Chapter 4
L! Bounds

In this chapter we focus on normal approximation using smooth functions, and the
L' norm in particular. We begin with a discussion of distances induced by function
classes. Any class of functions H mapping R to R induces a measure of the sepa-
ration between the distributions £(X) and £(Y) of the random variables X and Y
by

|£X) = L) |, =:u£\Eh(X) — ER(Y)|. 4.1)

Certain choices of H lead to classical distances, for instance, taking

H={1(x <z), zeR} (4.2)

leads to the Kolmogorov, L, or supremum norm distance, while the class of mea-
surable functions

H=1{h: 0<h(x) <1, Vx e R} 4.3)

leads to the total variation distance.

Calculations with smooth functions are typically simpler than those with func-
tions such as the discontinuous indicators in (4.2), or the bounded measurable func-
tions in (4.3). Our main focus in this chapter is the L' distance, given by (4.1) with
H = £, the collection of Lipschitz functions in (4.7). In Sect. 4.8 we move to the
distance ||L(W) — L(Z)||H,, > Produced by taking H to be the collection of func-
tions H,,, o defined in (4.183), a class including functions allowed to posses some
small number of additional higher order derivatives.

Our L' examples include: the sums of independent random variables and an
associated contraction principle, hierarchical structures, cone measure on the sphere,
combinatorial central limit theorems, simple random sampling, coverage processes,
and locally dependent random variables. To illustrate our approach for the smooth
functions H,, oo we show how fast convergence rates may result under a vanishing
third moment assumption. The use of Stein’s method for L! approximation was
pioneered by Erickson (1974).

We begin now by recalling that the L! distance between distribution functions F
and G is defined by
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|F -Gl :/ |F(t) — G(1)]dt. (4.4)

This distance has a number of equivalent forms, and, perhaps for that reason, is
known by many names, including Gini’s measure of discrepancy, the Kantarovich
metric (see Rachev 1984), and the Wasserstein, Dudley, and the Fortet—Mourier dis-
tance (see e.g., Barbour et al. 1992). In addition to writing the L! distance as in (4.4),
we will also let ||[£(X) — L£(Y)|; denote the L! distance between the distributions
of random variables X and Y.

That zero biasing seems to be particularly suited to produce L' bounds is evi-
denced in the following theorem from Goldstein (2004).

Theorem 4.1 Let W be a mean zero, variance 1 random variable with distribution
function F and let W* have the W -zero biased distribution and be defined on the
same space as W. Then, with ® the cumulative distribution function of the standard
normal,

IF — @|l; <2E|W* — W] (4.5)

As there may exist many couplings of W and W* on a joint space, the challenge
in producing good L! bounds is to find one in which the variables are close.

Before proving Theorem 4.1, we recall some facts about the L' norm which can
be found in Rachev (1984). First, the ‘dual form” of the L' distance is given by

IF — G|y =infE|X — Y|, (4.6)

where the infimum is over all couplings of X and Y on a joint space with marginal
distributions F and G, respectively. As R is a Polish space, this infimum is achieved.
A yet equivalent form of the L' distance is given by (4.1) with £ the collection of
Lipschitz functions

={n:R->R: |[h(y)—h@)]| <y —=xl}, (4.7)
that is,

e — LX), = :ug|Eh(Y) — Eh(X)|. (4.8)

We will also make use of the fact that the elements in £ are exactly those absolutely
continuous functions whose derivatives are (a.e.) bounded by 1 in absolute value.
Though the L! distance is, therefore, just one example of a metric induced by a
collection of smooth functions such as those we will study in Sect. 4.8, its many
equivalent forms lead to a rich theory which accommodates numerous examples.
Part (ii) of Proposition 2.4 leads directly to the following proof of Theorem 4.1.

Proof First, let (W, W*) achieve the infimum |W — W*||; in (4.6). As (2.77) holds
with A = W* — W, (2.79) yields

[EROW) — Nh| <20 | EIW — W*| =2||W — W*|;.
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Taking supremum over & € £ and using (4.8) shows
IF = @[ <2|W — W7, (4.9)

Now for (W, W*) any coupling of W to a variable W* with the W-zero bias distri-
bution, inequality (4.6) shows that the right hand side of (4.9) can be no greater than
that of (4.5), and the result follows. ]

The majority of this chapter is devoted to the exploration of various consequences
of this bound, starting with sums of independent random variables.

4.1 Sums of Independent Variables

4.1.1 L' Berry-Esseen Bounds

Continuing the discussion in Sect. 3.1, and Theorem 3.1 in particular, in this section
we elaborate on the theme of L! bounds for sums of independent random variables.
In particular, we demonstrate the application of Theorem 4.1 and the construction
(2.61) in Lemma 2.8 to produce L! bounds with small, explicit, and distributionally
specific constants for the distance between the distribution of a sum of independent
variables and the normal. The utility of Theorem 4.2 below is reflected by the fact
that the L' distance on the left hand side of (4.13) is that of a convolution to the
normal, but is bounded on the right by terms which require only the calculation of
integrals of the form (4.4) involving marginal distributions.

The proof of Theorem 4.2 requires the following simple proposition. For H a
distribution function on R let

H~'(u) =sup{x: H(x) <u} forue(0,1)
and let U (a, b) denote the uniform distribution on (a, b). It is well known that when
U ~UJ0, 1] then H~'(U) has distribution function H.
Proposition 4.1 For F and G distribution functions and U ~U(0, 1),
IF-Glh=E|F~'W0)-G~'(W)|.

Further, for any a > 0 and b € R, with F, ,, and G}, the distribution functions
ofaX + b and aY + b, respectively, we have

1 Fap — Gapli =allF = Gll1. (4.10)

Proof The first claim is stated in (iii), Sect. 2.3 of Rachev (1984); the second follows
immediately from the dual form (4.6) of the L! distance. U

Note that one consequence of the proposition is a representation of a pair of
variables which achieve the infimum in (4.6).
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For X a random variable with finite third absolute moment let
2Var(X)||L(X*) — L(X) 1

B(X) = 4.11
(X) FEAE @.11)
Applying (4.10) we have
B(aX)=B(X) fora#0. 4.12)
Theorem 4.2 Let&;,i =1, ..., n be independent mean zero random variables with

variances al.z = Var(&;) satisfying Y i, aiz = 1. Then for F the distribution function

of

W= Z&'
i—1

and ® that of the standard normal,

IF — @[ <> BE)EI&I. (4.13)

i=1

Additionally, when W = Z?:l Xi/(aﬁ) with X, X1, ..., X, i.i.d. mean zero,
variance o* random variables, then

I1F =@ <

1 3
G3ﬁB(X)E|X| . (4.14)

Proof Let Uy, ..., U, be mutually independent /(0, 1) variables and set
- ~1 :
(Si’gi*):(Gi I(Ui),(G;k) (U,')), i=1,...,n,

where G7, ..., G, are the distribution functions of £, ..., &7, respectively. Then &;
and & have distribution functions G; and G}, respectively, and by Proposition 4.1,

Elst —&| =G - Gil ;.

Constructing W* as in Lemma 2.8 yields W* — W =& — &, with I having distri-
bution P(I =i) = al.z, so applying Theorem 4.1 we have

IF — @I} <2E|W* - W|

=2E¢] — &

= 2ZUi2E|fi* - 51"
i=1

=2 o?|Gr - Gil,
i=1

=Y BE)EIEL,

i=1
thus proving (4.13).
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If X, X1,..., X, are i.i.d. with mean zero and variance o2 then applying (4.13)
with & = X;/(04/n), and (4.12), yields the bound

B(X)E|X|
3
IF — @) < 33/22 ( )E|X| T

proving (4.14). U

Specializing (4.14) to particular cases leads to the following corollary.

Corollary 4.1 When X = (§ — p)/./pq where & has the Bernoulli distribution with
success probability 1 —q =p € (0, 1),

EIXP?  p*+4q°

B(X)=1 and ||F—®|< = foralln=1,2,....
vno /npq
When X has the uniform distribution U[—~/3, /3], then
3
3
B(X)=1/3 and ||F—®|; =< 3|\/_| 4\/\/_5 foralln=1,2,....

Proof In the Bernoulli case, by (2.55), X* has the uniform distribution function

G*(x)=.pgx+p forxe[ P q ]

that is, X* =4 (U — p)/\/_, where U ~ U[0, 1]. Hence, by Proposition 4.1,
—p E p p*+4q*
IG* — Gl = - ——ju-gn =L
‘/p 2./pq

Calculating E|X|® = (p* + q2)/‘/ pq and using Var(X) =1 gives B(X) =1, and
the claimed bound.
For the uniform distribution A[—+/3, v/31, (2.55) yields

3x3 3 1
G*(x):—\/;gC +%+5 for x € [—/3,V/3]

and from (4.4) we obtain

V3
IG* -Gl = —.
8
Calculating E|X|> = 34/3/4 now gives B(X) = 1/3, and the claimed bound.  [J

Constants B(X) and bounds for other distributions may be calculated in a similar
fashion. A universal L' constant over a class of distributions 7, by Theorem 4.2, is
given by

B(F)= sup B(X).
L(X)eF

The following result, by Goldstein (2010a) and Tyurin (2010), shows that the

Bernoulli distribution achieves the worst case B(X).



68 4 L' Bounds

Theorem 4.3 For o > 0 let F, be the collection of all mean zero distributions with
variance o* and finite absolute third moment. Then

B(F)=1 where F = U Fo.

o>0

Theorems 4.3 and 4.2 immediately give

Corollary 4.2 If&;,i =1, ..., n are independent mean zero random variables with
variances Ul-z = Var(§;) satisfying Y \_, O’iz =land W =& +---+&,, then

n
IF =@ <) El&P.

i=1
In particular, if W = n—1/2 > X;with X, X1, ..., Xy, i.i.d. variables with mean zero
and variance 1, then
E|X|?

N

IF — @1 <

Though it may be difficult to achieve the optimal L' coupling between X and
X* in particular applications, especially those involving dependence, the following
proposition shows how to construct a coupling which results in a constant bounded
by 1 when X is symmetric. Proposition 4.2 is applied in Theorem 4.7 to improve
the leading constant in Goldstein (2007) for projections of cone measure.

Proposition 4.2 Let x be a random variable with a symmetric distribution, vari-
ance % € (0, 00) and finite third absolute moment. Let X and Y be constructed on
a joint space with 0 < X <Y a.s. having marginal distributions given by X =4 | x|
and Y =4 |x"|, where x© is as defined in Proposition 2.3. Let V. ~ U0, 1] and €
take the values 1 and —1 with equal probability, and be independent of each other
and of X and Y . Then X = €X has distribution x, the variable

X*=eVY
has the y -zero biased distribution, and
202E|X* — X|

< 4.15
E|X|3 - ( )

Proof That X =, x follows by the symmetry of x. Again, by the symmetry of ,
o?Ef (x°) = E[x*f 0] = E[=)*f (=0] = E[}* f (0] = *Ef (~x7).

Hence x" is symmetric, and as €V ~{[—1, 1] and is independent of ¥, by Propo-
sition 2.3,

X*=€eVY = EV)(D =4 x*.
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Now,

1
E|X*—X|=E|eVY —eX|=E|VY — X| =/ / lvy — x|dvd F (x, y)
x>0,y>0

where d F(x, y) is the joint distribution of (X, Y). Since dF (x, y) is zero on sets
where x > y, we may decompose the integral above as

f / (vy—x)dvdF(x,y)+/ f (x —vy)dvdF(x,y)
x>0,y>0 Jx/y<v<l x>0,y>0 JO0<v<x/y

1 x\? X

=/ (32(=() ) +(1=5)Joreen
x>0,y>0 y
X 2
(-4
x>0y>0 y

2

1_ —
2 Y

As Y/? <1, we have Yz /7 < X, and therefore
* 1 O 1 3
E|IX*—X|<-= EY_—E\X \— E|X|
Substituting into (4.15) yields the desired inequality. [l

Let X be any random variable with mean zero and variance 02, and let ¢ be an
increasing function on [0, co). Since xZisan increasing function on [0, c0), X 2 will
be positively correlated with ¢ (| X|), that is,

o?E¢(|X"|) = EX*¢(1X|) = EX*E¢(1X|) = 0> E¢(1 X)),

showing | X" is stochastically larger than | X |. Hence there always exists a coupling
where | X"| > | X| a.s., even when X is not symmetric. Though an optimal L! cou-
pling is similarly assured, in principle, by Proposition 4.1, couplings constructed by
following Proposition 4.2 seem to be of more practical use; see in particular where
this proposition is applied for cone measure in item 3 of Proposition 4.5.

4.1.2 Contraction Principle

In this section we show that the distribution of a standardized sum of i.i.d. variables
is closer in L! to the normal, in a zero bias sense, than the distribution of the sum-
mands themselves. This result leads to a type of L! contraction principle for the
CLT. For some additional generality we will consider weighted averages of i.i.d.
random variable.

Let ||ee|| denote the Euclidean norm of a vector o € R¥, and when & is nonzero
let
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(4.16)

Inequality (4.17) of Lemma 4.1 says that taking weighted averages of i.i.d. variables
is a contraction in the L! distance to normal in a zero biased sense.

Lemma 4.1 For a € R* with . = ||a|| # 0, let

k
Y= =W

i=1

where W; are mean zero, variance one, independent random variables distributed
as W. Then

|cars) — Lo, e covs) —con|, (4.17)

with ¢ = p(a) as in (4.16), and ¢ < 1 if and only if a is not a multiple of a standard
basis vector.
If Wy is any mean zero, variance one random variable with finite absolute third

moment, a,, n =0, 1, ... a sequence of nonzero vectors in Rk, A = |lanll, on =
@(aty), and
k o
Wn+1:Z%Wn,,- forn=0,1,... (4.18)

i=1 "

where Wy, ; are i.i.d. copies of W, then

| L(W) — LW, < (ﬁ¢j). (4.19)

j=0
If imsup,, ¢, = ¢ < 1, then for any y € (¢, 1) there exists C such that
LW — L(2)|, =Cy"  foralln, (4.20)
while if a,, = a for some o0 and all n, then
LWy — L(Z)|, <2¢" foralln, (4.21)
with ¢ = p(a).

We begin the proof of the lemma by studying how ¢ behaves in terms of &, and
prove a bit more than we need now, saving the additional results for use in Sect. 4.2.

Lemma 4.2 For o € R with 1 = ||| #0,

k

le; [P
> - =1 forallp>2, (4.22)

i=1

with equality if and only if o is a multiple of a standard basis vector. With ¢ as
in (4.16),
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— <ep <1, (4.23)
N/
with equality to the upper bound if and only if o is a multiple of a standard basis
vector, and equality to the lower bound if and only if |o;| = |o | for all i, j.

In addition, when a; > 0 and Z:lzl o; =1 then

A <o, (4.24)

with equality if and only if a is equal to a standard basis vector.

Proof Since |o;|/A <1 we have |a;|P~2/AP~2 < 1, yielding
|ot |7 2

>l 5 () <y

i=1 i=

with equality if and only if |o;| = A for some i and «; = O for all j # i. Specializing
to the case p = 3 yields the claims about the upper bound in (4.23).
By Holder’s inequality with p =3, =3/2, we have

k 3/2 k 3/2 k
(Za?) :<Zl-ai2> 5\@Z|o¢i|3,
i=1 i=1

giving the lower bound (4.23), with equality if and only if oel.2 is proportional to 1
foralli.
The claim (4.24) follows from the inequality

(EY)2<EY?> when P(Y =o;) =,

which is an equality if and only if the variable Y is constant. U
We may now proceed to the proof of the lemma.

Proof of Lemma 4.1 Let Fy+ and Fy be the distribution functions of W* and W,
respectively, and with Uy, ..., U, independent /[0, 1] variables let

(Wi, W;) = (Fpi(Up), Fy' (U)) i=1,...,n.

By Proposition 4.1, E|W} — W;| = [|[L(W*) — L(W)]|; foralli =1,...,n
By Lemma 2.8 and (2.59), with I a random index independent of all other vari-
ables with distribution
0[2
P(I=i)= k_z
the variable
Y*=v — O;—I(W, —wp) (4.25)

has the Y -zero biased distribution. Using (4.6) for the first inequality, we now obtain
(4.17) by
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LY —LY)|, <EIY* Y|

—EZ' ’||W* Wi |1 =)

13
=Z o E|wy — wil
i=1

=¢[lcow) - v,

That ¢ < 1 if and only if « is not a multiple of a standard basis vector was shown in
Lemma 4.2.
To obtain (4.19), note that induction and (4.17) yield

n—1
(W) - o], < (l_le)\\ﬁ(WS‘)—E(Wo)IIp
j=0

and [|L(W) — L(Wp)ll1 <1 by Theorem 4.3.
When limsup,, ¢, = ¢ < y < 1 there exists ng such that

pj <y forall j > ny.
Hence, for all n > ng
n—1 no—1 no—1
o= (1T%) Tor=(11%)
j=0 j=0 j=no j=0 7
The bound (4.20) now follows from this inequality and Theorem 4.1.
The last claim (4.21) is immediate from (4.19) and Theorem 4.1. Ol

We note that the standardized, classical case (4.14) is recovered from (4.17) and
Theorem 4.1 when «; = 1/4/n. In Sect. 4.2 we study nonlinear versions of recursion
(4.18) with applications to physical models.

4.2 Hierarchical Structures

For k > 2 an integer, D C R, and F : Dk > Da given function, every distribution
for a random variable X with P(X( € D) = 1 generates the sequence of ‘hierarchi-
cal’ distributions through the recursion

Xn+1 == F(Xn)a n= 0’ (426)

where X, = (Xj.1,..., X»x)T with X,,; independent, each with distribution X,.
Such hierarchical variables have been considered extensively in the physics liter-
ature (see Li and Rogers 1999 and the references therein), in particular to model
conductivity of random media.
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The special case where the function F is determined by the conductivity prop-
erties of the diamond lattice has been considered in Griffiths and Kaufman (1982)
and Schldsser and Spohn (1992). Figure 4.1 shows the progression of the diamond
lattice from large to small scale. At the large scale (a), the conductivity of the system
can be measured along the bond connecting its top and bottom nodes. Inspection of
the lattice on a finer scale reveals that this bond is actually comprised of four smaller
bonds, each similar to (a), connected as shown in (b). Inspection on an even finer
scaler reveals that each of the four bonds in (b) are constructed in a self-similar way
from bonds at a smaller level, giving the successive diagram (c), and so on.

