form c¢dy for some ¢ > 0, then the
corollary is trivial. Otherwise, the alternating Taylor coefficients a;(n) =
(=1)"p™(t)/n! are positive for every t > 0 and n > 0. The measure p is
log-concave if and only if the sequence of alternating Taylor coefficients is
log-concave for any ¢ > 0, which happens if and only if

() ($)\ 2 (n=1) (¢ (n+1) (¢
(22) ((‘0 n!( )> B (in — 1()!) ' Sin—f— 1()!) =0

Denote by by, (t) the expression on the left-hand side of multiplied
by (n!)2. Then,

(n>1,¢t>0).

d2 _ —1/n d2 n— _ —1/n
I D@1 = (1t ) Y
n+1 n— —(2n n
=— |80( 1)(t)| (2n+1)/ b ().
Hence by, ( 0 for all t+ > 0 if and only if the function |~ (t)|~1/" is

t) >
convex in (0,00). =

3. The log-concavity measurements are completely monotone.
In this section we prove Propositionand Theorem Letk </ <m<n
be non-negative integers with £ +n = ¢ + m and let ¢ be a continuous
function on [0, c0) that is C*°-smooth in (0, c0). Define

ki tmm(t) = ar(€)ag(m) — a¢(k)ar(n)

_ Ly [200 oM@ o) oM (@)
B 0! m! k! n!
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where a;(n) = (—1)"p™(t)/n! as before. We call the functions cggm.n
(0,00) — R the log-concavity measurements of . This name is justified by
the following minor lemma. For integers a < b we write [a,b] = {n € Z; a <
n < b}.

LEMMA 3.1. Let t > 0. Then the sequence (at(n))n>0 is log-concave if

and only if ¢ pmn(t) > 0 for all non-negative integers k < £ < m < n with
k+n=0+m.

Proof. Assume first that the sequence (a¢(n))n>0 is log-concave. Fix non-
negative integers k < ¢ < m < n with £k +n = £+ m, and let us prove
that cg¢mn(t) > 0. This is obvious in the case where k = ¢ and m = n.
Otherwise, set A = ({ —k)/(n — k) € (0,1). Then £ = An + (1 — Ak and
m = Ak + (1 — A\)n. According to (3)),

ar(0) > ar(B)' ag(n)*  and  a;(m) > ag(k) ag(n) .
By multiplying these two inequalities, we conclude that cj ¢, () > 0. For
the other direction, assume that the log-concavity measurements are non-
negative. In particular, for any n > 1,

0 < en—tnmn+1(t) = ax(n)® — ag(n — 1)as(n + 1).

It remains to show that the set of non-negative integers n with a;(n) > 0 is
an interval of integers. Assume that k < n satisfy a;(k) > 0 and a;(n) > 0.
Given any integer ¢ € [k,n], we set m = n+ k — £ € [k,n]. By the non-
negativity of the log-concavity measurements,
(23) ai()ar(m) > ar(k)as(n) > 0.
From we deduce that a;(¢) > 0 for any integer ¢ € [k, n], as desired. =

PROPOSITION 3.2. The derivative of each log-concavity measurement is a
linear combination with constant, non-positive coefficients of a finite number
of log-concavity measurements.

Proof. Differentiating we obtain

d

%at(n) =—(n+Da(n+1) (t>0,n2>0).

Abbreviate b; = a.(j). Then

(24)

—Chtmn(t) = (E4+1)bey1bm A (mA-1) by 1 — (k4 1)bg10n — (n4-1)brbn 1.
Assume first that ¢ < m. In this case we may rewrite the right-hand side of
as

(K +1)[be+1bm = bie1.bn] + (€= B) [bos1bm — bibn1] + (m+ 1) [bebm 41 — bbpta].
Therefore, in the case £ < m, we expressed —c;%&m’n(t) as a linear combi-
nation with non-negative coefficients of three log-concavity measurements.
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From now on, we consider the case £ = m. If kK = £, then necessarily n = m
and the log-concavity measurement cy, ¢, »(t) vanishes. If k& < £, then nec-
essarily m < n and we rewrite the right-hand side of as