To determine the conductivity function F associated with a given lattice, first re-
call that conductances add in parallel, that is, if two components with conductances
x1 and x; are placed in parallel, then the net conductance of the system is

Li(x1, x2) = x1 + x2. 4.27)

Similarly, resistances add for components placed in series. Hence, for these same
two components in series, as resistance and conductance are inverses, the resulting
conductance of the system is

LG, x)=(x; x50 (4.28)
For the diamond lattice in particular, assume that each bond has a fixed ‘baseline’
conductivity characteristic w > 0 such that when a component with conductivity
x > 0 is present along the bond its net conductivity is wx. For bonds in the diamond
lattice as in (b), we associate conductivities characteristics w = (wy, wp, w3, w4)T,
numbering bonds from the top and proceeding counter-clockwise. Hence, if x =
(x1,x2,x3,x4)T are the conductances of four elements each as in (a) which are
present along the bonds in (b), then the two components in series on the left side
have conductance L_(wixi, wax2), and similarly, the conductance for the two
components in series on the right is L_1(w3x3, waxs). Combining these two sub-
systems in parallel gives

F(x) = Li(L_1(wix1, wax2), L_1(w3x3, waxs)), (4.29)
that is,

1 1 \! 1 1 \"!
F(x) = + + + . (4.30)
wiX1 woXx)p w3x3 wW4X4

Returning to the sequence of distributions generated by the recursion (4.26), con-
ditions on F which imply the weak law

Xn—pc 4.31)
for some constant ¢ have been considered by various authors. Recall that we say F
is homogeneous, or positively homogeneous, if
F(axy,...,axy) :akF(xl,...,xk)

hold for all a € R, or all a > 0, respectively. Shneiberg (1986) proves that (4.31)
holds if D = [a, b] and F is continuous, monotonically increasing, positively ho-
mogeneous, convex and satisfies the normalization condition F(1;) = 1 where 1
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(a) (b) (c)
Fig. 4.1 The diamond lattice

is the vector of all ones in R¥. Li and Rogers (1999) provide rather weak condi-
tions under which (4.31) holds for closed D C (—o0, 00). See also Wehr (1997) and
Wehr (2001), and Jordan (2002) for an extension of the model to random F and
applications of hierarchical structures to computer science.

Letting Xo have mean ¢ and variance 02, the classical central limit theorem can
be set in the framework of hierarchical sequences by letting

1
F(x1,x2) = 5()61 + x2), (4.32)
which gives

Xo.1 4+ Xo.2n
271

where Xo,,,m = 1,...,2" are independent and identically distributed as Xp.

Hence, X, —, ¢ by the weak law of large numbers, and since X, is the average

of N =2" i.i.d. variables with finite variance, we have additionally that

W, = «/N(X”a_ C) S N, 1).

Moreover, when X has a bounded absolute third moment (4.21) yields

Xy =d

(4.33)

|£Wn) = LD, =Cy" (4.34)

with C =2 and y = 1//2.

The function F in (4.32) is a simple average, and one would, therefore, expect
normal limiting behavior more generally when the function F averages its inputs in
some sense.

Definition 4.1 We say that F : D*¥ — D is an averaging function when it satisfies
the following three properties on its domain:

1. min; x; < F(X) < max; x;.

2. F(x) < F(y) whenever x; < y;.
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3. For all x < y and for any two distinct indices i| # i», there exists x; € {x, y},
i=1,...,ksuchthatx; =x,x;, =yand x < F(X) <.

We say F is strictly averaging if F satisfies Properties 1 and 2 with strict inequal-
ity when min; x; < max; x;, and when x; < y; for some i, respectively.

Properties 1 and 2 say that the ‘average’ returned by F should lie inbetween the
values being ‘averaged’ and that that ‘average’ increases with those values. Note that
Property 1 says that for F to be an averaging function it is necessary that F (1) = 1.
Property 3 says that F is sensitive, that is, depends on, all of its coordinates. We
note that if F' is strictly averaging then F satisfies Property 3 thusly: if x < y and
Xj; = X, x;, =y, then any assignment of the values x, y to the remaining coordinates
gives x < F(x) < y by the strict form of Property 1. Hence all strictly averaging
functions are averaging. We note that the function F(x) = min; x; satisfies the first
two properties but not the third, and it gives rise to extreme value, rather than normal,
limiting behavior.

Normal limits are proved by Wehr and Woo (2001) for sequences X,, n =
0,1, ... determined by the recursion (4.26) when the function F(Xx) is averaging
by showing that such recursions can be treated as the approximate linear recursion
around the mean ¢, = E X,, with small perturbation Z,,

Xpp1=0,-X,+2Z,, n=0, (4.35)

where a, = F'(c,), the gradient of F at ¢, where ¢, = (¢y,...,cn)T € R*. In
Sect. 4.2.1 we prove Theorem 4.6, which gives the bound (4.34) for the L' distance
to the normal for sequences generated by the approximate linear recursion (4.35)
under Conditions 4.1 and 4.2, which guarantee that Z,, is small relative to X,.

In Sect. 4.2.2 we prove Theorem 4.4 which shows that the normal convergence
of the hierarchical sequence X,,,n =0, 1, ... holds with bound (4.34) under mild
conditions, and specifies the exponential rate y in an explicit range. Theorem 4.4 is
proved by invoking Theorem 4.6 after showing that the required moment conditions
are satisfied for a linearization of X,,+1 = F(X},).

Theorem 4.4 For some a < b let Xo be a non constant random variable with
P(Xg€ela,b]) =1 andlet

Xn+1 =F(X,;), n>0,

where X, = (Xu.1, ..., Xn k)T with X, ; independent, each with distribution X,
and F : [a, b]* — [a, b, twice continuously differentiable. Suppose F is averaging
and that X, — , ¢, with & = F'(1xc) not a scalar multiple of a standard basis
vector. Then with W, = (X,, — ¢p)/~/Var(X,) and Z a standard normal variable,
forall y € (¢, 1) there exists C such that

LWy — L(Z)|, <Cy" foralln=>0,

where @, given by a through (4.16), is a positive number strictly less than 1. The
value ¢ achieves a minimum of 1//k if and only if the components of a are equal.
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As in (4.33), the variable X, is a function of N = k" variables, so achieving the
rate ¢" exactly corresponds to a ‘classical rate’ of N~? where

"=NT =k or 6= —log; . (4.36)

Hence when ¢ achieves its minimum value 1/+/k we have § = —1/2 and the rate
N~12_ and achieving this rate for all y > ¢ therefore corresponds to the rate
N~1/2%€ for every € > 0. Further, when a is close to a standard basis vector, ¢
is close to 1, so the bound can have rate N~ for 6 arbitrarily close to zero. This
behavior is anticipated: for the simple hierarchical sequence generated by the func-
tion F(x1, x2) = (1 — €)x1 + €x7, convergence to the normal will be slow indeed for
small € > 0. The condition in Theorem 4.4 that the gradient & = F’(c¢) of F at the
limiting value ¢ not be a scalar multiple of a standard basis vector rules out cases
which behave in the limit degenerately as F'(x1, x2) = x1.

The function (4.32), and (4.30) when F'(14) = 1, are examples of averaging func-
tions. To handle multiples, we say that G(y) with G(1;) # O is a scaled averaging
function if G(y)/G(1x) is averaging. Now suppose that G(y) is scaled averaging
and homogeneous, and that

Yor1=G(Y,) forn >0,

where Y is a given random variable and Y,, € R¥ is a vector of independent copies
of Y,. Then letting

any+1 =ka, +1 foralln >0, and ag =0,

and setting F(y) = G(y)/G(1x), which is an averaging function, and X, =
Y, /G(1;) and likewise for X,,, we have

Xnt1 =Yup1/GAp)*+!
= G(Y,)/G(1p) ™+ = F(Y,)/G(1p)km = F(X,).

As the scaled and centered and variables (X, — EX;)/+/Var(X,) and (Y,, — EY,)/
/Var(Y,) are equal, the conclusion of Theorem 4.4 holds for ¥, when it holds
for X,,.

Theorem 4.4 is applied in Sect. 4.2.3 to the specific hierarchical variables gener-
ated by the diamond lattice conductivity function (4.30), and, in (4.67), the value ¢
determining the range of y is given as an explicit function of the weights w; for the
diamond lattice all rates N =% for 6 € (0, 1/2) are exhibited. Interestingly, there ap-
pears to be no such formula, simple or otherwise, for the limiting mean or variance
of the sequence X,,.

To proceed we introduce another equivalent formulation of the L! distance. With
£ asin (4.7), let

F={f: f absolutely continuous f(0) = f'(0) =0, f’ € £}. (4.37)
Clearly, if f € F then h € £ for h = f’. On the other hand, if 4 € £ then

feF and f(y)—f(x)=h()—h(x) for f(x)= /O [h() — h(0)]du.
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Then, from (4.8),

L) — LX), = ;ug):‘E(f/(Y) — (X)) (4.38)

For the application of Theorem 4.4, it is necessary to verify that the function
F(x) in (4.26) is averaging. Proposition 3 of Wehr and Woo (2001) shows that the
effective conductance of a resistor network is an averaging function of the conduc-
tances of its individual components. Theorem 4.5, which shows that strict averaging
is preserved under certain compositions, yields an independent proof that, for in-
stance, (4.30) is strictly averaging under natural scaling and positivity conditions on
the weights. In addition, Theorem 4.5 provides an additional source of averaging
functions to which Theorem 4.4 may be applied.

Theorem 4.5 Let k > 1 and set Iy = {1, ..., k}. Suppose subsets I; C Iy, i € Iy
satisfy Uielo I =1Ip. For xeRK and i € Iy let x; = (le,...,xj“il) where
(ts ooy iy = I with ji < -+ < jip;)- Let F; : RIiT - R (or F; : [0, c0)llil —
[0,00)),i=0,...,k. If Fy, F1, ..., Fy are strictly averaging and Fy is (positively)
homogeneous, then the composition

Fs(x) = Fo(s1 Fi(x1), ..., sk Fr(xx))

is strictly averaging for any s which satisfies Fo(s) =1 and s; > 0 for all i. If
Fy, F1, ..., Fy are scaled, strictly averaging and Fy is (positively) homogeneous,
then

Fi(x) = Fo(Fi(x1), ..., Fr(x))

is a scaled strictly averaging function.

Note that the parallel and series combination rules (4.27) and (4.28) are the p = 1
and p = —1 special cases, respectively, with w; = 1, of the weighted L?” norm
functions

k 1/p
L§<x>=(2<w,~x,~>'3> ;W= w)T, w0, 00),
i=1

which are scaled, strictly averaging, and positively homogeneous on [0, co)X for
p > 0and on (0, co) for p < 0. Since F (x) in (4.30) is represented by the composi-
tion (4.29), Theorem 4.5 obtains to show that F' is a scaled, strictly averaging func-
tion on (0, 0o)* for any choice of positive weights. In particular, for positive weights
such that F(1) = 1, the function F is strictly averaging on (0, c0)*. Theorem 4.4
requires F to have domain [a, b]*. However, if F is an averaging function on, say,
(0, 00)*, then Property 1 implies that F : [a, b1k — [a, b] for all [a, b] C (0, c0),
and hence F' will be averaging on this smaller domain. Note lastly that Theorem 4.5
shows the same conclusion holds when the resistor parallel L and series L_; com-
bination rules in this network are replaced by, say, L, and L_; respectively.
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4.2.1 Bounds to the Normal for Approximately Linear Recursions

In this section we study sequences {X,},>0 generated by the approximate linear
recursion

Xpr1=0, - Xy +2Zy, n=0, (4.39)

where X is a given nontrivial random variable and the components X, 1, ..., X, «
of X,, are independent copies of X,. We present Theorem 4.6 which shows the ex-
ponential bound (4.34) holds when the perturbation term Z,, which measures the
departure from linearity, is small. The effective size of Z,, is measured by the quan-
tity B, of (4.42), which will be small when the moment bounds in Conditions 4.1
and 4.2 are satisfied. When the recursion is nearly linear, X, will be approxi-
mately equal to &, - X,,, and therefore its variance onz | will be close to onzkﬁ where

J’_
An = |l || Iterating, the variance of X, will grow like a some constant C 2 times
)\%_1 .- -)\%, so when o, — a, like C?1%". Condition 4.1 assures that Z,, is small rel-

ative to X, in that its variance grows at a slower rate. This condition was assumed
in Wehr and Woo (2001) for deriving a normal limiting law for the standardized
sequence generated by (4.39).

Condition 4.1 The nonzero sequence of vectors oy, € RF k>2, converges to o, not
equal to any multiple of a standard basis vector. With A = |a||, there exist 0 < §1 <
82 < 1 and positive constants Cx 2, Cz 2 such that for all n,

Var(X,) = Cx ,A% (1 — 8",
Var(Z,) < C5 ;22" (1 — 8)™.

Bounds on the distance between X, and the normal can be provided under the
following additional conditions on the fourth order moments of X, and Z,. Con-
dition 4.2 on the higher order moments is satisfied under the same averaging as-
sumption on F used in Wehr and Woo (2001) to guarantee Condition 4.1 for weak
convergence to the normal.

Condition 4.2 With §; and 5, as in Condition 4.1, there exists 53 > 0 and 84 > 0

such that
(1 —82)(1+83)° 1—684)\2
— 1 and = 1,
7 (s @ (1 —51) <

and constants Cx 4, Cz 4 such that

E(Xy — EXp)* < Cy A" (148",
E(Zy— EZp)* < C3 27 (1— 8™

The following is our main result on L! bounds for approximately linear recur-
sions.
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Theorem 4.6 Let Xg be a random variable with variance 002 € (0, 00) and
Xnv1=0, - X+ 27, forn=0 (4.40)

with o, € R¥, 1, = |loty || # 0 and X,, a vector in R with independent components
distributed as X, with mean c, and finite, non-zero variance 0,12. Set Yo =0 and
W, =X, — EX,)/0,, and for n > 0 let

X, —
Wo= """ Y =0 W, (441)
an )"”l
and
1

,3n:E|W,,—Yn|+§E|W,§—Y3}. (4.42)

If there exist (B, ¢) € (0, 1)? such that
lim sup 'B—Z < 00 4.43)

n—oo

and ¢, = @(ay) in (4.16) satisfies
lim sup ¢, = ¢, (4.44)

n—oo

then with y = 8 when > ¢, and for any y € (¢, 1) when B < ¢, there exists C
such that

|LWw) — L(Z)|, <Cy" foralln>0. (4.45)

Under Conditions 4.1 and 4.2, the bound (4.45) holds for all y € (max(8, ¢), 1)
with B = max{¢1, ¢p2} <1 and ¢ = Zle ot |3/)\.3 < 1 where o and A are the limit-
ing values of o, and A, respectively.

Proof Let f € F with F given by (4.37). Then f’ is absolutely continuous with
|f"(w)] <1, andinaddition |f'(w)|<|w| and |f(w)|<w?/2.
Letting & be given by

h(w) = f'(w) — wf(w) (4.46)
we have Nh =0 by Lemma 2.1. Differentiation yields

B (w) = f"(w) —wf (w) — f(w),
and therefore

| (w)] < (1 + %w2>. (4.47)

Letting

A Z,—EZ
=21 and T, = -2 ( n ”) (4.48)
On+1 On+1 On
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and using (4.41), write the recursion (4.40) as

Xna1— EXua
Wn+1 = nt o " nt
n
oy ( X, — EX, Zn—EZn>

= al’l . +

On+1 On On

Z,—EZ

= On (“n . W}’l + u)

On+1 On
—rYpis + T, (4.49)

Now by (4.47) and the definition of 8, in (4.42),

Wa
E‘h(Wn)_h(Yn)|:E’/ h/(u)du < Bu.
Yl‘l

Now by (2.51), that Var(W,,+.1) = 1, (4.46) and Nh = 0, we have

|Ef' Wag1) — Ef' (W) = |Ef (Wag1) = Wagt f (Wag) |

= |Eh(Wn41) — Nh|

=|E(h(Was1) = h(Yut1) +h(Yai1) = Nh)|

< Bu+1 + |[ER(Ypi1) — Nh|

=Bus1 + |E(f'(Yie)) — [ (YusD)|

< Bus1+ | Yip) — Yara], by (4.38)

< Bus1 + @u| W, — W,|, byLemmad4.1.
Taking supremum over f € F on the left hand side, using (4.38) again and letting
dy = ||W,; — W, ||1 we obtain, for all n > 0,

dn1 = Pnt1 + @ndy.

Iteration yields that for all n, ng > 0,

no+n /no+n—1 no+n—1
dngin <Y ( I gol->ﬂ,-+< [ wi)dno. (4.50)

j=no+l \ i=j i=ng
Now suppose the bounds (4.43) and (4.44) hold on B,, and ¢,, respectively, and
recall the choice of y. When g > ¢ take ¢ € (¢, B) so that ¢ <@ < 8 =y; when
B < ¢ take ¢ € (¢, y) so that 8 < ¢ < @ < y. Then for any B > limsup, 8,/8"
there exists ng such that for all n > ng

By <Bp" and ¢, <.
Applying these inequalities in (4.50) and summing yields, for all n > 0,

n_—n
dyng < BIBnOH (%) +¢ndn0'

Since max (B, ¢) < y, for some C we have that d, < Cy" for all n > ng, and by
enlarging C if necessary, for all n > 0. Now (4.45) follows from Theorem 4.1.
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To prove the final claim under Conditions 4.1 and 4. 2 it suffices to show that
(4.43) and (4.44) hold with 8 = max{¢1, ¢2} and ¢ = Zl e /A3 < 1 where o
is the limiting value of &, . Lemma 6 of Wehr and Woo (2001) gives that the limit
asn — oo of g, /(Ao - -+ Ay—1) exists in (0, 0o0), and therefore that

. . On+1
Iim r,=1 and lim
n— 00 n—>o0o oy,

Referring to the definition of 7}, in (4.48) and using (4.51) and Conditions 4.1
and 4.2, there exist positive constants Cr 2, Cr.4 such that

2 2n
2 ) oy, Var(Z,) 5 1—-62

E|T,|)” < ET? = Var(T,) = <C ,
(EITal)" = ET, = Var(T) (on+1> Var(X,) ~ F\1=8

4 4 4n
Z,—EZ 1-34
and ET}= (i) E(u> §C4T4<—4>

By independence, a simple bound and Condition 4.2 for the second inequality we
have

= 4.51)

(E|Y,|)’ < EY2=Var(¥,)=1, and

4 4n
X, — 146
EY;‘H<6E< na Cn) §6C§‘(,4<1J_r—(;>
n

Using the recursion (4.39) and writing o%n = Var(Z,), we have o, < A0, +
oz, and A,0, < 0,41 +07z,, hence with C, 1 = Cr > we have

1-68\"
|)‘n0'n_o'n+l|§O"Zn SO |rn_1|§Cr,l<l_8l>'

Now, since |r} —1|=|[(r, — 1+ 1P —1| < 5’:1 (§)|rn—1|f and0 < 8; <8 < 1,
there are constants C,, ,, such that

p 1—-6\" )
Ird = 1] < Crp s, ) p=12....
Now considering the first term of 8, in (4.42), recalling (4.49),

E[Wni1 = Yap1l = E|(rn — DYpy1 + T

-8
<|i’n—1|E|Yn+1|+E|T|<(Cr1+CT2)< 51) :

which is upper bounded by a constant times ¢"+1.

For the second term of (4.42) we have
E|\W) =Y} | =E|(r;] = )Y} +3r Y2 T+ 3 Ya T + T, |.
Applying the triangle inequality, the first term which results may be bounded as
3/4
ra = E ] = [ry = 1[(EY;)

3/4 (1-8)(1+83)°\"
S 6 / Cr,3CX,4< (1 _ 81)4 5

which is smaller than some constant times ¢”+1.



82 4 L' Bounds

Since r,, — 1 by (4.51), it suffices to bound the next two terms without the factor
of r,,. Thus,

/ (1—8)(1+683)%\"
E‘lez-i-lT”‘ = EYI?—l—lETnz = 61/2C)2(,4CTs2( (1 _ 51)3 ’

which is less than a constant times ¢i’+l . Lastly,

1—684 2n
E|Y,11T?] < ,—EYHZHET,:‘ < C%A(l——csl) =C7 445 and

BT = (67 < (105 =Chael”

1 -4

Hence (4.43) holds with the given 8.

Since o, — o, we have ¢, — ¢, verifying (4.44). Under Condition 4.1, & is not
a scalar multiple of a standard basis vector and hence ¢ < 1 by Lemma 4.1. As the
first part of the theorem shows that (4.43) and (4.44) imply that (4.45) holds for all
y € (max(8, ¢), 1), the last claim is shown. U

We note that this proof reverses the way in which the Stein equation is typically
applied, where £ is given and the properties of f are dependent on those assumed
for h. In particular, in the proof of Theorem 4.6 the function f € F is taken as given,
and the function i, whose properties are determined by f through (2.4), plays only
an auxiliary role.

4.2.2 Normal Bounds for Hierarchical Sequences

The following result, extending Proposition 9 of Wehr and Woo (2001) to higher
orders, is used to show that the moment bounds of Conditions 4.1 and 4.2 are satis-
fied under the hypotheses of Theorem 4.4, allowing Theorem 4.6 to be invoked. The
dependence of the constants in (4.53) and (4.54) on € is suppressed for notational
simplicity.
Lemma 4.3 Let the hypotheses of Theorem 4.4 be satisfied for the recursion
Xny1 =F(X,) forn=>0.

With ¢, = EX,, and a, = F'(c,,), define

Z,=F(X,)—a, X,. (4.52)

Then with o the limit of a, and A = ||a||, for any integer p > 1 and € > 0, there
exists constants Cx p, Cz , such that

E|Zn—EZn|p§C§’p()»+e)2p" foralln >0, (4.53)
and

E|Xn—cn|p§C§’p(A+e)p” foralln > 0. (4.54)
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Proof Expanding F (X,,) around the mean ¢, = 1;c, of X,, yields

k

F(Xn) = F(e2) + ) ni(Xni — ca) + Ra(€n, Xp), (4.55)
i=1

where
Koot 92F
Ro(e,, X,) = ijz_l ./0 (1 - t)m(cn +t (X, — cn)) (Xn,i - Cn)(Xn,j —cp)dt.

Since the second partials of F are continuous on the compact set D = [a, b1k, with
| - || the supremum norm on D we have

1 3’F
B = — max < 00,
2 i 3xiax]'
and therefore
k
|Ra(en, X)| < B D [(Xni — ) (X j — ). (4.56)
ij=1

Using (4.52), (4.55) and (4.56), we have for all p > 1

E|Z, — EZ,|P

k p

FXy) = EF(Xp) = Y ani(Xpi — cn)
i=1

= E|F(cy) — EF(Xy) + Ro(cn, X,)|”

=F

p
<2r-1 (\F(cn) —EFXy)|" + BPE<Z|(X,1,,- —cn) (X j — c,,)|) ) 4.57)
i.j

For the first term of (4.57), again using (4.56),

|F(en) — EF(Xn)|” = |ERx (. Xp)|”

p
< BP(E Z‘(Xn,i - Cn)(Xn,j - Cn)‘)

ij
14
=< B? (Z E(X, — Cn)2>
ij
= BPK*P[E(Xy — cn)?]”
< BPK*PE(X,, — c»)??, (4.58)

using Jensen’s inequality for the final step.
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Similarly, for the second term in (4.57),

E(Z|(an - Cn)(Xn,j - cn)‘) = kPE (Z(Xn,i - Cn)z)

i i=1
k
<k'E (Z(Xn,i - cﬂ)
i=1
=k*PE(X, — cn)?. (4.59)
Applying the bounds (4.58) and (4.59) in (4.57) we obtain for all p > 1, with C,, =
2P BPKP,
E|Zy — EZy|P < CLE(Xy —cp)*P. (4.60)

To demonstrate the proposition it therefore suffices to prove (4.54).

Note that since X, — ¢ for X, € [a,b] the bounded convergence theorem
implies that ¢, = EX,, — c. Lemma 8 of Wehr and Woo (2001) shows that if
F :[a, bl — [a,b] is an averaging function and there exists ¢ € [a, b] such that
Xu —p c, then

Ve € (0,1)AM such that for all n >0, P(|X,, —c| > e) <Me". (4.61)

In particular the large deviation estimate (4.61) holds under the given assumptions,
and therefore also with c¢ replaced by c,,.

We now show thatifa,,n =0, 1,...1is a sequence such that for every € > 0 there
exists M and ng > 0 such that

anp1 <A+ Pay+ MO +e)P™D  forall n > no, (4.62)
then for all € > O there exists C such that
ap <C(A+¢e)" foralln>0. (4.63)

Let € > 0 be given, and let M and n¢ be such that (4.62) holds with € replaced by
€/2. Setting

an, M
C:maX ()\’—i_e)n(), 1 )\+€/2 p 9’
— ( Ate )

it is trivial that (4.63) holds for n = ng, and a direct induction shows (4.63) holds
for all n > ng. By increasing C if necessary, we have that (4.63) holds for all n > 0.

Unqualified statements in the remainder of the proof below involving € and M are
to be read to mean that for every € > 0 there exists M such that the statement holds
for all n; the values of € and M are not necessarily the same at each occurrence,
even from line to line. By (4.61) and that X,, € [a, b] we have

E(Xy —c)*? = E[(Xp — c)*P; | Xp — cal < €]+ E[(Xp — c)*P3 | X — cnl > €]
<ePE|X, —cp|P + Me".
From (4.60), this inequality gives that
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E|\Z,— EZ,|? <€’E|X, —cu|’ + Me". (4.64)
Since for all € > 0 we have
lim (x + 1)? — (1 +€)x? = —o0 and therefore
X—> 00

sup(x + 1)? — (1 +€)x? < o0,

x>0

substituting x = |w|/|z| when z #£ 0 we see that there exists M such that for all w, z
we have

lw+zI” =+ e)lwl” + Mlz|,

noting that the inequality holds trivially with M =1 for z = 0. Now applying defi-
nition (4.52),

k

Zan,i(xn,i —Cpn)

i=1

p

ElXpp1 —cpl? <(14+6E +ME|Z, — EZ,|P. (4.65)

Specializing (4.65) to the case p = 2 gives
EXn+1 = cnt)* < A+ O’ E(Xy — c)* + ME(Zy — EZy).
Applying (4.64) with p = 2 to this inequality yields

E(Xnt1 — cns1)> < A+ €)?E(Xy — cn)* + Me* T2
<A+ ?EXy —cn)? + MG 4 €)*" D,

Hence inequality (4.62), and therefore (4.63), are true for a, = E(X, — ¢y)? and
p = 2, yielding (4.54) for p = 2. Now Hoélder’s inequality shows that (4.54) is also
true for p = 1.

Now let p > 2 be an integer and suppose that (4.54) is true for all integers ¢, 1 <
q < p. In expanding the first term in (4.65) we let p = (p1, ..., pr) denote a multi-
index and |p| = ), pi. Use the induction hypotheses, and (4.22) of Lemma 4.2 in
(4.66), to obtain, with Ay , = max, ., Cx , and B;p = kP! Af(’p, that

P
E

k
Z qp,i (Xn,i - Cn)
i=1

k
p
<SleniPE X —cal? + Y ()
i=1 [pl=p,0<pi<p P
k
p
SElXp—cal? Y lawil? + Y ()
i=l [pl=p,0=<pi<p P
k

<EXp—cnl” ) lanil” + A L0+ )P > (ﬁ)
lpl=p i

i=1

E

1

k
|an,i |pi |Xn,i —Cn |pi

=1

[Tlewil?iCy, (4P

i=1

k

|an,i|pi
1
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k k p
=E|Xy—cul? Y lanil? + AR O+ )" (Z |an,,-|>

k
<> lewil”(E|Xy —cul” + BY , (L +€)P")
i=1

< +OPEIX, —cul” + BY (0 + )P, (4.66)
Applying (4.64) and (4.66) in (4.65) gives
E|Xnt1 —cns1l” <4+ €)PE|Xy — cal? + MO+ )P0,

from which we can conclude that (4.63) holds for a, = E|X, — c¢,|?, completing
the induction on p. O

Proof of Theorem 4.4 By Theorem 4.6 it suffices to show that Conditions 4.1 and 4.2
are satisfied for some §;,1 = 1, 2, 3, 4 satisfying 8 < ¢.

By Property 1 of averaging functions, F(1xc) = ¢, and differentiation with re-
spect to ¢ yields Y/, ; = 1. By Property 2, monotonicity, o; > 0, and (4.24) of
Lemma 4.2 yields 0 < A < ¢ < 1, using that « is not a multiple of a standard basis
vector.

Let 84 € (1 — ¢, 1 — ). Since 84 < 1 — A we have A2 < A(1 — 84), and therefore
there exists € > 0 such that (A + €)% < A(1 — 84). By Lemma 4.3, for p =2 and
p =4, for this € there exists C Zp’ » such that

E(Zy— EZ)P <Ch ,G+€)*P" <Cj AP"(1—89)"".

Hence the fourth and second moment bounds in Conditions 4.1 and 4.2 on Z,, are
satisfied with 84 and &2 = 84, respectively.
Since 1 — 84 < ¢ there 81 € (0, §7) and 63 > O such that n < ¢ where

_ (=51 +8)°
DS

Proposition 10 of Wehr and Woo (2001) shows that under the assumptions of Theo-
rem 4.4, for every € > 0 there exists C?{,z such that

Var(X,) = Cx ,(h — )™

Taking € = A§1, we have Var(X,,) satisfies the lower bound in Condition 4.1. Ap-
plying Lemma 4.3 with p =4 and € = A§3 we see the fourth moment bound on X,
in Condition 4.2 is satisfied.

With these choices for 6;, i = 1,...,4, as n <@ < 1, we have ¢p < n < 1
and ¢; = n < 1, hence Conditions 4.1 and 4.2 are satisfied. Noting that § =
max{¢1, 2} = n < ¢ now completes the proof. U
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4.2.3 Convergence Rates for the Diamond Lattice

We now apply Theorem 4.4 to hierarchical sequences generated by the diamond
lattice conductivity function F(x) in (4.30). We have already argued that Theo-
rem 4.5 implies that F (x) is strictly averaging on, say [a, b]*, for any 0 < a < b and
choice of positive weights satisfying F'(14) = 1, and on this domain such an F(x)
is easily seen to be twice continuously differentiable. For all such F(x) the result of
Shneiberg (1986) quoted in Sect. 4.2 shows that X, satisfies a weak law.

We now study the quantity ¢ which determines the exponential decay rate of the
upper bound of Theorem 4.4 to zero. The first partial derivative d F'(x)/dx| has the
form

IF(x) (wix})™!
ax1 ((wix) ™1+ (waxp)~H2’

and similarly for the other partials. Hence F’(rx) = F'(x) forall 7 #0. As X, is a
random variable on [a, b] we have ¢, = E X, #% 0, and therefore

o, = F'(cy14) = F'(14) foralln>0.

In particular, & = lim,,_, o &, is given by

-1 -1 -1 -1 T
_ w; w, Wi wy
o« = -1 —15\2° -1 —1y\2° -1 —15\2° -1 —1\2 | -
(w; +wy, ) (wy +wy )™ (w3 +wy )* (wy +wy )

Since we are considering the case where all the weights are positive, the vector « is
not a scalar multiple of a standard basis vector. Now from (4.16) we compute

3,3 3,3

_ w, " +w w, +w

o=2 3( 1 Fly e T 6), (4.67)
(" +w,)> (wy” +wy )

where

L < w1_2+w2_2 w3_2—|—w4_2 >1/2.
(wl_l +w2—1)4 (w3—l +w4—1)4

As an illustration of the bounds provided by Theorem 4.4, first consider the ‘side
equally weighted network’, the one with w = (w, w,2 —w,2 — w)T for w € [1, 2);
we recall the weights w refer to the bonds in the lattice traversed counterclockwise
from the top in Fig. 4.1(c). The vector of weights for w in this range are positive and
satisfy F(14) = 1. For w = 1 all weights are equal and & = 4714, so ¢ achieves its
minimum value 1/2 = 1/+/k with k = 4. By Theorem 4.4, for all y € (1/2, 1) there
exists a constant C such that [|W, — Z||; < Cy". The values of y just above 1/2
correspond, in view of (4.36), to the rate N~ for 0 just below — logy41/2=1/2,
that is, N —1/2+€ for small € > 0, where N = 4", the number of variables at stage 7.
As w increases from 1 to 2, ¢ increases continuously from 1/2 to 1/+/2, with w
approaching 2 from below corresponding to the least favorable rate for the side
equally weighted network of 6 just under —log, 1/ V2 =1/4, that is, of N~1/4+¢
for any € > 0.
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With only the restriction that the weights are positive and satisfy F(14) =1 con-
sider

w=1+1/t,s,¢t,1/1)7
wheres =[(1— (1/t+0") ' = +1/n7"]"", >0

Whent =1 wehave s =2/3 and ¢ = 114/2/27. Ast — o0, s/t — 1/2 and « tends
to the standard basis vector (1,0, 0, 0), so ¢ — 1. Since 11+/2/27 € (1/2,1/+/2),
the above two examples show that the value of y given by Theorem 4.4 for the
diamond lattice can take any value in the range (1/2, 1), corresponding to N~ for
any 6 € (0, 1/2).

4.3 Cone Measure Projections

In this section we use Stein’s method to obtain L' bounds for the normal approxi-
mation of one dimensional projections of the form

Y=0-X, (4.68)

where for some p > 0, the vector X € R” has the cone measure distribution C;’,
given in (4.71) below, and @ € R" is of unit length. The normal approximation of
projections of random vectors in lesser and greater generality has been studied by
many authors, and under a variety of metrics. In the case p = 2, when cone measure
is uniform on the surface of the unit Euclidean sphere in R”, Diaconis and Freedman
(1987) show that the low dimensional projections of X are close to normal in total
variation. It is particularly easy to see in this case, and true in general, that cone
measure CZ is coordinate symmetric, that is,

(X1, X)) =a (e1X1, ..., enXy) forall (eq,...,en) €{—1,1}". (4.69)

Meckes and Meckes (2007) derive bounds using Stein’s method for the normal ap-
proximation of random vectors with symmetries in general, including coordinate-
symmetry, considering the supremum and total variation norm. Goldstein and Shao
(2009) give L* bounds on the projections of coordinate symmetric random vectors
of order 1/,/n without applying Stein’s method. Klartag (2009) proves bounds of
order 1/n on the L°° distance under additional conditions on the distribution of X,
including that its density be log concave. One special case of note where X is co-
ordinate symmetric is when its distribution is uniform over a convex set which has
symmetry with respect to all coordinate planes. For general results on the projections
of vectors sampled uniformly from convex sets, see Klartag (2007) and references
therein. Studying here the specific instance of the projections of cone measure al-
lows, naturally, for the sharpening of general results about projections of coordinate
symmetric vectors to this particular case.
To define cone measure let

n

S(en) = {XGR”: Z|x,-|f’=1} and
ljl

B(ﬂ’[’,): {XGR”: Z|x,~|p§1}.

i=1

(4.70)
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Then with u" Lebesgue measure in R”, the cone measure of A C S(¢£7)) is given by

C;(A):w where [0, 1]1A={ta: ac€ A, 0<t<1}. (4.71)

WH(B(EL))

The main result in the this section on the projections of CZ is the following.