(k + 1)[bgbm+1 — bk+1bn} + (n + 1)[bgbm+1 — bkbn—i-l]-

Consequently, in the case £ = m, we may express —c , .. ,,(t) as a linear com-
bination of two log-concavity measurements with non-negative coefficients.
The proof is complete. n

COROLLARY 3.3. Let t > 0 be such that (ai(n))n>0 is a log-concave
sequence. Assume that k < £ < m < n are non-negative integers with k-+n =
L+ m. Abbreviate f(t) = ciemn(t). Then for all j >0,

(=17 f() > 0.

Proof. Any log-concavity measurement is non-negative at any ¢ > 0.
It follows from Proposition that (—1)7 fU)(t) is a finite linear combina-
tion of log-concavity measurements with non-negative coefficients. Therefore
(=17 fU(t) > 0. w

Proof of Proposition . Write A C (0,00) for the set of all ¢ > 0 for
which (at(n))n>0 is a log-concave sequence. Since ¢ is C*°-smooth, the set
A is closed in (0, 00). From our assumption, s € A. Define

to = inf{t > 0; [t,s] C A}.

Then tg < s. Our goal is to prove that tg = 0. Assume by contradiction that
to > 0. Since A is a closed set, necessarily tg € A. Since ¢ is real-analytic, the
Taylor series of ¢ converges to ¢ in (tg—e¢,tg+¢) for a certain ¢ > 0. Assume
that £ < £ < m < n are non-negative integers with k +n = £ + m. Then
also the Taylor series of f(t) = ¢ ¢m.n(t) converges to f in the same interval
(to—e,to+¢€). From Corollary we thus deduce that for all t € (to — ¢, to],

Ck,ﬁ,m,n(t) > 0.

Consequently, (tgp — e,t9] C A, in contradiction to the definition of ty. m

We proceed with yet another proof of Proposition [1.3] which is more in
the spirit of the Walkup theorem which we shall now recall:

THEOREM 3.4 (Walkup theorem [13, 17]). If (an)n>0 and (bn)n>0 are
log-concave sequences, then the sequence (¢p)n>0 given by

" /n
n = b >
c kEZO < k:> akbp—r,  (n =0)

is also log-concave.
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By Taylor’s theorem, whenever 0 < s < t,

o0
(=9t =3 ()= 9" autn),
n=k
assuming that ¢ is real-analytic and that the Taylor series of ¢ at t converges
in (s—e,t+¢) for some € > 0. We conclude that Propositionis equivalent
to the following Walkup-type result:

PROPOSITION 3.5. If (ak)k>0 is a log-concave sequence then the sequence

(ck)k>0 defined by
k= Z (Z)an (k>0)

n=k
1s log-concave as well.

We do not know of a formal derivation of Theorem from Proposi-
tion [3.5|or vice versa, yet we provide a direct proof of Proposition [3.5| which
bears some similarity to the proof of Walkup’s theorem and the Borell-
Berwald inequality given in [I3, [I7]. We begin the direct proof of Proposi-
tion [3.5] with the following:

LEMMA 3.6. Let (ap)n>0 be a log-concave sequence. Then for every non-
negative integers k and l we have

n\ (l—n n l—n

>

(25) > (k:> ( L )analn > <k B 1> <k N 1) Anai—n,
n>0 n>0

where we set (Z) =0 when k>nork<0orn<0.

Proof. Inequality holds trivially if 2k > [. We may thus assume
that 2k <. Let U be a random subset of cardinality 2k +1 of {1,...,1+ 1}
chosen uniformly. Let Xi,..., Xory1 be the elements of U in increasing
order. Observe that the law of Xy, is given by

n\ (l—n
P(Xio =n+1) = ('Z),S'f)) (n>0)
2k+1

()13 (7

where f is the function given by

Therefore

f(n) =ap—1a141-n, n,

and we set ar = 0 for £ < 0. In a similar way

zn: <k B 1) (212) n@l=n = <2l/-c++11) ELf (X))
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Hence the desired inequality boils down to

E[f(Xk)] < E[f(Xk+1)]-
By Fubini it suffices to prove that

P(f(Xk) > t) < ]P)(f(Xk+1) > t), vt > 0.

The sequence (f(n)),>0 is log-concave, since it is the pointwise product of
two log-concave sequences. It also satisfies f(I +2 —n) = f(n) for all n.
The crucial observation is that because of the log-concavity and symmetry
of the sequence (f(n)))n>0, the farther n is from the midpoint (14 2)/2, the
smaller is f(n). Therefore the level set { f > ¢} is either empty or an interval
of the form [n,l+ 2 — n] for some integer n < (I +2)/2. Hence it suffices to
prove that for every such n,

(26) P(Xy € [n,l+2 —n]) <P(Xgs1 € [n, 1+ 2 —n]).

Intuitively, since X1 is the middle element of U, it is more likely to be
close to the center of the interval 1,7+ 1] than any other element. More
precisely, since Xy < Xg11,

P(Xy € [n,l+2—n]) — P(Xg41 € [n,l+2—n])

=P(Xi <l+2-—n; Xps1>1+2—n) —P(Xp <n; X1 >n)

42— -1 —1y (l+2—
_ G - GO G
- I+1 I+1
(2#'41) (2#41)

In order to complete the proof of we need to show that this expression
is non-positive, assuming that k <1/2 and n < (I + 2)/2. Note that

o U6 _o1-R-n-k+ D! (-1 -k
(";1)(1‘;3__1”) l+2-n—K!n-k-2)! (+2—-n)—k
We need to show that the expression in is at most one. The denominator
in is positive, as
l+2—n—k=1+[1+2)/2—n]+ (l/2—k)> 1.

The numerator in is smaller than the denominator, asn—1 <[4+ 2—n.
Hence the expression in is at most one, completing the proof of the
lemma. =

Direct proof of Proposition |3.5. The set of all k& with ¢; > 0 is clearly
the interval of integers {k > 0; 3n > k, a,, > 0}. Let k& > 0 be an integer.
We need to prove that

n m n m
Cz = Z <k’> <k_>anam > Z (]{7 . 1) <k+ 1>anam = Ck—1Ck+1-

n,m
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By grouping the terms according to the value of n+m we see that it suffices
to prove that for any [,k > 0,

SO () (e

This is, however, precisely the statement of the previous lemma. =

When g is a finite, log-concave measure on [0,00), it is well-known
(e.g., [6]) that u([t,00)) < Ae~ P! for all t > 0, where A, B > 0 depend
only on pu. It follows that the Laplace transform ¢ defined in is holomor-
phic in {t € C; Re(t) > —B} for some B > 0 depending on .

Proof of Theorem [1.5. By Theorem the alternating Taylor coeffi-
cients sequence (a¢(n)),>o is log-concave for any ¢ > 0. From Corollary
we thus learn that

@) = crpemn(t) = ar(f)ar(m) — ar(k)ar(n)

satisfies (—1)7 f9)(t) > 0 for any ¢t > 0 and j > 0. The function f is real-
analytic in a neighborhood of [0,00) and in particular it is continuous in
[0,00). The function f is thus completely monotone, and according to the
Bernstein theorem, there exists a finite, non-negative measure v for which @
holds true. m

We may rewrite conclusion @ of Theorem as follows: For any t > 0,

S X m <k X n
A ™ ¥ " .
| Tre du(e) § e du(a) — | e du(e) § e da)
) ¢ 5 m Ok. o
= S e ' dy(x).
0

Let us now consider the Fourier transform
oo

F,t)= e ™du(x) (teR)
0
By analytic continuation, Theorem immediately implies the following:

PROPOSITION 3.7. Let pu be a finite, log-concave measure on [0,00). Then
for any non-negative integers k < £ < m < n with k+n = £+ m there exists
a finite, non-negative measure v = Vg g m n on [0,00) such that for anyt > 0,

l k
EOW B0 BP @ B )
0! m! k! n!
COROLLARY 3.8. Let p,k,¢,m,n,v be as in Theorem . Write Pj(p)
for the measure whose density with respect to p is x — x7 /5. Write Ey(u)
for the measure whose density with respect to p is © — exp(—tx). Then:

= (=)™ E, (1),
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(i) We have v = Py(p) * Py (p) — Pp(p) x Py (u) where * stands for convo-
lution.