Theorem 4.7 Let X have cone measure C), on the sphere S(€%) for some p > 0 and
let

Y = Xn:QiX,-
i=1

be the one-dimensional projection of X along the direction 6 € R" with ||0| = 1.
Then with o, , = Var(X1) and my , = E|X1[’ /o ,, given in (4.84) and (4.87),
respectively, and F the distribution function of the normalized sum W =Y /o, p,
we have

n
1 4
||F—d>||1s<@>Z|9i|3+(—v1)—, (4.72)
Onp ) p n+2

where @ is the cumulative distribution function of the standard normal.

We note that by the limits in (4.84) and (4.88), the constant m,, /0, , that mul-
tiplies the sum in the bound (4.72) is of the order of a constant with asymptotic
value

Ly TP TP
1m =
n—=>00 op, p F(3/p)3/2

Since, for # € R" with ||#|| = 1, we have

1
> 16 = —.
NG

the second term in (4.72) is always of smaller order than the first, so the decay rate
of the bound to zero is determined by ) _, 6; . The minimal rate 1/./n is achieved
when 0; = 1/./n.

In the special cases p =1 and p =2, C;‘, is uniform on the simplex Y 7_; |x;| =1
and the unit Euclidean sphere ) 7_, )cl.2 = 1, respectively. By (4.84) and (4.87) for
p=1,

2 3

=——— and = —,
.1 nn+1) .1 n+2

and, using also (4.88) for p =2,

these relations yield
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My 1 _3 n(n+1)2 Ei and mp.2 < 3n 5«@.
On,1 2 +2) 2 On,2 n+2

Substituting into (4.72) now gives

Foolis——— S 0l + — ferpe(la. @7
— - —  for ,2). )
1_4/p+1i:1 l n+2 P

4.3.1 Coupling Constructions for Coordinate Symmetric Variables
and Their Projections

We generalize the construction in Proposition 2.3 to coordinate symmetric vectors,
beginning by generalizing the notion of square biasing, given there, to square biasing
in coordinates.

To begin, note that if Y is a coordinate symmetric random vector in R"” and
EY l.2 <oofori=1,...,n, then the symmetry condition (4.69) implies

EY,’Z—EY,‘ and EYl'YjZ—EY,'Yj foralli;éj,

and hence
EY;=0 and EY;Y;=o0?8; foralli,j, (4.74)

where al.z =Var(V;)=F Yl.z. By removing any component which has zero variance,
and lowering the dimension accordingly, we may assume without loss of generality
that aiz > 0foralli=1,...,n.ForsuchY,foralli =1, ..., n, we claim there exists
a distribution Y’ such that for all functions f : R” — R for which the expectation
of the left hand side below exists,

EY? f(Y)=0?Ef(Y'), (4.75)

and say that Y’ has the Y-square bias distribution in direction i. In particular, the
distribution of Y' is absolutely continuous with respect to Y with

2
dFi(y) = %dF(y). (4.76)
1
By specializing (4.75) to the case where f depends only on Y;, we see, in the lan-
guage of Proposition 2.3, that Yl.i =4 Yl.D, that is, that Yl.i has the Y;-square bias
distribution.
Proposition 4.3 shows how to construct the zero bias distribution Y* for the sum
Y of the components of a coordinate-symmetric vector in terms of Y’ and a random
index in a way that parallels the construction for size biasing given in Proposi-
tion 2.2. Again we let U[a, b] denote the uniform distribution on [a, b].
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Proposition 4.3 Let Y € R" be a coordinate-symmetric random vector with
Var(Y;) = 0% € (0, 00) foralli =1,2,...,n, and

Y:Xn:Yl‘.
i=1

LetY',i=1,...,n, have the square bias distribution given in (4.75), I a random
index with distribution

2
PU=i)=—2 4.77)
i1 sz

and U; ~U[—-1,1], with Y, I and U; mutually independent for alli =1, ...,n.
Then
Y =U; Y[ +) v} (4.78)
J#

has the Y -zero bias distribution.

Proof Let f be an absolutely continuous function with E|Y f(Y)| < oo. Staring
with the given form of Y* then averaging over the index 7, integrating out the uni-
form variable U; and applying (4.75) and (4.69) we obtain

o?Ef'(Y*) = azEf’(UIYII +y YJ-I)
J#l
n 02
) . . .
=0 Za—lef’(U,-Yi’+ZY]‘.)
i=1 i
_ Xn:a-zE<f(Yil +2 Y- f(—Yil + Dz Y;))
i=1 l 2Y;

1

:iEYl(f(Yi +2 YD) — Y+, Yj))
2
i=1

= ZEYJ(Y,' +ZYJ-)
i=1

J#i
=EYf(Y).
Thus, Y* has the Y -zero bias distribution. |
Factoring (4.76) as
dF' (y) =dF}(y)dF(y1, ... Yi—1. Yit1s - Ynli)

where d F (y;) = > (4.79)
o

i
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provides an alternate way of seeing that Yl.i =4 Yl.D. Moreover, it suggests a coupling
between Y and Y* where, given Y, an index I =i is chosen with weight propor-
tional to the variance aiz, the summand Y; is replaced by Yl.i having that summand’s
‘square bias’ distribution and then multiplied by U, and, finally, the remaining vari-
ables of Y are perturbed, so that they achieve their original distribution conditional
on the ith variable now taking on the value Y, l.i . Typically the remaining variables are
changed as little as possible in order to make the coupling between Y and Y* close.

Now let X € R” be an exchangeable coordinate-symmetric random vector with
components having finite second moments and let # € R" have unit length. Then,
by (4.74), the projection Y of X along the direction 6,

Y:ie,-x,-
i=1

has mean zero and variance o2 equal to the common variance of the components
of X. To form Y* using the construction just outlined, in view of (4.79) in particular,
requires a vector of random variables to be ‘adjusted’ according to their original
distribution, conditional on one coordinate taking on a newly chosen, biased, value.
Random vectors which have the ‘scaling-conditional’ property in Definition 4.2 can
easily be so adjusted. Let £L(V) and L(V|X = x) denote the distribution of V, and
the conditional distribution of V given X = x, respectively.

Definition 4.2 Let X = (X,..., X;;) be an exchangeable random vector and
D C R the support of the distribution of X. If there exists a function g: D — R
such that P(g(X;) =0)=0and

ﬁ(Xz,...,Xn|X1:a):£(&(X2,...,Xn)> foralla e D, (4.80)

g(X1)
we say that X is scaling g-conditional, or simply scaling-conditional.

Proposition 4.4 is an application of Theorem 4.1 and Proposition 4.3 to projec-
tions of coordinate symmetric, scaling-conditional vectors.

Proposition 4.4 Let X € R" be an exchangeable, coordinate symmetric and scaling
g-conditional random vector with finite second moment. For 6 € R" of unit length
set

n
Y=Y 6X;, o’=Var(Y), and F(x)=P(Y/o <x).
i=1

Then any construction of (X, Xf) on a joint space for each i = 1,...,n with Xf
having the X;-square biased distribution provides the upper bound

XI
01(UrX| — X1) + (‘g( D 1) > 0,X;
vyt

2
IF=®lh =—F , (48D

g(Xp)

where P(I =1i) = 91.2 and U; ~U[—1, 1] with {Xl’:,Xj,j #1i}, I and U; mutually
independent fori =1,2,...,n.
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Proof For alli =1,...,n, since X is scaling g-conditional, given X and X ; with
the X;-square bias distribution, by (4.79) and (4.80) the vector

X”:(Lx'l')xl,...,g(xf)xil X, 8(X l)XiH,...,g(X’l')X,,)
g(Xi) g(Xi) g(Xi) g(Xi)

has the X-square bias distribution in direction i as given in (4.75), that is, for every
h for which the expectation on the left-hand side below exists,

EX?h(X) = EX?Eh(X"). (4.82)

We now apply Proposition 4.3 to Y = (61 X1, ..., 6,X,). First, the coordinate
symmetry of Y follows from that of X. Next, we claim

Y =(6:1X1,....0,X})
has the Y-square bias distribution in direction i. Given f, let
hX)=fO1X1,...,60,Xn).
Applying (4.82) we obtain
EY2f(Y)=E6?X?f(Y)
=02 EX?h(X)
=07EX}Eh(X")
= EO}XIEf(Y)
=EY?Ef(Y').

Since X is exchangeable, the variance of Y; is proportional to 91.2 and the distribution

of I in (4.77) specializes to the one claimed. Lastly, as Y:, I and U; are mutually
independent for i =1, ..., n, Proposition 4.3 yields that

=UY[+) Y]

J#I

has the Y-zero bias distribution.
The difference Y* — Y is given by

n
Y —y=U;y/+) v =Yy

J#l i=1
n
=Ui01X]+ Y _0;Xi =3 0,X;
J# j=1
=0r(U1X] = X1)+ ) 0;(X] = X;)
J#l ]
X
=0,(Ui X} —X7)+ Ze,(g( 2 1)Xj

— 7 exn)

(xh
_ o, (U X! — X LS —1) 0.X:.
]( IAg 1)+(g(X1) J; J]
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The proof is completed by dividing both sides by o, applying (2.59) to yield Y* /o =
(Y/o)*, and invoking Theorem 4.1. [l

4.3.2 Construction and Bounds for Cone Measure

Proposition 4.5 below shows that Proposition 4.4 can be applied to cone measure.
We denote the Gamma and Beta distributions with parameters «, 8 as I'(«, 8) and
B(a, B), respectively. That is, with the Gamma function at & > 0 given by

o
INa) = / X e dx,
0

with 8 > 0, the density of the I'(«, 8) distribution is
xa—l e X /B

BT (@)
the density of the Beta distribution B(«, 8) is given in (4.90).

1{x>0}§

Proposition 4.5 Let CZ denote cone measure as given in (4.71) for some n € N and
p > 0.

1. Cone measure C;’, is exchangeable and coordinate-symmetric. For {G j,€;, j =
1,...,n} independent variables with G; ~T'(1/p, 1) and €; taking values —1

and 41 with equal probability, setting G, p = Zf:a G we have

G 1/p G, 1/p
X = e, ~C". 4.83
(61((;1’”) €”<G1,n » (4.83)

2. The common marginal distribution X; of cone measure is characterized by

Xi=4—X; and |X;|’ ~B(1/p,(n—1)/p),
and the variance a,%’ » = Var(X;) is given by

» _ I'G/p)I'(n/p)

o5 = (4.84)
BP T/ p)T((n+2)/p)
and satisfies
2/rr (3
lim n*Po? = PTG/ p)
nmoot TP T T(1 p)
3. The square bias distribution X ; of X; is characterized by
X! =q—X! and |X!|"~B(3/p,(n—1)/p). (4.85)
Letting {Gj, G/j, €j,j = 1,...,n} be independent variables with G; ~
ra/p, 1, G/j ~T'(2/p, 1) and €; taking values —1 and +1 with equal proba-
bility, for each i =1, ..., n, a construction of (X, Xl’:) on a joint space is given

by the representation of X in (4.83) along with
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: Gi+ G\
X = ——L) . (4.86)
Gl,n + Gi
The mean my, , = Elel = E|X?|/a,%vpforalli =1,...,nis given by

F'@/p)I'((n+2)/p)

- 4.87
" = TG )T+ 3)/p) (87
and satisfies
l/pF 4 3 1/(pv1D)
lim n'/Pm, p= p T @/p) and my, , < . (4.88)
n—00 ’ '3/p) ’ n+2

4. Cone measure CZ is scaling (1 — |x|P)/P conditional.

The proof of Proposition 4.5 is deferred to the end of this section. Before pro-
ceeding to Theorem 4.7, we remind the reader of the following known facts about
the Gamma and Beta distributions; see Bickel and Doksum (1977), Theorem 1.2.3
for the case n = 2 of the first claim, the extension to general n and the follow-
ing claim being straightforward. For y; ~ I'(«;, B),i =1, ..., n, independent with
o >0and 8 > 0,

Y1
v+

vi+y~T(a +az, B), ~ B(ay, ay), (4.89)

and ( Y1 Vn
Yioivi iy
the Beta distribution B(«, 8) has density

'+ B)
C'(a)'(B)

and « > 0 moment

n
) and Zy,- are independent;

i=l1

Pap(u) = w1 = w00

D+ 1) (o + B)
Fa+B+x)(a)

(4.90)

Proof of Theorem 4.7 Using Proposition 4.5, we apply Proposition 4.4 for X with
g(x) = (1 —|x|?)"/P and the joint construction of (X, X f) given in item 3. Note that
Proposition 4.2 applies, using the notation there, with V ~ /[0, 1], independent of
all other variables, U; = ¢;V, and

_ G\ _ Gi+G, \'/»
X,~:< d ) and Yi:<l7’/) .

Applying the triangle inequality on (4.81) yields the bound on the L! norm
£ — @[y of

xh
Elo,(U; X! — X,)| + E g—’—1)§ 0.X
( |1( IAg 1)|+ ‘(g(Xz) foe JAJ

). (4.91)

On,p

We begin by averaging the first term over /. Note that
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G \"*? Gi+G, \'"P 1
X1 = <\=—) =Ix1|.
Gin Gin+Gj

and therefore, recalling P(I =1i) = 91.2, we may invoke Proposition 4.2 to conclude

n
E|o;(UiX] — X1)| =) _16:PE|Ui X} — X
i=1

n
= E|UX| - X1| Y _16:°
i=1

EIXI mpy,
1 DZP ”ZW (4.92)

"pll

Now, averaging the second term in (4.91) over the distribution of / yields
X! . X!
| (55D 1)y, | = 3| (B9 1) Yo,
8(X1) Py = I\g(Xi) T
Using (4.83), (4.86) and g(x) = (1 — |x|P)1/P we have

X 1/p
IS I I (4.94)
g(Xi) Gin+G;

0?.  (4.93)

Applying (4.89) we have that {G ,, G;} are independent of X1, ..., X,;; hence, the
term (4.94) is independent of the sum it multiplies in (4.93) and therefore (4.93)
equals

> 0;x;|67

J#i
To bound the first expectation in (4.95), since G1,,/(G1., + G;) ~Bn/p,2/p),

we have
i 1
E g(X;)—l':E(l—(£> m)f(lvl) 2 (4.96)

g(X;) Gin+G: p n+2

since for p > 1, using (4.90) with k =1,
G 1/p
20~ (ota) )
Gl,n + Gi

“o{1-(ai5) o
- Gin+ G, n+2)/p n+2’

while for 0 < p < 1, using Jensen’s inequality and the fact that

(4.95)

ZE‘LX;)—I'E
g(Xi)

i=1

(l—x)l/pzl—x/p forx <1,

we have
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1/p
G
E(1— (=
Gl,n + Gi

o) ) e
- Gl,n+G§ n+2 ~pn+2)

We may bound the second expectation in (4.95) by oy, ,, since

(E > 0,X; )2

J#i
2
< E(ZQij) = Var(ZQJ-Xj) = Unz,p ZQJZ < O—r%,p'
J#i J#i J#i
Neither this bound nor the bound (4.96) depends on i, so substituting them into
(4.95) and summing over i, again using ) ; 9;'2 =1, yields

- X! 1 2
ZE'g( ‘)—I'E > 0X; eizfon,p(—vl) : (4.97)
—~ |g(X;) — P n+2
i=1 JFi
Adding (4.92) and (4.97) and multiplying by 2/0, , in accordance with (4.81)
yields (4.72). Ol

Proof of Proposition 4.5

1. For A C S(E’;), e=(er,...,ey) € {—1,1}" and a permutation 7 € S,,, let

Ae = {X: (e1x1,...,enxy) € A}
and Aﬂ = {XZ (xn(l), e xﬂ(n)) S A}.
By the properties of Lebesgue measure, w©” ([0, 1]JAe) = n"([0,1]A;) =
w" ([0, 1]A), so by (4.71), cone measure is coordinate symmetric and exchange-

able.
The coordinate symmetry of X implies that

PXeA)=PXecA, forallee{-1,1}",

so with €;, i =1, ..., n, i.i.d. variables taking the values 1 and —1 with proba-
bility 1/2 and independent of X,

P((e1X1,....,e,Xp) € A) = P(X € Ao)

=2in > P(XeA)

ec{—1,1}"
=PXecA),

and hence (e1X1,...,6,X,) =4 (X1, ..., X,,). Note that for any (s, ...,s,) €
{—1, 1}" that

(€181, ..., €n8y) =q (€1,...,€,), andisindependent of X.
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Hence, since P(X; =0) =0, with s; = X; /| X;|, the sign of X;, we have

P((e11X1l, ..., €nlXnl) € A) = P((e151X1, ..., €nsnXn) € A)
=P((€1X1,...,€.Xp) € A)
=P((X1,..., Xn) € A).
We thus obtain (4.83) applying that X ~ C7 satisfies

G )1/17 ( G, )1/17)
Xql,..., | Xu) = e, (4.98)
(111, 1Xa]) d((Gm =

shown, for instance, by Schechtman and Zinn (1990).

Applying the coordinate symmetry of X coordinatewise gives X; =; —X; and
(4.98) yields |X;|” = G;/G1,,, which has the claimed Beta distribution, by
(4.89). As EX; =0, we have

Var(X;) = EX? = E(|X;|7)” (4.99)
and the variance claim in (4.84) follows from (4.90) fora =1/p,8=mn—1)/p
and k =2/p.

From Stirlings formula, for all x > 0,
m*I"(m) .
m—oo ['(m+x)

so lettingm =n/p and x = k/p,
k
lim M — pk/p.
n—oo I'((n + k)/p)
The limit (4.84) now follows.

(4.100)

. If X is symmetric with variance 2 > 0 and X" has the X-square bias distribu-

tion, then for all bounded continuous functions f
o*Ef(X")
=EX’f(X) = E[(-X)*f(=X)] = EX*f(=X) =0 Ef (-X"),

showing X" is symmetric.
From (4.90) and a change of variable, a random variable X satisfies

|X|? ~ B(a/p, B/P)

if and only if the density p|x|(u) of |X| is

r _
pl'(« +,3)/P)Ma—1(1 _ up)ﬂ/P
I'(a/p)T(B/p)

Hence, since |X;|” ~ B(1/p, (n — 1)/p) by item 2, the density p|x,|(u) of | X;]
is

1
pix|(u) = Liefo,13- (4.101)

pl'(n/p) (1 _Mp)(n—l)/p—l1

pix;|(u) = T(1/p)T((n — 1)/p)

uel0,1]-
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Multiplying by u? and renormalizing produces the |X fl density

u? pyx; (u)

EX?
__ pP(n+2)/p) u2(1— up)m—l)/p—ll

I'@3/p)'((n—1)/p)

and comparing (4.102) to (4.101) shows the second claim in (4.85). The repre-
sentation (4.86) now follows from (4.89) and the symmetry of X f The moment
formula (4.87) for m,, , follows from (4.90) for @ =3/p, B = (n — 1)/p and
k = 1/p, and the limit in (4.88) follows from (4.100).

Regarding the last claim in (4.88), for p > 1 Holder’s inequality gives

1 1p\1/p 3 e
mp = E[X < (E|XT[) "= (=5

p\xﬂ(u):

uelo,11,  (4.102)

while for 0 < p < 1, we have

| Gi+G, \'* Gi+G, 3
mpp=E|X'|=El ——L <E - )= :
Gl,n + Gi Gl,n +Gl n+2

4. We consider the conditional distribution on the left-hand side of (4.80), and use
the representation, and notation G, 5, given in (4.83). The second equality below
follows from the coordinate-symmetry of X, and the fourth follows since we may
replace G1,, by G2,,/(1 — |a|?) on the conditioning event. Using the notation
aL(V) for the distribution of aV, we have

( G )1/ P
€1
Gl,n

L(X7,....,Xu|X1=0a)
Gn )1/17
1,n
G1 1/p
G = |al
1,n

Il
N
N——

QC}

G 1/p
:c(ez( 2) (
Gl,n
~cfe(gr) oe(gn)”
B Gin 1
~cfa(gh) alg) g -r)
=1—|a
1/p ) ( )1/ |G2n—l—|a|p>
G2n Gl,n

= (1 —lal”) ””ﬁ( &

( )1/ 1/p
— (1= 1) £ (e 2) alge) g =)
()"

Q

E}

Q

2

/p 1/p , 1/p
:(1_ £( G2n " (GZn) )
1/p
= g(a)ﬁ(ez<G2 n) (Gz,n> ) (4.103)

In the penultimate step may we remove the conditioning on G1/G1 , since (4.89)
and the independence of G| from all other variables gives that

G G
( 2 e u ) is independent of (G1, G2,,,)
G2,n G2,n
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and therefore independent of G1/(G1 + G2,,) =G1/G1 -
Regarding the right-hand side of (4.80), using 1 — |X{|? =) ,|X;|” and
the representation (4.83), we obtain

(X2, ..., Xn)

(X207 4 -+ + | Xy |P)V/P
Gz )l/p L €n ( Gn )l/p)>

< ((GGf)+ +<G" )P
G/p l/p)
< (Ga+-- +G )1/1’ >
1/p G, 1/p
wolalsy) el(gn) )

In principle, Proposition 4.3 and Theorem 4.1 may be applied to compute bounds
to the normal for projections of other coordinate-symmetric vectors when the re-
quired couplings, and conditioning, are as tractable as here.

matching the distribution (4.103). U

4.4 Combinatorial Central Limit Theorems

In this section we apply Theorem 4.1 to derive L' bounds in the combinatorial
central limit theorem, that is, for random variables Y of the form

n
Y= dini). (4.104)

where 7 is a permutation distributed uniformly over the symmetric group S,, and
{ajj}1<i, j<n are the components of a matrix A € R"*".

Random variables of this form are of interest in permutation tests. In particular,
given a function d(x, y) which in some sense measures the closeness of two obser-
vations x and y, given values x1,...,x, and yi,...,y, and a putative ‘matching’
permutation t that associates x; to y;(;), one can test whether the level of matching
given by t, as measured by

yr= Zait(i) where a;; =d(x;, y;),
i=1

is unusually high by seeing how large the matching level y; is relative to that pro-
vided by a random matching, that is, by seeing whether P(Y > y;) is significantly
small.

Motivated by these considerations, Wald and Wolfowitz (1944) proved the cen-
tral limit theorem as n — oo when the factorization a;; = b;c; holds; Hoeffd-
ing (1951) later generalized this result to arrays {a;;}1<; j<n. Motoo (1957) gave
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Lindeberg-type sufficient conditions for the normal limit to hold. In Sect. 6.1 the

L™ distance to the normal is considered for the case where 7 is uniformly dis-

tributed, and also when its distribution is constant on conjugacy classes of S,,.
Letting

n n n
1 1 d 1
a.=— Y aj. a.=-y aj and a;=-)Y a;j
n2 £ J> n 4 J J n 4 J»
i,j=I j=1 i=1

straightforward calculations show that when 7 is uniform over S,, the mean x4 and
variance 0/% of Y are given by

1

o4 1 Z(aizj_aiz.—a.zj"‘a?.) (4.105)

i,j

1

n_IE:wu—an—aJ+aJ?
i.j

For simplicity, writing i and o2 for 14 and oi, respectively, we prove in (4.124)
the following equivalent representation for o2,
1 2
2 - . Y — (a: ,
= =D i;l[<a,k +aji) — (ai +ap)], (4.106)

o

and assume in what follows that o2 > 0 to rule out trivial cases. By (4.106), 02=0
if and only if a;; — a;, does not depend on i, that is, if and only if the difference
between any two rows a; and a; of A satisfy a;, —a; = (a;, —a;,)(1,...,1).

For each n > 3, Theorem 4.8 provides an L! bound between the standardized
version of the variable Y given in (4.104) and the normal, with an explicit constant
depending on the third-moment-type quantity

n
y=va. whereya= Y lajj—ai—a,+a.l. (4.107)
i j=1

When the elements of A are all of comparable order, o2

order nz, resulting in a bound of order n—1/2

is of order n and y of

Theorem 4.8 For n > 3, let {a,-j}?j=1 be the components of a matrix A € R"*",
let T be a random permutation uniformly distributed over S,, and let Y be given
by (4.104). Then, with ., o? given in (4.105), and y given in (4.107), F the distri-

bution function of W = (Y — ) /o and ® that of the standard normal,

||F—<I>||15L<16+ 0, 8 )
(n—1o? n—1  ((m—1)?2

The proof of this theorem depends on a construction of the zero bias variable
using an exchangeable pair, which we now describe.
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4.4.1 Use of the Exchangeable Pair

We recall that the exchangeable variables Y’, Y” form a A-Stein pair if

EY"Y)=(1-=1Y' (4.108)
for some 0 < A < 1. When Var(Y’) = 02 € (0, 00), Lemma 2.7 yields

Y=0 and E(Y' —Y")’=2xrc". (4.109)

The following proposition is in some sense a two variable version of Proposi-
tion 2.3.

Proposition 4.6 Let Y', Y” be a A-Stein pair with Var(Y') = o2 € (0, 00) and dis-

tribution F(y',y"). Then when Y, Y* have distribution

O —y"?
2002

and U ~ U[0, 1] is independent of Y T, Yi, the variable

dFT(y/,y") = dF(y', y", (4.110)

Y*=UY "+ (1 =U)Y* has the Y'-zero biased distribution. ~ (4.111)

Proof For all absolutely continuous functions f for which the expectations below
exist,

PEf (Y =c’Ef (UY"+ (1 - U)Y?)

zE(f(YU—f(Yi))
Yf—vy#

iE((f(Y//) f(Y)>(Y//_Y/)2)
2A

q

1 // 14 /
ﬁE @Y —fYHy” -v"h)
1 14 /
= (Yf(Y) Y f(Y))
1
= XE(Y’f(Y/) — (A =0Y'FY))
—EY' F(Y). U

The following lemma, leading toward the construction of zero bias variables, is
motivated by generalizing the framework of Example 2.3, where the Stein pair is a
function of some underlying random variables &,, @ € x and a random index I.

Lemma 4.4 Let F(y',y") be the distribution of a Stein pair and suppose there
exists a distribution

F(i,6y,a € x) 4.112)
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and an R? valued function (y',y") = ¥ (i, &, a € x) such that when 1 and {2,
o € X'} have distribution (4.112) then

(Y/ Y//) = 1/,(17 EOZ’ ac€ X)
has distribution F(y',y"). If 11, {E], a € x} have distribution

(y/ _ y//)2

T _
dF (l»fa»aex)—m

dF (i, &y, o € X) (4.113)

then the pair
Y rH =y, El,aeX)
has distribution F'(yT, y¥) satisfying

(y/ _ y//)2

dFT /, " —
vy TV

dF(y',y").

Proof For any bounded measurable function f
Efr , vyH=Ef(y(I', E],a € X))

_ f F(W G0 € 0)dFT G, v € 1)

N2
ff( N =Y R s ae )

2102
( Yy — //)2
R )
where (Y’, Y”) has distribution F(y’, y”). O

We continue building a general framework around Example 2.3, where the ran-
dom index is chosen independently of the permutation, so their joint distribution
factors, leading to

dF(i,&y, e x)=P(I=1)dF(y,a € ). (4.114)
Moreover, in view of (2.47), that is, that
Y'—Y' =b(i, j,7(),7(j)) whereb(, j, k,1)=ai+aji — (aix +aji),
we will pay special attention to situations where
Y'—Y =b(, Eq,a € x1) (4.115)

where I and xj are vectors of small dimensions with components in Z and ¥, respec-
tively. In other words, we consider situations where the difference between Y” and
Y’ depends on only a few variables. In such cases, it will be convenient to further
decompose d F (i, &,, o € x) as

dF 1,8y, 0 € x) = PA=1)d Fi(§s, @ € xi)d Fic|i(Sa, & & Xila, @ € Xi), (4.116)
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where d Fi(§y, o € xj) is the marginal distribution of &, for a € xj, and d Fic|i(§«,
o ¢ xilgy, o € xi) the conditional distribution of &, for o ¢ x; given &, for « € ;.
One notes, however, that the factorization (4.114) guarantees that the marginal dis-
tributions of any &, does not depend on i. In terms of generating variables having
the specified distributions for the purposes of coupling, the decomposition (4.116)
corresponds to first generating I, then {&,, o« € x1}, and lastly {&,, o ¢ x1} condi-
tional on {£,, o € x1}. In what follows we will continue the slight abuse notation of
letting {o: & € xj} denote the set of components of the vector yj.

We now consider the square bias distribution F' in (4.113) when the factorization
(4.116) of F holds. Letting I and {E: « € x} have distribution (4.114), by (4.109),
(4.115) and independence we obtain

2202 =EY —Y")V? = Eb*(I, By, € x1) = Z PA=1)Eb%*(i, By, € xi).
icT

In particular, we may define a distribution for a vector of indices I' with components
in Z by

PA =)= —2;‘72 with i = PA=D)Eb* (i, B, € xi).  (4.117)

Hence, substituting (4.115) and (4.116) into (4.113),

dFT(i, &y, 0 € )
_ PA=0b G, &y o € i)
B 2A02
_ ri bz(i,sa,ae)(i)
2102 Eb2(i, By, ot € Xi)

dFi(§a, o € xi)d Ficli(§a, o & Xil8a> @ € Xi)

dFi(5y. @ € X1)d Ficji(Ear o & Xil€ar @ € Xi)
= P(" =i)dF, (&, @ € xi)d Ficji(€a» @ ¢ XilEa> @ € X0), (4.118)
where

bz(i’ ’i‘-a’a € Xi)
ED2(i, Bq. e € Xi)

dF, (by 0 € xi) = dFi(Ea, @ € Xi)- (4.119)

Definition (4.119) represents d F ' (i, £, & € x) in a manner parallel to (4.116) for
dF (i, &, a € x). This representation gives the parallel construction of variables I,
{ E(E, o € x} with distribution d FT (i, &, a € x) as follows. First generate I accord-
ing to the distribution P(I" =i). Then, when I" =i, generate {EZ[, a € xj} according
to dFiT(Sa, o € xi) and then {E;, a ¢ xi} according to d Fic|i(§q, @ ¢ Xila, & € Xi).
As this last factor is the same as the last factor in (4.116) an opportunity for coupling
is presented. In particular, it may be possible to set EZ; equal to E, for many o ¢ yj,

thus making the pair Y7, Y¥ close to Y, Y.
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4.4.2 Construction and Bounds for the Combinatorial Central
Limit Theorem

In this section we prove Theorem 4.8 by specializing the construction given in
Sect. 4.4.1 to handle the combinatorial central limit theorem, and then applying
Theorem 4.1. Recall that by (2.45) we may, without loss of generality, replace a;;
by a;j — a;, —a,; + a.,, and assume

aj,=a,j=a, =0, (4.120)
noting that by doing so we may now write
W=Y/o, (4.121)

and that (4.107) becomes y =Y, la; i3

Now, denoting Y and 7 by Y’ and 7/, respectively, when convenient, the con-
struction given in Example 2.3 applies. That is, given 7, uniform over S, take (/, J)
independent of 7 with a uniform distribution over all distinct pairs in {1, ..., n}, in
other words, with distribution

1
p1(, j)=——10 # j). (4.122)
(n)2

Letting 7;; be the permutation which transposes i and j, set 7" = w77 ; and let
Y” be given by (4.104) with " replacing 7. Example 2.3 shows that (Y, Y”) is a
2/(n — 1)-Stein pair, and (2.48) gives

Y =YY"= a1zt +asx)) — @iy +arz)- (4.123)

In particular, averaging over I, J, 7 (/) and 7w (J) we now obtain (4.106) as follows,
using (4.109) for the second equality,

! 2
n2(n—1)2 Z [@ix +aj) — (au+ajp)] =EY —Y")?
e i)kl
=2\0?
4 2
= (4.124)
n—1

We first demonstrate an intermediate result before presenting a coupling con-
struction of Y/, Y” to Y7, Y*, leading to a coupling of Y’ and Y*.

Lemma 4.5 Let w be chosen uniformly from S, and suppose i # j and k # 1 are
elements of {1, ...,n}. Then

ﬂTﬂfl(k)’j lfl:ﬂ'(l),k?éﬂ(_]),
=TT fl#n@), k=n(j), (4.125)

T Tr—1(k),i Tr=1(0), j otherwise,

is a permutation that satisfies
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wtm)y=n(m) forallm¢{i,j,n " k), 7~ (D}, (4.126)
{70, 7" ()} = k. 1}, (4.127)
and
. 1
P(x'(m)=¢5, m ¢ i, j}) = o (4.128)

for all distinct &), m ¢ {i, j} with &), & {k, [}.

Proof That ' satisfies (4.126) is clear from its definition. To show (4.127) and that
7 is a permutation, let A, Ay and A3 denote the three cases of (4.125) in their
respective order. Clearly under A; we have

7ty =n(t) forallt¢{j,n " (k).
Hence, asi # j andi = 71 #+ 7Y (k), we have 77 (i) = 7w (i) = 1. Also,
7 () =mtgy () =m(r" %) =k,

showing (4.127) holds on Aj. As T~ l(k) = m(j), both w and Al map the set
{j, 771 (k)} to {m()), k}, and, as their images agree on {j, 7 ~!(k)}¢, we conclude
that 77 is a permutation on Aj. As A> becomes A upon interchanging i with j and
k with [, these conclusions hold also on Aj.

Under Aj, either l =m (i), k =n(j) orl # m (i), k # 7 (j). In the first instance
n' =m,son" is a permutation, and (4.127) is immediate. Otherwise, as i # j and
i #m~1(1), we have

ﬂ'r(l) = ”fn—l(k),ifn—l(l),j(i) = nrﬂ_l(k),i(i) = 7T(7T_1 (k)) =k
and similarly, as j #i and j # 7~ (k),
() =Tt Ty, () = T (171 D), (4.129)
and now, as [ # k and [ # 7 (i),
M1 (7 1) =7 (77 D) =1,

so (4.127) holds under Az. As both 7 and 7' map {i,j,n_l(k),n_l(l)} to
{m@@), 7 (j), k, !}, and agree on {i, j,n_l(k),n_l(l)}c, we conclude that 77 is a
permutation on Aj3.

We now turn our attention to (4.128). Let S,Z, m ¢ {i, j} be distinct and satisfy
S,;Q ¢ {k,l}. Under A| we have k #~ 7 (j), and have shown that i # 71 (k). Hence

(9 ¢ {i, j} and therefore é;_l(k) ¢ {k,l}. Setting éj =/, we have
P(n'(m)=¢&), m¢ (i, j}, A1)
=P(x'm)=&5, m¢ i, j}, m(i) =1, n(j) #k)
=P(n'(m)=¢), m¢ {j}, 7(j)#k)
=P(r'my=gh, me¢{ja D} a()#k 77T R) =€ )
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=P(rm) =&, mé¢ {j,7 'O}, 7()#k 7(H=8]_,,)
=P(rm) =&, m¢ {j,x B}, 7(H =€)
Y. P(rmy=gf, m¢lj.q), n(j) =&}, n(q) =k)

qli.j}
(n—2)

n!

Case A being the same upon interchanging i with j and k& with /, we obtain

P(rt(m)=¢), m¢li, j}, A1UAy) = 2(”’; 2). (4.130)

Under A3 there are subcases depending on

R=|{zm@),n(H}N{k,1}

and we let A3, = A3N{R =r} for r =0,1,2. When R = 0 the elements
(i), m(j), k, [ are distinct, and so A3 o = {R = 0}. Additionally R =0 if and only
if the inverse images i, j, 7Y (k), w1 (1) under 7 are also distinct, and so

P(n'(m) =&, m ¢ i, j}, As )
=P(xfm)y =&, m¢ i, jx ", x7 0},
2 (T ) =6 7T (T D) =8, Aso)
=P(rm)=&. m¢{i. j.x" (k). n 7D},
jT(l) = g;—l(k)’ T[(]) = S;—l(l)v A3,0)

= ). Plm=g. k¢lijg.r),

{g.r}: Hq.r.i.j} =4

b

w(i)=¢&, n(j) =&, n(q) =k, n(r)=1)

—2)(n -3
_m=2@-3) (4.131)
n!
Considering the case R = 1, in view of (4.125) we find
A3 1=A3N{R=1}=A31aU A3 15,
where
Aza={m@)=k,7(j)#1}, and Az ={7()#k 7(j)=1}.
Since by appropriate relabeling each of these cases becomes A1, we have
: . 2(n —2)
P(r(m)=&), m¢{i, j}, As1) = - (4.132)

For R =2 we have A3 2 = A3 2, U A3 2, where
Azpg={m(i) =1, n(j)=k} and Azpp={7(j)=1I, 7(i)=k}.
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Under A3 24,
Pl m) = £ A
(7'[ (m) Em’m ¢ {l’ ]}’ 3,26!)