(ii) For any t > 0, the measure Ey(v) is the Berwald—Borell transform of
Ey(p) with the same parameters (k,€,m,n). The same holds for any
t € R for which Ei(n) is a finite measure.

Proof. We note that F,gj)/j! = (—i)jij (u)- Proposition thus shows
that

(28) Ep Fpnn) = o Epagn = Fo-
The Fourier transform maps products to convolutions. Conclusion (i) there-

fore follows from . Conclusion (ii) follows immediately from the defini-
tions. m

4. Borell-type formula for the Poisson measure. In [4], Borell
gave a new proof of the Prékopa—Leindler inequality based on the following
stochastic variational formula. Let 7, be the standard Gaussian measure
on R". Given a standard n-dimensional Brownian motion (B:);>0 and a
bounded, measurable function f: R™ — R we have

1 1
(29) log ( S ef d’yn> = sup {IE {f(Bl + S Us ds) _1 S |us)? ds} }7
R™ v 0 23
where the supremum is taken over all bounded stochastic processes u which
are adapted to the Brownian filtration, i.e. u; is measurable with respect to
the o-field generated by {Bs; s < t} for all t € [0, 1].

In this section we give a discrete version of Borell’s formula in which the
Gaussian measure and the Brownian motion are replaced by the Poisson
distribution and the Poisson process, respectively. In the following section
we shall apply our formula in order to deduce a discrete version of the
Prékopa—Leindler inequality. We begin with some background on counting
processes with stochastic intensities. Let T' > 0 be a fixed number, denote
Ry =1[0,00), and let (£2, F,P) be a probability space on which our random
variables will be defined.

Throughout this section, we let N be a Poisson point process on [0, 7] X
R, C R? with intensity measure equal to the Lebesgue measure £. In par-
ticular N(F) is a Poisson random variable with parameter £(F) for any
Borel set F C [0,7] x R4. For a Borel subset E C [0,T] x Ry we write Fpg
for the o-field generated by the random variables

{N(F); F is a Borel set, F' C E}.
For t € [0,T] we set F; = Fjoyxr, - This defines a filtration of §2. Recall

that a stochastic process (A\¢)o<t<7 is called predictable if, as a function of
t € [0,T] and w € {2, it is measurable with respect to the o-field P generated
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by the sets
{(s,t] x A; s <t <T, A€ Fs}.

This is slightly more restrictive than being adapted, i.e., when \; is measur-
able with respect to F;. We have the following standard fact: if a process is
left-continuous and adapted, then it is predictable.

Given a predictable, bounded, non-negative stochastic process (A¢)o<i<r
we define the associated counting process (X)o<i<7 via
(30) X} =N{(s,u) € [0,T] x R"; s < t, u < \}).
In other words, X is the number of atoms of N which lie below the curve
{(s,Xs); s € [0,£)}. The counting process X* defined via is clearly
adapted, non-decreasing, integer-valued and left-continuous. Note that given
M > 0, with probability 1 the process N has only finitely many atoms in
the box [0,7] x [0, M] and no two of those lie on the same vertical line
{t} x [0, M]. Thus, with probability one the process X* has finitely many
jumps, all of size 1. We sometimes refer to (\;) as the stochastic intensity of
the counting process (X}), and to the jumps of X* as atoms.

LEMMA 4.1. For every non-negative predictable process (Hi)o<i<T we

have
T

(31) E[ | m, XA(dt)] - Eﬁfmt dt],
0 0

where the integral on the left-hand side is a Riemann—Stieltjes integral, i.e.,
here it is a sum of the values of Hy at the atoms of X*.