1
= P(a'm) =g mg {i ). 7)) =1, 7() =k) = —

and the same holding for A3 »;,, by symmetry, yields

f i . 2
P(n (m)=§,, m¢{z,]},A3,2)=E. (4.133)

Summing the contributions from (4.130), (4.131), (4.132) and (4.133) we obtain

L 4n—-2) m—-2)(n—-3) 2 1
i T _ Z
Plim) =&, kg li.j))=— —+ nl nl T (n—2)
as claimed. U

The following lemma shows how to choose the ‘special’ indices in Lemma 4.5
to form the square bias, and hence, zero bias, distributions. In addition, as values of
the 777 permutation can be made to coincide with those of a given 7 using (4.125), a
coupling of these variables on the same space is achieved. Before stating the lemma
we note that (4.134) is a distribution by virtue of (4.106).

Lemma 4.6 Let
n
Y = Zai,yt(i)
i=1

with 7t chosen uniformly from S, and let (I7, J7, KT, L") be independent of w with

distribution

[(aix +aji) — (ai +ajp)]?
4n%(n — 1)o?

p2(i, j, k1) = (4.134)

Further, let 17 be constructed from w as in (4.125) with I, J¥, K" and LT replacing
i, j,k and , respectively and w* = anﬁ’ﬁ, Then

(i) =nt(@)=7*G) forallie¢T (4.135)
where T = (I, J7, n =1 (KT), w=Y(L")}, the variables

n n
YT = Zai’n'}'(i) and Y1 = Zai’ﬂ:ﬁ(l') (4136)
i=1 i=1
have the square bias distribution (4.113), and with U an uniform variable on [0, 1],
independent of all other variables
Y*=UY"+1-0)y’

has the Y -zero bias distribution.
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Proof The claim (4.135) follows from (4.126) and the definition of 7%, When I =
(I, J) is independent of  with distribution (4.122), x ={1,...,n} and By = 7 ()
for o € x, let ¥ be the R? valued function of {I, E,,« € x} which yields the ex-
changeable pair Y’, Y” in Example 2.3. In view of Lemma 4.6, to prove the remain-
der of the claims it suffices to verify the hypotheses of Lemma 4.4, that is, with
I' = (17, J7) that {I, E], a € x}, or equivalently {I', 77 («), @ € x}, has distribu-
tion (4.113). Relying on the discussion following Lemma 4.4, we prove this latter
claim by considering the factorization (4.116) of dF (i, &y, « € x) and show that
{I", 77 (), & € x} follows the corresponding square bias distribution (4.118).

With i = (i, j) and P(I = i) already specified by (4.122), we identify the re-
maining parts of the factorization (4.116) by noting that the distribution d Fj(&,,
a € xj) =dFj;, &) of the images of i and j under 7 is uniform over all §; # §;,
and, for such &;,&;, d Ficj(§y, a ¢ {i, j}|&;, &) is uniform over all distinct elements
&y, a € x that do not intersect {§;, &}, that is, for such values

1
(n—2)

Now consider the corresponding factorization (4.118). First, this expression spec-
ifies the joint distribution of the values I and their images Eg o € I" under 77 by

dFyii(5a-« ¢ {i, j}&i.§)) = (4.137)

P =0)dF (&, a € xi)

PId=i) , .
200
where from (2.47) for the difference Y’ — Y” we have
b(i, j,§i, &) = (aig +ajg;) — (aig; tajg). (4.139)

Since the distribution (4.122) of I is uniform over the range where i # j, and
for such distinct i and j, the distribution dFj(&y, « € xj) is uniform over all
distinct choices of images & and &;, we conclude that the joint distribution
(4.138) of I' and their ‘biased permutation images’ (Ej%, Ej?) is proportional
to 1i¢j,k¢lb2(i,j,k,l). This is exactly the distribution p> (i, j, k,l) from which
17, J7, KT, LT is chosen. In addition, the values {K T, LT} are the images of {7, JT}
under the permutation 77 constructed as specified in the statement of the lemma, as
follows. By (4.134) I" # JT and K7 # L' with probability one. As {17, J7, K, LT}
and 7 are independent, the construction and conclusions of Lemma 4.5 apply, condi-
tional on these indices. Invoking Lemma 4.5, 7' is a permutation that maps {I 7, J '}
to {K, LY.

To show that the remaining values are distributed according to d Fj(&, o € i),
again by Lemma 4.5, if 5,;(1, m ¢ {IT, JT} are distinct values not lying in {K‘L, LT},
then

1
(n—=2)!"
As (4.140) agrees with (4.137), the proof of the lemma is complete. U

P(x'my=¢& ,meg (", 7" I KT, L) = (4.140)
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Note that in general even when I is uniformly distributed, the index I' need not
be. In fact, from (4.117) it is clear that when I is uniform the distribution of I' is
given by PI" =1i) =0 for all i such that P(I =i) = 0, and otherwise

Eb*(i, Ba, @ € i)
Zi Ebz(ia Ea, (OAS Xl) .

In particular, the distribution (4.134) selects the indices I'=ut,Jh jointly
with their ‘biased permutation” images (KT, LT) with probability that preferen-
tially makes the squared difference large. One can see this effect directly by cal-
culating the marginal distribution of / T JT, which, by (4.141), is proportional to
[(aik +aji) — (ai; + ajk)]z, by expanding and applying (4.120), yielding

PIA =i)=

(4.141)

Z[(aik +aj) — (air + ajk)]2

k,l

2 2
=2) (ap +aj — aixaji — ajiair)
k,l

n
2
=2n) (aix —ajr)’,
k=1
and hence the generally nonuniform distribution

S (aik —ajx)?

P =i,0 =))=
( : /) 2n(n — 1)o2

With the construction of the zero bias variable now in hand, Theorem 4.8 follows
from Lemma 4.6, Theorem 4.1, (4.10) of Proposition 4.1, and the following lemma.

Lemma 4.7 For Y and Y* constructed as in Lemma 4.6

| [’(Y)Hlf(n_1)02<8+(n—1)+(n—1)2).

With 7 and the indices {/ T, J T, K T, LT} constructed as in Lemma 4.6 the calcu-
lation of the bound proceeds by decomposing

V=Y*—Y asV=VL+Vl +Vl
where
L=1R=k withR=|{z("),7(/DH}n{KT, LT}

The three factors give rise to the three terms of the bound. The proof of the lemma,
though not difficult, requires some attention to detail, and can be found in the
Appendix to this chapter.
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4.5 Simple Random Sampling

Theorem 4.9 gives an L' bound for the exchangeable pair coupling. After proving
the theorem, we will record a corollary and use it to prove an L' bound for simple
random sampling. Recall that (Y, Y’) is a A-Stein pair for A € (0, 1) if (¥, Y’) are
exchangeable and satisfy the linear regression condition

EXY'lY)=(1—-M)Y. (4.142)

Theorem 4.9 Let W, W’ be a mean zero, variance 1, A-Stein pair. Then if F is the
distribution function of W,

2 W' — W)?
1F—ol </ 2E|E(1- P =W°
T 2\

Proof Letting A = W — W/, the result follows directly from Proposition 2.4 and
Lemma 2.7, the latter which shows that identity (2.76) is satisfied with R =0, K (¢)
given by (2.38), K| = E(A?|W)/2x by (2.39), and

. |A| 0 —A
Ky = —|1i—a<0 (—=t)dt +1{_a~0) tdt
21 —A 0

_lalf, A2+1 AT\ A7 -
T (A TREARO T T

w |+ iE|W/ —wp
2h '

In many applications calculation of the expectation of the absolute value of the
conditional expectation may be difficult. However, by (2.34) we have

W — W 2 W — W 2
E ! =1 sothat E[(E I—QW =0.
2) 2)
Hence, by the Cauchy—Schwarz inequality,
W —W)? W — W)2
el (1 2w = (e (1= 5 )

2A
1
- ﬁ\/Var(E((W/ — W)2|W)).
Though the variance of the conditional expectation E((W' — W)2 W) may still be
troublesome, the inequality

Var(E(Y|W)) < Var(E(Y|F)) wheno{W}CF (4.143)

often leads to the computation of a tractable bound, and provides estimates which
result in the optimal rate. To show (4.143), first note that the conditional variance
formula, for any X, yields

Var[ E(X|W)] < E[Var(X|W)] + Var[ E(X|W)] = Var(X).
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However, for X = E(Y|F) we have
E(X|W)=E(E(Y|F)|W)=EX|W),

and substituting yields (4.143). Hence we arrive at the following corollary to Theo-
rem 4.9.

Corollary 4.3 Under the assumptions of Theorem 4.9, when F is any o -algebra
containing o {W},

1 1 1
|F — | < —(—®+ —E|W — W|3),
A 2 2

where

© = /Var(E((W' — W)2|F)). (4.144)

We use Corollary 4.3 to prove an L' bound for the sum of numerical character-
istics of a simple random sample, that is, for a sample of a population {1, ..., N}
drawn so that all subsets of size n, with 0 <n < N, are equally likely. The lim-
iting normal distribution for simple random sampling was obtained by Wald and
Wolfowitz (1944) (see also Madow 1948; Erdos and Rényi 1959a; and Hdijek

1960).
Leta; e R,i=1,2,..., N denote the characteristic of interest associated with
individual 7, and let Y be the sum of the characteristics { X1, ..., X, } of the sampled

individuals. One can easily verify that the mean y and variance o2 of Y are given
by

n(N —n) N 1 &

- 2 - _2 -

u=na and o :7Z(a,‘—a) Wherea:—Zai. (4.145)
NN -1) i=1 N i=1

As we are interested in bounds to the normal for the standardized variable (Y —

w)/o, by replacing a by (a —a)/\/ Y pea(b — a)? we may assume in what follows

without loss of generality that

N
a=0 and Zaf =1. (4.146)
i=1
Form=1,...,nlet(n),, =n(n —1)---(n —m + 1), the falling factorial of n, and
(M)m
fm = . (4.147)
(N
Theorem 4.10 Let the numerical characteristics A= {a;, i =1,2,...,N} of a

population of size N satisfy (4.146), and let Y be the sum of characteristics in a
simple random sample of size n from Awith 1 <n < N. Let
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5> n(N—n)
O = ———,
NN —-1)
N 4 ; (4.148)
)\:n(]\/v——n)’ A4:ZG, and ]/:Z|Cl|

aeA aeA
Then with F the distribution function of Y /o,

1/ R R
IF — @ < —(—1+—2),

A 27T 2
where
R _1]2 Si + 8 S
=y o2t o*(N —n)? 2
with
Si=A !
1= A4 Na
So=As(fi —THr+6f3—6f)+3(fr— f3+ f2) —o* and
Ry=8fiy/o”.

In the usual asymptotic n and N tend to infinity together with the sampling frac-
tion f; =n/N bounded away from zero and one; in such cases A = O(1/n) and
fm = O(1). Additionally, if a € A satisfy ), 4 a® = 1 and are of comparable size
then a = O(l/\/ﬁ) which implies A4 = O(1/n) and y = O(1/4/n). Overall then
the bound provided by the theorem in such an asymptotic, which has main contri-
bution from Ry, is O(1//n).

Since distinct labels may be appended to a;, i =1, ..., N, say as a second co-
ordinate which is neglected when taking sums, we may assume in what follows
that elements of A = {a;, i = 1,..., N} are distinct. The first main point of at-
tention is the construction of a Stein pair, which can be achieved as follows. Let
X1, X2, ..., X,+1 be a simple random sample of size n 4 1 from the population and
let 7 and I’ be two distinct indices drawn uniformly from {1, ...,n + 1}. Now set

Y=X;+T and Y =Xp+T whereT = > X;.
ie{l,..n+1\{I1,1'}

As (X7, Xy, T)=4 (X1, Xy, T) the variables Y and Y’ are exchangeable. By ex-
changeability and the first condition in (4.146) we have

1 1
E(X]lY):—Y and E(X1/|Y):——Y,
n N —n

and therefore
EY'|Y)=EY -X;+Xp|Y)=>10-ANY

where A € (0, 1) is given by (4.148); the linearity condition (4.142) is satisfied.
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Before starting the proof we pause to simplify the required moment calculations
for X = {X1, ..., X,,}, a simple random sample of A. Form € N, {ky,...,k,} CN
andk = (ky,..., k) let

[k]=E( Z aklbkz---ck'”>
{a,b,....,c}C X, {a,b,....c}|=m
and

(k) = > Yk Ly,

1oy })CA 1, Y =m
Now observe that, with f;,, given in (4.147),

(K] = fin (k). (4.149)

As [Kk] and (k) are invariant under any permutation of its components we may always
use the canonical representation where k1 > - -- > k.

Let e? be the jth unit vector in R”. When the population characteristics satisfy
(4.146) we have

(ko ko, 1 Z(kl,...,km_l)JreT—‘) and

m—1
kit ki1, 2) = Gkt ket = D (K ke) +2€771),
j=1

Note then that

(2)=1
(3.1)=—(4)
(2,2)=(2)-4) (4.150)
2,1, 1)==(3,1) = (2,2) ={4) = (2) + (4) =2{4) = (2)
(I, 1,1,1) ==3(2,1,1) = —6(4) +3(2).

Proof of Theorem 4.10 We may assume n < N /2, as otherwise we may replace Y,
a sample of size n from A4, by —Y, a sample of size N — n; this assumption is used
in (4.151).
We apply Corollary 4.3, beginning with the first term in the bound. Letting X =
{Xj, j#1'} and F =0 (X), applying inequality (4.143) yields
Var(E((Y' = Y)?|Y)) < Var(E((Y' — Y)*|F))
= Var(E((X; — X1)*IF))
= Var(E(X7 —2Xp X[ + X7|F)).

For these three conditional expectations,
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E(X7|F) = —sz
beX
1
E(XpXA}“):m Y ab and E(X}F)= Za
aeX,bgX an

By the standardization (4.146) we have,
Y ey (1- T )
N—n bgX N—n aeX
d
an n(N—n)ZZ n(N—n)(X); )

acX bgX

Hence, using Var(U + V) <2(Var(U) + Var(V)),

Var(E((Y' - Y)*|Y))

Calculating the first variance in (4.151), using (4.149), we begin with

2
(E > az) =22 =(12)" = f.

aeX

Next, note

2
E(Z a2) —[4]412.2] = i)+ £(2.2)
aeX

n(N —n)

= fil4) + f2((2) - (4)) = m(‘” + /2,

n(N —n) 1
Var(Z az) = m(@) — N) =0o2S).

acX

and therefore

For the second variance in (4.151), using (4.149) and (4.150) we first obtain the
expectation

2
E(Za) =R21+[L 1= fi— fr=0" (4.152)
acX

Similarly, for the second moment we compute
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4
E(Z a) = [41+4[3,11+3[2,21+3[2, 1, 11+ [1, 1, 1, 1]
acX

= f1d) + f2(4(3, 1) +3(2,2)) + f33(2, 1, 1) + fa(1,1,1,1)
=@ (f1i=Tf2+6f3—6f4)+3(f2— f3+ fa).

The variance of this term is now obtained by subtracting the square of the expecta-
tion (4.152), resulting in the quantity 5.
Hence, from (4.151),

, 1 8
Var(E((Y' — Y)?|Y)) < = <20251 + m&),

and therefore, with W =Y /o and W =Y'/o, we have

JVar(E((W! = W2 W) = \/Var(E((¥' = 1)2IY)) Jo* = Ry.
Regarding the second term in Corollary 4.3, as
EIY' =Y = E|Xp = X, <8E|X,1P =8 3" al* =8/,
acA
we obtain

EIW —WP =8f1y/o° =Ro. U

4.6 Chatterjee’s L! Theorem

The basis of all normal Stein identities is that Z ~ A/(0, 1) if and only if

E[Zf(2)]=E[f(2)] (4.153)

for all absolutely continuous functions f for which these expectations exist. For a
mean zero, variance one random variable W which may be close to normal, (4.153)
may hold approximately, and there may therefore be a related identity which holds
exactly for W. One way the identity (4.153) may be altered to hold exactly for some
given W is to no longer insist that the same variable, W, appear on the right hand
side as on the left, thus leading to the zero bias identity (2.51)

E[Wf(W)]=E[f'(WH], (4.154)

as discussed in Sect. 2.3.3. Insisting that W appear on both sides, one may be lead
instead to consider identities of the form

E[Wf(W)]=E[f'(W)T], (4.155)

for some random variable 7', defined on the same space as W. When such a T exists,
by conditioning we obtain

E[f'WN]=E[WfW)]=E[f'WT]=E[f' WETIW)],
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which reveals that
dF*(w)
dF(w)
is the Radon—-Nikodym derivative of the zero bias distribution of W with respect
to the distribution of W. In particular, as W* always has an absolutely continuous
distribution, for there to exist a 7 such that (4.155) holds it is necessary for W to be
absolutely continuous; naturally, in other cases, considering approximations allows
the equality to become relaxed. Identities of the form (4.155), in some generality,
were considered in Cacoullos and Papathanasiou (1992), but 7 was constrained to
be a function of W. As we will see, much more flexibility is provided by removing
this restriction.
Theorem 4.11, of Chatterjee (2008), gives bounds to the normal, in the L!
norm, for a mean zero function ¥ (X) of a vector of independent random variables
= (X1, ..., X,) taking values in some space X. For the identity (4.155), or an
approximate form thereof, to be useful, a viable 7 must be produced. Towards this
goal, with X’ an independent copy of X, and A C {1, ...,n}, let X# be the random
vector with components

E(T|W=w) =

X, jeA,
X4 = { iJ (4.156)
Xj ] ¢ A.
Fori € {1,...,n}, writing i for {i} when notationally convenient, let
Ay (X) =y (X) — ¢ (X)), (4.157)

which measures the sensitivity of the function y to the values in its ith coordinate.
Now, for any A C {1,...,n}, let

Ti= Y AU 0AY(XY) and T= Ta

A 4158)
n
i¢A 2 i () (2 = 1A

Theorem 4.11 Let W = W (X) be a function of a vector of independent random
variables X = (X1, ..., Xy), and have mean zero and variance 1. Then, with A; as
defined in (4.157) and T given in (4.158) we have that ET = 1 and

|LW) — L£(2)|, </2/m/Var(E(T|W)) + ZE|A v X[,

We present the proof, from Chatterjee (2008), at the end of this section.

To explore a simple application, let ¥ (X) = > "7, X; where X1, ..., X, are in-
dependent with mean zero, variances 012, e 02 summing to one, and fourth mo-
ments 7q,...,T,. For AC{l,...,n}andi ¢ A,

Ay (X)) =y (X*) - w(XA“’)

:ZXJ""ZX;'_(Z X+ Z X}):Xi—le. (4.159)

j¢A jeA j¢AUi jEAUI
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Hence,
Ta=Y Ay XA (XY) =D (X: — X))°,
i¢A i¢A
and
r_1 _ Ta
2 i |A|sn (1) (r = 141)
DI
== T A
2= Q0-a AC(l,...n}, |Al=a
1 n—1 1 5
e Y Yw-x)
2= Q0-a AC{l,...n},|Al=a i¢A l
n—1
-2 > 0w Z S (-x)
—0 i=1 AC{l,...,n}, |A|=a,AFi
Asforeachi €{l,...,n} there are (”; ) subsets of A of size a that do not contain i,
we obtain
n—1
=% Z (X; — X}) > 1
0 —a) 5 AC{l,...n}, |Al=a, A

<é "l - x) )(’émcr»

For the first term in the theorem, applying the bound (4.143) with F the o-
algebra generated by X we obtain

Var(E(T|W)) < Var(T) = i 3 var((X; - X])°) = % > (xi+307).
i=1 i=1

From (4.159),
1 n
SO Elaip x|’ = ZE\X x)P<= Z( (x; — x7)")*
i=1

ll
3/4
21/42 r,+3a)/

Invoking Theorem 4.11 yields,
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n

1 1 « 3

4 4\3/4

lcow) — L£(2)], < ;Z(r,- +30) + mZ(r,- +301)7".
i=1 i=1

When X1, ..., X, are independent, mean zero variables having common second

and fourth moments, say, o> and 7, respectively, then applying this result to W =
(X1 + -+ X,)/+/n yields

Jeons - el =2 (L 30 gl (e 4309

For a different application of Theorem 4.11 we consider normal approximation
of quadratic forms. Let Tr(A) denote the trace of A.

Proposition 4.7 Let X = (X, ..., X,) be a vector of independent variables tak-
ing the values +1,—1 with equal probability, A a real symmetric matrix and
Y = Ziﬁj a;jX; X j. Then the mean p and variance o2 of Y are given by

1
w=Tr(A) and o°= 5 Tr(A?), (4.160)
and W = (Y — n)/o satisfies

1 1/2 7 n n
lcew)y — £(Z) ”1 < (m Tr(A4)) + 53 Z(Z ai2j>
i=1 \j=1

3/2

Proof The mean and variance formulas (4.160) can be obtained by specializing The-
orems 1.5 and 1.6 of Seber and Lee (2003) to X with the given distribution. By
subtracting the mean and then replacing a;; by a;; /o it suffices to prove the result
when a;; =0 and 62 = 1. Letting

VY (x) = Z a;jXxiXj
i<j
for x € R”, with x' the vector x with x] replacing x; and using the symmetry of A
we have

Ay (%) = (x) — ¥ (x')
= Z ajjxixj + Z ajixjXi — Z aijx;xj — Z ajixjx;
Jri<j Jry<i Jri<j Jri<i
n
= (x; —x{)Zaijxj.
j=1
By replacing x above by X4, for i ¢ A we have
Ailﬁ(XA) = (Xi — X;)(Za,-J-XJ- + Zain;-).
j¢A jeA

We apply the bound Var(E(T'|W)) < Var(E (T |X)), from (4.143). For the calcu-
lation of E(T|X), with A C {1,...,n}andi ¢ A, using that X;, le arein —1, 1, we
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have

E(Ay(X) A9 (X?)X)

oo {fon) g g
= (S (o0 (S + o))

JEA JeA

:2<§ainj)E<(1 _ X,-X;)(MZAGUXJ' +jEZAain}>
—2{ e ) (S ),

J¢A

where, since i ¢ A, all the remaining terms have conditional mean zero. Hence we
may write

)

E(Aiy X) Ay (X X) =2 Z aijai X j Xr.

jell,...n}, k¢ A
Summing over all i ¢ A, (4.158) yields
ETyX)=2)" > ajauX;Xr.
i¢A je{l,...n}, k¢A

From the definition of 7', again from (4.158),

1 T,
E(TX) =~ Th
2 Ac{lz;., (|A|)(” — |A])

|Al#n

- X T, I e

Ac(l, ... |A| igA je(l,..n) kA
|A|7‘é”
- 1
5 o D e
=1 AC{L,..n} (1) 02 = 14D i¢A kA
|Al#n
1
B B P D ey
1<i,j.k<n An{i,k}=p \IA|
n—2 1
= 2 weXiXe), DL e
1<i, jk<n a=0 AN(i,k)=7, |A|=a \a

n—2 n—2
= Z ajjaix X j sz%

1<i,j,k=<n
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Letting b j; = lei,jsn ajiaix, the jkth element of A2, again using Xl.2 =1,
1
2 4
Var(E(T|X)) =Var<2bjkxjxk) =) by < > Tr(4%).
Jj<k Jj<k

To bound the final term in Theorem 4.11, we apply Khintchine’s inequality, see
Haagerup (1982), which yields

n p n r/2

here B 1 0<p<2,
WEEEP = 2120 ((p + /2P 2 < p < o0,

In particular B;’ < 1.6, and using the fact that X; is independent of the event

{X; # X!}, we obtain
3 " 32
2
< 7<Z]a,.j) | .
]:

To consider some further examples, we make the following definition. With X’
the space in which our random variables take values, given n € N suppose there is a
map G, or ‘graphical rule’, which to every x € X" assigns an undirected graph, that

E

n
Zal-jxj

j=1

E|aiy (X)) =4E

is, a collection of edges G(x) on the vertices {1, ...,n}. We will say the map G is
symmetric if it respects the action of permutations, that is, if for every permutation
mof {l,...,n}and any (xq,...,x,) € X",

i, j}: {i, j} € G(xnqr)s -y X)) )
={{z@).7()H}: i, j}eGxr, ..., xn)}.

Now fixing m > n, we say the vector x € X" is embedded in the vector y € X"
if there exist distinct indices iy, ...,i, in {1,...,m} with x; = y; for 1 <k <n.
A graphical rule G’ on X™ will be called an extension of the rule G if whenever the
vector X € X" is embedded in y € X the graph G(x) on {1, ..., n} is the naturally
induced subgraph of G(y) on {1, ..., m}.

Now let x and x’ be any two elements of X”. For every i € {1,...,n}, let x' be
the vector obtained by replacing x; by x/ in x, and, for i and j distinct elements of



122 4 L' Bounds

{1,...,n}, let X'/ be similarly obtained be replacing x; and x j inx by x! and x},
respectively. With ¥ : x* — R, we say the coordinates i and j are non-interacting
with respect to the triple (v, x, x') if

v -y () =y (x) -y (x/)

We will say that G is an interaction rule for a function v if for any choice of x, x’
and i, j, the event that {i, j} is not an edge in the graphs G(x), G(x'), G(x/), G(x/)
implies that i and j are non-interacting vertices with respect to (v, x, x’). With these
definitions in hand, we can now state the following theorem; we present the proof,
from Chatterjee (2008), at the end of this section.

Theorem 4.12 Let the symmetric map G be an interaction rule for ¥ : X" — R,
and X = (X1, ..., Xy) avector of i.i.d. X valued variates such that W = (X)) has
mean zero and variance 1. For eachi € {1, ..., n} define

A (X) =y (X) -y (X')
where X' is an independent copy of X, and let

M= _max A (XD (4.161)

.....

Let G be any extension of G on X" 4, and set
8 =1+ degree of vertex 1 in G' (X1, ..., Xn14). (4.162)

Then for some universal constant C,

|lcow) = £(2)|, < cn'2E(M®) *E(s%)"* + % S E|aiv P,
i=1

Following Chatterjee (2008), we apply Theorem 4.12 to prove an L' bound to
the normal for two problems which stem from the theory of coverage processes;
the volume of the region covered by the union of n balls with random centers and
some radius, and the number of such centers that are isolated at some radius; see
Hall (1988) and Penrose (2003) for more background. Generally, we may work in a
separable metric space (X, p), and for the first case, we take as given one endowed
with measure A. Let the components of X = (X1, ..., X;;) be i.i.d. with values in X.
For some fixed radius r > 0, let R be given by

R=R(X) where R(x)= U B(x;, 1), (4.163)
i=1

with B(x, r) the closed ball of radius r centered at x. Proposition 4.8 gives an L!
bound to the normal for the ‘covered volume’ A(R (X)) in terms of

Ky = sup A(B(u,r)), (4.164)
ueX

an upper bound to the volume of any ball of radius r.
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By very similar reasoning, we also derive an L' bound to the normal for the
number S of isolated points, or singletons, given by

n
S=8(X) where S(x) =Y 1({x1,....xs) N B(xi,2r) = {xi}), (4.165)
i=1
that is, the number of points of X such that the ball B(X;, r) had empty intersection

with B(X, r) for all j # i. Proposition 4.8 gives an L' bound to the normal for S
in terms of

Ks= sup{k: 3x € X1 such that B(xiy1,7) N B(x;, r) # %, and
B(xi,r)N B(xj,r) =@ forall distinct 1 <i, j <k},  (4.166)

which is an upper bound to the number of points in any collection from X which
may become isolated upon the removal of a single point. In Euclidean space, the
number K is a lower bound to the so called kissing number, the maximum number
of spheres of radius 1 that can simultaneously touch the unit sphere at the origin;
see Zong (1999), Conway and Sloane (1999), and Leech and Sloane (1971) for
estimates on the kissing number. For example, in two dimensions Kg =5, since
at most five unit circles can intersect another unit circle without intersecting each
other, while the kissing number in two dimensions is 6.

Proposition 4.8 With p = P(p(X1, X2) < 2r) we have

Cnl/zK‘z,(l + np) n nK‘3,

2 3
oy ZUV

lLowy) - L), <

for some universal constant C, with wy = EYy, 0‘2, = Var(Yy) and Wy = (Yy —
wy) /oy, when Yy = L(R) with R as given in (4.163) and Ky as in (4.164). The
same bound holds for Ys = S in (4.165) and Ws = (Yy — us)/os where jus = EYs
and og = Var(Yy), with the same constant C, upon replacing oy and Ky by os and
K, respectively.

Proof 1Tt suffices to prove the theorem when the variables standardized to have mean
zero and variance one; we apply Theorem 4.12. First we consider R, and let ¥ (x) =
A(R(x)) for x € X". Let G(x) be the graph on {1, ..., n} with edges between points
i and j if and only if p(x;,x;) <2r. Clearly the graphical rule G is symmetric, as
distances are unchanged by relabeling.

We verify that G is an interaction rule as follows. With x and x” any points in X,
let x' and x”/ be obtained by replacing the ith, or both the ith and jth, coordinate
respectively of x by those of x'. Writing B; and B} for B(x;,r) and B(x;., r) re-
spectively, we let

Ri=|JB; sothat y(x)=R;UB; and ¢ (x)=R;UB,.
J#i

Hence,
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Y (x) — ¥ (x') = A(R; UB;) — A(R; U B))
=A((R; UB) N (R; UB))") —A((R; UB/) N (R; U B;))
=A(B; N (B}) N R) — A(B/ N Bf N RY)
=A(BiNR{) — A(B/NRY),

where we obtain the last inequality by adding and subtracting A(B; N B} N RY).
Hence, with N;(x) be the set of indices j % i of the neighbors of x; in the graph

g(x),

w(x)—¢(xi):k(Biﬂ< U Bj>c>—x<3;m( U Bj)c) (4.167)

JEN; (X) JEN; (x/)

The pair {i, j} fails to be an edge in the graphs G(x), G(x'), G(x/), G(x/) if and only
no member of {x;, xlf} is a neighbor of {x;, x}}, in which case N;(x) = N;(x’/) and
N;(x') = N;(x'/), and ¥ (x) = ¥ (x') and ¥ (x') = ¥ (x/). Thus G is an interaction
rule. In addition, (4.167) shows that for all x e X" andalli =1,...,n

A )] =Y &) — ¥ (x)| <A(B(xi,r) < Ky. (4.168)

Hence we may take M = Ky in the first term in the bound of Theorem 4.12, and
also apply this same estimate to the second term.

Defining the graph G’ on (x1, ..., X,44) € X™* by placing edges between any
two points using the same rule as for G, the rule G’ clearly extends G. As each of the
n + 3 points x7, ..., X,+4 1s independently a neighbor of x; with probability p,, we
have that § — 1 ~ Bin(n + 3, p;). As E(§ — D* = n4p4 + 0(n3), we may bound
(Es*)/* by some constant times 1 4 np, completing the argument for R..

The calculation for S is similar. Let ¥ (x) = S(x) and take G to be the same
graphical rule as the one used for R. As the removal of a point from x € X" can
cause at most K g points to become isolated,

Ay )| =y x) — ¥ (x)] < Ks.

As the graph for § is the same as for R, the distribution and bounds for the degree
4 are the same as for R. ]

To test the quality of the bounds, we specialize to Euclidean space, and in the case
of V, let A be the Lebesgue measure. Specializing a bit further, we take the points
X1, ..., X, uniformly and independently in the cube C,, = [0, nl/ d)d in R?, with
periodic boundary conditions. Then letting v, = 4?2/ T (1 + d/2), the volume
of the radius p ball in dimension d, we have Ky = v,. Now assuming r < nl/d /2
we have p = vy, /n. By Goldstein and Penrose (2010),

lim n~'o} =gy (4.169)
n—oo

with an explicit gy > 0, showing the bound of Proposition 4.8 to be of order n~1/2.

Similar remarks apply to S. In particular, Kg, as a lower bound on the kiss-
ing number, is bounded in any dimension as n — 00, and (4.169) holds for some
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gs > 0 when 0‘2, is replaced by USZ. At the cost of considerable more effort, Gold-
stein and Penrose (2010) apply Theorem 5.6 to obtain bounds of order n~!/2 for
the Kolmogorov distance for both the standardized V and §, with explicit con-
stants.

Though Chatterjee’s approach might at first glance seem to bear little connection
to the methods already presented, and (4.158) indeed appears a bit mysterious, Chen
and Rollin (2010) have an interpretation which fits it into a general framework that
contains a number of previous techniques mentioned, the exchangeable pair and
size bias methods in particular. Chen and Rollin (2010) consider an identity of the
form

E[Gf(W')—Gf(W)]=E[Wf(W)], (4.170)

for some triple (W, W/, G) of square integrable random variables. If W/, W is a
A-Stein pair then by (2.35) identity (4.170) is satisfied with

1
G=—W—-W).
77 ¢ )

If Y® is on the same space as Y and has the Y-size biased distribution, and if
EY = u and Var(Y) = o2, then by (2.64) the variables W = (Y — u)/o and
W' = (Y® — ) /o satisty (4.170) with G = u/o.

Chatterjee’s approach is also included in the framework of Chen and Roéllin
(2010), by the method of ‘interpolation to independence’, as follows. Suppose W is
a mean zero, variance 1 random variable, and for each i € {1, ..., n} we have a ran-
dom variable W/ which is close in some sense to W. Suppose there exists a sequence
of random variables Vj, ..., V, such that Vo = W, that V and V,, are independent,
and that

(W, Vic), (W, Vi) =a (W, V;), (W, V1)) foralli=1,...,n.

Note in particular we must therefore have W =, Wl.’ and V; =4 V;_1, so all ele-
ments of the sequence Vj, ..., V, are equal in distribution, and have mean E[Vy] =
EW = 0. Given such variables, letting / be uniform over {1, ..., n} and independent
of the remaining variables and

n
G= E(VI - Vi—1),

we have, by telescoping the sum, using the independence of V,, and W on the
first term and taking conditional expectation with respect to W on the second,
that

1 n
E[GF(W)] =3 3 (Vi = Vie) f(W)
i=1

1
= E(Vn — Vo) f(W)

1
=—5E[WfW)].
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while

1 n
E[GfW] =3 > (Vi = Vi) f(W)
i=1

1 n
== _(Vi=Vie) f(W)
i=1

1

=—5E[GfW)]
1

= 5E[Wf(W)].

Hence (4.170) is satisfied with W' = W;.

Now when W = ¢(X), a mean zero, variance one function of i.i.d. variables
X1, ..., X, one can construct the required sequence Vy, ..., V, by setting V; to be
the function ¢ evaluated on X{,..., X}, X;11,..., X,, where X! is an independent
copy of X;. Let also Wl./ =y (X'), where X' is the vector X with X l/ replacing X;.
It is clear that Vo = W, and is independent of V. In the notation of (4.156) we
have
W/ =y (X) and V; =y (X!

1

Now consider the variation where 7 is a random permutation independent of the
remaining variables, and we interpolate to independence in the order determined by
7, that is,

Then (4.170) is satisfied with

1 / /
G =5 (Waity = Wran):
where [ is an independent index chosen uniformly from {1,...,n}. Moreover,

bounds to the normal in this framework involve conditional expectations such as
(4.144), and in particular E(G(W’ — W)|X, X') is the expression (4.158), see Chen
and Rollin (2010) for details.

We now present the proof of Theorems 4.11 and 4.12, starting with some prelim-
inary lemmas.