The proof of the technical Lemma is deferred to the appendix. Equa-
tion is frequently taken as the definition of a counting process with
stochastic intensity A. The process

¢
Xr=x}—\\ds (0<t<T)
0
is called the compensated process. By Lemma it has the property that
for every bounded, predictable process (H)o<¢<7, the process

t
(SHS )?A(ds))
0
is a martingale. We are now in a position to state the analogue of Borell’s
formula for the Poisson measure. In the following theorem 7wr denotes the
Poisson measure with parameter T, i.e.,

0<t<T

mn

T
mr(n) = Fe*T forne N=4{0,1,2,...}

where we abbreviate mr(n) = mr({n}).
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THEOREM 4.2. Let f: N — R be bounded and let T > 0. Then

(32) log ( S ef dTFT) = sgp {E[f(X%) - f()\t log A\ — A\¢ + 1) dt} }7
N 0

where the supremum is taken over all bounded, non-negative, predictable pro-
cesses (M\)o<i<t, and (X)o<i<r is the associated counting process, defined
by . Moreover the supremum s actually a mazimum.

Proof. Let (P;)i>0 be the Poisson semigroup: For every g: N — R,

Pg(x) = g(x +n)mi(n).
neN
We shall show that for every predictable, non-negative, bounded process
(A\¢) we have
T
(33) log Pr(e/)(0) > E| f(X3) — [ (\ilog Ar = A + 1) dt,
0

with equality if A is chosen appropriately. Let us start with the inequality.
Note that for every g : N — R and ¢ > 0,

OrPrg = 0 Frg
where 0;9(z) = g(z + 1) — g(x) denotes the discrete gradient. Letting
F(t,z) = log Pr_(ef)(x)

we obtain
o F = —eaﬂ”F + 1.

Let A\ be a predictable, non-negative, bounded process and let
t
My =F(t, X)) = | (Aslog A — As + 1) ds.
0
Almost surely, the process (M;)o<t<7 is a piecewise absolutely continuous
function in t. Thus the distributional derivative of the function ¢ — M; is
almost surely the sum of an integrable function on [0,7] and finitely many
atoms. Namely, for any fixed ¢ € [0, 7],
t t
(34) My — Mo = |8, F (s, X2) X*(ds) — | (27X 4 X log Ay — As) ds.
0 0
t

t t
(35) My — My = {as X (ds) — | (e + Aslog A — As — a5 \s) ds.
0 0
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Recall that X} = X} — Sé As ds is the compensated process. Note that F'(t, z)
is continuous in ¢ and that (X}') is left-continuous in . Thus () is left-
continuous. Since (ay) is also adapted, it is predictable. Moreover both (ay)
and (\;) are bounded. Consequently, the first summand on the right-hand
side of is a martingale. Furthermore, since

(36) e’ +ylogy—y—ax2y>0, VereR yeRy,
the second integral on the right-hand side of is non-negative. Therefore
(M;)o<t<T is a supermartingale. In particular My > E[Mr|, which is the

desired inequality .
There is equality in if ¥ = y. Hence if X is such that

(37) )\t = eaﬂf};’(tvxt)\)7

for almost every t and with probability 1, then M is a martingale and we
have equality in . Note that the function e?¥®) i continuous in ¢ and
bounded. In Lemma [4.3| below we prove that under these conditions, a solu-
tion to does indeed exist, which concludes the proof of the theorem.

REMARKS. 1. It is also possible to prove Theorem by using the Gir-
sanov change of measure formula for counting processes. The argument pre-
sented here has the advantage of being self-contained.

2. Theorem can be generalized in several ways. Firstly, up to some
technical details, the argument should work just the same for a function f
that depends on the whole trajectory of the process rather than just the
terminal point. On the left-hand side, the Poisson distribution should then
be replaced by the law of the Poisson process of intensity 1 on [0, 7]. In the
Gaussian case, this pathspace version of the formula is known as the Boué-
Dupuis formula [5]. Then one can also replace the interval [0, 7] equipped
with the Lebesgue measure by a more general measure space, leading to a
Borell-type formula for Poisson point processes. This program was actually
already carried out by Budhiraja, Dupuis and Maroulas [7]. Theorem is
thus a particular case of their main result. However, their argument is a lot
more intricate than the above proof.

3. A dual version of Borell’s formula involving relative entropy was proved
by the second-named author [I2]. This can be done in the Poisson case too.
The formula then reads: If p is a probability measure on N whose density
with respect to 7 is bounded away from 0 and —+oo, then the relative
entropy of p with respect to 7w satisfies

H(u | 7r) = inf {Eﬁ(xt log A — A + 1) dt} }
0

where the infimum is taken over all non-negative, bounded, predictable pro-
cesses A such that X% has law p. This follows from the representation for-
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mula and the Gibbs variational principle, which is the fact that the
functionals v — H(v|mp) and f +— log | el drr are Legendre-Fenchel conju-
gates with respect to the pairing (f,v) — §{ fdv.

We now state and prove the technical lemma used in the proof of Theo-
rem (4.2

LEMMA 4.3. Let G: [0,T] x N — Ry and assume that G is continuous
in the first variable and bounded. Then there exists a predictable, bounded,
non-negative process (A¢)o<t<t Ssatisfying

A= G(t X})
for almost every t < T and with probability 1.
Proof. Consider the map
H: (M)o<i<r = (G(t, X))o<i<r

from the set of predictable, non-negative processes to itself. We will show
that H has a fixed point. Let A and p be two processes in the domain of H.
Since (G is bounded, there is a constant C' > 0 such that

E[IG(t, X}) - G(t, X[)[] < CP(X;' # X[').

The probability that the integer-valued random variable X} differs from
X! is dominated by E[|X;* — X/'|], which in turn is the average number of
atoms of N between the graphs of A and of p on [0,¢). Since A and p are
predictable, it follows from Lemma [4.1] that
t
E[X} — X! = E“ s — fas] ds].
0

Therefore
t

E[|G(t, X)) = G(t, X)) < CE[ [ A — pug| ds|.
0

This easily implies that H is Lipschitz with constant 1/2 for the distance

T

d(\, p) = e 2B\ — puel] it

0
Note that d(A, ) = 0 if and only if \; = p; for almost every 0 <t < T and
with probability one. The space of all predictable, non-negative processes
(At)o<t<T with SgE])\t] dt < 0o is complete with respect to the distance d.
Thus, being a contraction, the map H has a fixed point. This fixed point
is necessarily a bounded process, since G is bounded. This completes the
proof. =
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5. A discrete Prékopa—Leindler inequality. Following Borell, in
this section we derive a Prékopa—Leindler type inequality from the repre-
sentation formula . Recall that if x is a real number we denote its lower
integer part by |x] and its upper integer part by [x]. For a,b € R we denote
aAb=min{a,b} and a Vb = max{a,b}. Recall that 7 denotes the Poisson
distribution with parameter T'.

ProposITION 5.1. Let T > 0 and let f,g,h,k: N — R satisfy

f(@) + 9(y) Sth;yJ) +k<ﬁ+ﬂ> v,y € N.

2
Then,
S ef d7TT S ed dﬂ'T < S eh dTI‘T S ek dﬂ'T.
N N N N
Proof. By approximation we may assume that all four functions are
bounded. Let o and £ be two non-negative, bounded, predictable processes.

It follows from formula that [(X® 4 X#)/2| coincides with the pro-
cess X*, where

(38) A= (aAB)x+ (Vv B)(1=X),

and ; is the indicator function of the event that X/ + Xf is even. Indeed,
we see from the definition that an atom of the Poisson process N that
lies below the graph of a A 8 corresponds to a jump both in X and in X7,
and consequently it entails a jump in [(X® 4+ X#)/2]. On the other hand,
an atom of N that lies between the graphs of a A 8 and 'V § causes a jump
only if x; = 0. This explains formula (38)). Since X® and X# are adapted
and left-continuous in ¢, the same applies to x. Consequently, x and A\ are
predictable.
Similarly [(X® + X#)/2] = X*, where

p=(anB)(1—x)+ (aVpB)x.

Note that for every ¢t € [0,7] either i, = a; and \; = 5; or the other way
around. In particular, for every function ¢ : [0, 00) — R,

olar) +9(B) = (M) + p(pue), YVt €[0,T].

Using the hypothesis made on f,g, h,k we deduce that for a continuous
function ¢,

T T
FX9) + g(XP) — | plar) dt — § o(Br) dt
0 0

T T
< AXP) + k(X7) = Y o(A) dt = | p(pu) dt.
0 0



Poisson processes and a log-concave Bernstein theorem 105

Choosing ¢(z) = xlogz + x — 1, taking expectation, and using the rep-
resentation formula in Theorem [4.2] for A and k we obtain

E|f(X7) - [ dt] +E[g(x}) - ol |
0 0
< log(S et d7TT> + log<S ek d7rT).
N N

Taking the supremum in « and 8 and using the representation formula for
f and g yields the result. =

Rescaling appropriately, we obtain as a corollary a Prékopa—Leindler
type inequality for the counting measure on Z.

Proof of Theorem . We may assume that all four sums in are
finite. Let Y}, be a random variable having the Poisson law with parameter
n and let X,, =Y, — n. Applying the previous proposition to the functions
fyg,h, k (translated by —n) we get

(39) ]E[ef(Xn)] E[eg(xn)] < E[eh(Xn)] ]E[ek‘(Xn)]
On the other hand, for any fixed k € Z, letting n tend to +o0o and using the

Stirling formula we get

nntk 1
P(X, =k) = me*" = \/%(1 +o(1)).

Hence by the dominated convergence theorem
A/ 27TTL . E[ef(Xn)} TL—>—OO> Z ef(m)’
TEZL

and similarly for g, h, k. Therefore multiplying by n and letting n tend
to +oo yields the result. m

6. Appendix: Proof of Lemma We write B([0,T]) for the Borel
o-field of [0,T]. Let u™ and p~ be the measures on [0, 7] x R x 2 equipped
with the o-field B([0,T]) ® B(RT) ® F defined by

pt(dt, du, dw) = N(w)(dt, du) P(dw),
p (dt, du, dw) = L(dt, du) P(dw),
where L is the Lebesgue measure on the strip [0, 7] x Ry while N(w) is the
discrete measure on this strip given by the Poisson process N. Let Z be the
o-field on [0, 7] x Ry x {2 generated by the class
J={ExA, EcB(0,T] xRy), A€ Fpe}

where E° denotes the complement of E. We claim that ™ and p~ coincide
on Z. This is in fact the statement of [I4, Theorem 1]; we recall the short
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proof here for completeness. Since J is a m-system (i.e. stable by finite
intersections) and o(J) = Z, it is enough to prove that p4 and p_ coincide
on J. On the other hand, if £ x A € J, the random variable N(E) is
independent of the set A, hence

W (E x A) = EIN(E)1,4] = E[N(E)[P(4) = L(E)P(A) = 5~ (E x A).
Next recall the definition of the predictable o-field P and observe that
BRi)®P CT.
As a result, since (H;) and (\;) are predictable, as a function of (¢, u,w),
Hy Liusay

is measurable with respect to Z. We may therefore integrate H; 11,<y,) with
respect to T or u~ and obtain the same outcome. In other words,

(10) E| | HluogNbd|=E] | Hlge,)dida].

[0,T]xR4+ [0,T] xR+
From we obtain
T
E[ (B XNat)| =E[ | Hillgueny N(dt, du)]
0 [0, T]xR4
T
—E| | Hilpogdide] =E| [ H ),
[0,T]xR 0

completing the proof of Lemma [4.1
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