Lemma 4.8 Let X = (X1, ..., X,,) be a random vector with independent x valued
components. Then, for any functions ¢,V : x" — R such that E¢(X)? and Ev (X)?
are both finite,

_1 > . D E[AjpX)A;¥(XY)].

Cov(p(X), ¥ (X)) m
acim (i) —14D <
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Proof First, we claim that

.....

=y X) —yvX). 4.171)

In particular, note that for any set A C {1,...,n}, except A ={1,...,n}, as there
are n — |A| elements j ¢ A, these set appear in (4.171) with a positive sign a total
of

1 ( |A|) 1
—— X (n— =——
(|Z|)(” — 1Al (|Z|)
times. Similarly, any set B C {1, ..., n}, except B = ¢, can be represented as B =
A U j for | B| different sets A, so these sets appear with a negative sign a total of
1 1B 1
X = —
(|B|n—1)(” — B[+ 1) (\?ﬂ)
times. Hence only the terms A = and AU j = {1, ...,n} do not cancel out, the
first one appearing with a coefficient of 1/ (g) =1, and the latter with coefficient
() =1,

Now, forafixed Aand j ¢ Alet U = ¢p(X)A jl/f(XA), a function of the random
vectors X and X'. Note that upon interchanging X ; and X ; the joint distribution of

(X, X’) is unchanged, while U becomes U’ = —¢(X/)A jl/f(XA). Thus,
1 1
EU=EU =ZEU+U) = 5[qub(X)ij//(XA)].
Combining these observations yields

Cov(¢p(X), ¥ (X)) = E[p Xy (X)] — E[¢ X ] E[v (X)]
=E[pX) (v X) — v (X))]

= Y o S Elp0a (X))

n
AC{L,...n) (4) @ — 14D Y

_ % 3 (; Y E[aj6X)Av(XY)],
)

|A|)(n - IAI) j¢A
as desired. O

Lemma4.9 Let W = (X) with EW = 0and Var(W) = 1 where X = (X1, ..., X,)
is a vector of x valued, independent components, and let T be given by (4.158).
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Then, for any twice continuously differentiable function f with bounded second
derivative, we have

E(ranw) - E(f'on)| < 1]

S el uel.

j=1
where T is given by (4.158).
Proof Foreach A C {l,...,n}and j ¢ A, let
Raj=2;(f o )X)A;(¥(X"))
and
Raj=f(0X) A0 (w(X4)).
By Lemma 4.8 with g = f o ¢, we have

1 1
E[f(W)W] == Z —ZERA,J-. (4.172)
2 AC(l,...,n} (IAI)( 4D JEA
|Al#n
By the mean value theorem, and Holder’s inequality, we have
||f”|| A
E|Raj — Rajl < =5 E|(8;9(X)"A; (v (X*)]
_ IIf”IIE (A
R INC R @173
From the definition of T,
1
ffWT == A (4.174)
2 AC{lX,.:.., (|A|)( — 14D Z -
|Al#n

Combining (4.172), (4.174) and (4.173), we obtain

E|f(WW — Ef (W)T|
1 1

~ 2 ————— Y E(Raj—Rj»)
‘2 Acgj..,n} (|A|)( |A|) Z ;T
|A|#n
(2l 1 .
= Y RVIEEETN E|A ;v (X)
4 AC{]Z;.,n} (|A|)(” —|Al]) MZA 4, |
|Al#n
Tl
4

as claimed. O
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Proof of Theorem 4.11 Let h be any absolutely continuous function with ||A’|| < 1,
and let f be the solution to the Stein equation for 4,

Eh(W)— Nh=E[f' (W) — Wf(W)].

By (2.13) of Lemma 2.4, we have that || f'|| < +/2/m and || f”|| < 2. Setting ¢ = ¢
in Lemma 4.8, we obtain ET = E W2 = 1. Therefore

|[ER(W) — Nh| < E|f'(W) = Wf (W)
<E[f' (W)= f'WT|+E|f' (W)T = Wf(W)]
<V2/TE|E(T|W)— 1|+ E|f'(W)T — Wf(W)|
1 n
< V2/m[Var(ETIW)] + 2 3 E[a X
j=1

by the Cauchy—Schwarz inequality, and Lemma 4.9. The proof is completed by
taking supremum over /4, noting (4.8). U

We now proceed to the proof of Theorem 4.12. By Theorem 4.11, it suffices to
bound Var(E(T|X)). For this reason, the proof of Theorem 4.12 follows quickly
from the following upper bound.

Lemma 4.10 Let X be a vector of i.i.d. variates, A C {1,...,n} with |A| # n,
and Ta, M and § given by (4.158), (4.161) and (4.162), respectively. Then there
exists a constant C such that

Var(E(T4X)) < C(EM®)'*(E5*)'?/n(n —A)).

For the remainder of this section, we make the convention that constants C need
not be the same at each occurrence. Deferring the proof of Lemma 4.10, we present
the proof of Theorem 4.12.

Proof By the definition of T and Minkowski’s inequality, we obtain
[Var(E (T4 [X))]'/?
Ac(l,...n} (ja)) (2 = 14D

[Var(E(T]X))]'/* <

Substituting the bound from Lemma 4.10 yields
n1/4(n _ |A|)1/4

Var(E(T1X))V% < c(EM®) 4 (EsH)'/? .
[vert ) (EME) () actim (a)—14D

_ C(EM8)1/4(E84)1/4 Xn:nl/4k_3/4
k=1
— c(EM®)'*(Es%) /012,

Now invoking Theorem 4.11 completes the proof. |
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It remains to prove Lemma 4.10. We proceed by way of the following preliminary
result.

Lemma 4.11 Suppose that G is a symmetric graphical rule on x" and X =

(X1,...,Xy) isavector of i.i.d. x-valued random variables. Let dy be the degree of
vertex 1 in G(X), and, for any k <n — 1, let i,iy, ..., ix be any collection of k + 1
distinct elements of {1, ...,n}. Then
E(
P(ii.i) € GX) forall 1 <1 < k) = Dk (4.175)
(n— Di
where (r)i stands for the falling factorial r(r — 1) ---(r —k +1).
Proof Since G is a symmetric rule and X1, ..., X, are i.i.d., the probability

P({i,ii} e GX) forall 1 <l <k)
does not depend on i, i1, ..., ix. Hence

P({i,ii} e GX)forall 1 </ <k)

1
- (n—1) Z P({i, ji} € GX) forall 1 <! <k).
" K s b\ (i)
{Jj1s-- Jk} =k

> 1({i. ji} € GX) forall 1 <1 < k) = (di).
U jid AL onh\{i}
Wt b=k

where d; is the degree of vertex i. As d; and d; have the same distribution, the
argument is complete. O

To prove Lemma 4.10 we require the following result, the Efron—Stein inequality,
see Efron and Stein (1981), and Steele (1986).

Lemma 4.12 Let U = g(Y1, ..., Yy) be a function of independent random objects
Yi,..., Yy, and let Y] be an independent copy of Y; fori =1,...,m. Then

1 m
Var(U) < 5 Y T E(g(Yio Yot ¥ Vgt Vo) —g(Vi,.... Y.
i=1

Proof of Lemma 4.10 Fix A C {1,...,n} with |A| #n. Foreach j ¢ A, let
Ry =A;y(X)A ¢ (X?)
= (VX -y (X)) (v (X*) — v (X*)).

Let Y = (Yq,...,Y,) be a copy of X, which is independent of both X and X'. For a
fixedi € {1,...,n}let

X=X1,....Xi-1, Y, Xig1,..., Xpn).
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Similarly, for each B C {1, ..., n}, let

553:{(;(8,... XE YL XE XD ifi¢ B,
X? ifi € B.
Now let

Rji =y X) — v (X)) (v (X*) -y (X)),
and put

2
hi = E(Z(Rj - Rﬁ)) :
j¢A
It follows from inequality (4.143) and Lemma 4.12 that

1 n
Var(E (T4 [X)) < Var(Ty) < > h. (4.176)
i=1
Hence, we turn our attention to bounding /;, and note that we need only consider
Jj ¢ A.When j #i let

dj; =1({i. j} € G(X)),
dj; =1({i, ne@(Xf))
d;; =1({i.j} e GX)) a
dj; = 1({i. j) eg(XJ))

Suppose in a particular realization we have d ]11 = djz.i =d ]3'1' = d;.‘l. =0. Since G is
an interaction rule for v, on this event we have

Y (X) — (X)) =y X) -y (X)),

If we now take X4 and X4 in place of X and X and define e! ji 31 ei?l. and e‘}i
2 3

analogously, then when ¢! ji=ei=ej= =t ji= = (0 we have

¥ (X4) = v (XY) =y (K1) -y (XAY),
whether i € A or not. Now, let

L; =%aX}Aj¢(X)Aj¢(XA) — A XA v (XA,

From the preceding considerations, when j ;é i
IR; — Rji| < L; Z (d%; +

When j =i then i ¢ A and we have |R; — Rj;| < L;. The Cauchy—Schwarz in-
equality now yields

4-1/2
hi < [EL4 <1(1¢A)—|— > Z (d5; + ) } . (4.177)

JEAUI k=1
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Applying the inequality (3/_;a)* <r3Y7_, a;‘ , we obtain

4
(1(t¢A)+ >, Zd" +ek, )

JEAUI k=1
4 4 4 4
<91 e A)+93ZE( > d§i> —|—93ZE< > e’;,.> .
k=1 j¢AUI k=1 j¢AUI
To handle the first term in the first sum, from Lemma 4.11, for any j, k, [ and m,
ES"

E(d dkldlld1 ) c nrl’

where r is the number of distinct indices among j, k, [, m, and §; is the degree of
vertex 1 in G(X). Recall the definition of § from (4.162), and observe that § > 81 + 1.
It follows easily that

E( 3 d},.>4 < CE(34)(" _n|A|).

Now we consider bounding E (d2 d2 d?d?.). First suppose that j, k, [, m are dis-

1i%"mi
n+4

tinct. Now let X be the random vector in X given by

~

X=(X1,..., Xn, X}, X, X[, X))

Note that if d7; = d; = dj; = d, =1 then {i,n +1}, {i, n +-2}, {i, n+3} and {i, n +

4} are all edges in the extended graph ¢'(X). Since G’ is a symmetric rule and the
components of X are i.i.d., it follows from Lemma 4.10 that

Es*
E(d}djdidy,;) < C—r.

Now, suppose j, k, [ are distinct, and that m =[. Let s € {1, ..., n} be distinct from
J, k and [, and define

X=(X1,.... Xp, X}, X}, X, X})
and argue as before to conclude that in this case

ES§3
2 2 2 2 2
E(d};dgdjidy,;) = E(dj;dgdp;) < C—3

In general, if r is the number of distinct elements among j, k, [, m, then
ES§"

n"

E(djdgdfdy,;) < C

From this inequality we obtain as before that

(,%d ) < CE( 34)(”%"”).



4.7 Locally Dependent Random Variables 133

The d3, e! and €3 terms can be bounded as the d! term, while the d4, e? and ¢*
terms like the d? term. Combining, we conclude

4
k N n—|A|
(1(1¢A)+ > Zd + e, ) §CE(8)<1(1¢A)+ . )

J¢AUI k=1

As M = max; |A;y(X)| have EL;1 < CEMS, and applying these bounds in
(4.177), along with the inequality \/x +y < /x + ,/y for nonnegative x and y,
we obtain

—]A
hi < c(EM8)”2(E54)“2<1(i ¢ a4 A )
n
Substituting this bound in (4.176), we obtain

Var(E(T4 X)) < C(EM®)?(EsY)*(n = 1A] +/n(n — A)))
< c(EM®)*(Es*)' > /nn = |A]),

completing the proof. ]

4.7 Locally Dependent Random Variables

In this section we consider L' bounds for sums of locally dependent random vari-
ables. We being by recalling that an m-dependent sequence of random variables
&, i € N, is one with the property that, for each i, the sets of random variables
{§j, j <i}and {§;, j > i+ m} are independent. Independent random variables are
the special case of m-dependence when m = 0. Local dependence generalizes the
notion of m-dependence to collections of random variables indexed more generally.
The concept of local dependence is applicable, for example, to random variables in-
dexed by the vertices of a graph such that the collections {&;, i € I} and {§;, j € J}
are independent whenever / N J = (J and the graph contains no edges {7, j} with
ieland jeJ.

Let J be a finite index set of cardinality n, and let {&;,i € J} be a random
field, that is, an indexed collection of random variables, with zero means and finite
variances. Define W = Ziej &;, and assume that Var(W) = 1. For any A C J let

A={jeJ: j¢ A}l and &x={&: i€A}

We introduce the following two conditions, corresponding to different degrees of
local dependence.

(LD1) Foreachi € J there exists A; C J such that & and & Ac are independent.
(LD2) For each i € J there exist A; C B; C J such that §; is independent of & A¢
and &4, is independent of & BE-
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Clearly (LD2) implies (LD1). Whenever (LD1) or (LD2) hold we set
=Y & and T,=) & (4.178)
JEA; JEB;

respectively. Note that when {&;, i € J} are independent (LD2) holds with A; =
B; ={i}, in which case n; = t; =&;.

Theorem 4.13 Let {&;, i € J} be a random field with mean zero and Var(W) = 1
where W = Ziej & . If (LD1) holds then, then with n; as in (4.178),

2
|l£ow) - £2)], < \/;E > {emi - E(&ni)}' + Y El&n;

ieJ ieJ
and if (LD2) holds, then with n; and t; as in (4.178),

lcow) —£2)|, <2 (El&mitil+ |EEnd|Elnl) + ) E|&n7]. (4.180)
ieJ iedJ

, (4.179)

We remark that for independent random variables, applying Holder’s inequality
to the bound in (4.180) yields 5, 7 El&i |3, somewhat larger than the constant of
1 given by Corollary 4.2.

Proof Assume (LD1) holds and let f = fj, be the solution of the Stein equation
(2.4) for an absolutely continuous function % satisfying ||A|| < 1. By the indepen-
dence of & and W — n;, and that E§; = 0, we have

E{Wf(W)} =) E&f(W)= )Y E&[f(W)— f(W—n)].
ieJ ieJ
Now adding and subtracting yields

E{WfW)} =Y E{&[f(W) = fF(W —m) =i f'(W)]}
ieJ
+E{(Zsmi)f/<W>}. (4.181)
ieJ
Now, using again that E&; = 0 for all i, from (LD1) it follows that
I=EW>=) "% E{&&}=) El&n,
ied jeJ ieJ

and so

E{(f' W) —WfW)}= —E(Z{&m - E(Sim)}f/(W))
ieJ

= D E{&[f W) — F(W —n) —ni f/(W)]}. (4.182)
ieJ
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By (2.13), | f'll < +/2/7 and || f”|| < 2. Therefore it follows from (4.182) and a
Taylor expansion that

|ER(W) — ER(Z)| SEE

Now (4.179) follows from (4.8).
When (LD2) is satisfied, /(W — ;) and &;n; are independent for each i € J.
Hence, using (4.182), we can write

> & - E(Sim)}‘ + Y El&m;].

ieg ieJ

|ER(W) — ER(Z)|

<|EY {&mi — EEnm)}(f' (W) — f/(W — n))‘ + Y El&n;]|
ieJ ieJ
<2 (El&minl+ |EG)|Elnl) + Y E|&n?],
ieJ ieJ
as desired. O

We provide two examples of locally dependent random variables. We refer to
Baldi and Rinott (1989), Rinott (1994), Baldi et al. (1989), Dembo and Rinott
(1996), and Chen and Shao (2004) for more details.

Example 4.1 (Graphical dependence) Consider a set of random variables {&;,i € V}
indexed by the vertices of a graph G = (V, £). The graph G is said to be a depen-
dency graph if, for any pair of disjoint sets I'; and I'; in V such that no edge in £
has one endpoint in I'; and the other in I';, the sets of random variables {&;,i € '}
and {&;,i € I';} are independent. Let

Ai={i}U{jeV: {i,jle&}
and B; = UjeAi A;. Then {&,i € V} satisfies (LD2). Hence (4.180) holds.

Example 4.2 (The number of local maxima on a graph) Consider a graph G = (V, &)
(which is not necessary a dependency graph) and independent and identically dis-
tributed continuous random variables {Y;, i € V}. Fori € V define the indicator vari-
able

1 ifY,->ij0ralljeJ\/,-,
& = .
0 otherwise

where N; = {j € V:{i, j} € £}. Hence & = 1 indicates that Y; is a local maximum
and W =) ;.\, & is the total number of local maxima. Letting

Ai=(iyUN; U [ JWN; and Bi =] 4
JEN; JEA;

we find that {&;,i € V} satisfies (LD2), and therefore (4.180) holds. Bounds in L*°
for this problem are considered in Example 6.4.



136 4 L' Bounds
4.8 Smooth Function Bounds

In defining a distance ||[£(X) — L(Y)]|% through (4.1) one typically chooses H to
be a convergence determining class of functions, that is, a collection of functions
such that if {X,},>0 is any sequence of random variables then

Eh(X,) — Eh(Xp) forall h € Himplies X, —4 Xo.

A convergence determining class can consist of functions all of which are very
smooth, such as the collection of all infinity differentiable functions with compact
support.

To describe the collection of functions we consider in this section, following
E.M. Stein (1970), let L7 (R) be all functions & : R — R satisfying ||A]| Loor) < 00
where

Iz = max 1]

That is L,°(R) consists of all functions possessing m bounded derivatives. Now let
IL(W) — L(Z) |, be the distance which is obtained through (4.1) by setting

Humyoo = {h € Lyt (R): ||l ooy < 1} (4.183)

In the following section we show how fast rates of convergence can be obtained
under a vanishing third moment assumption when inducing our distance by H4 oc.
In Chap. 12 we prove a smooth function theorem in R” using a multidimensional
generalization of the distances defined here, and produce bounds in that distance
for the problem of counting the number of vertices in a random graph that have
specified degree counts.

4.8.1 Fast Rates for Smooth Functions

In this section we first prove Theorem 4.14, a smooth function theorem parallel to
Theorem 4.9, for the zero bias coupling as discussed in Sect. 2.3.3. Comparing The-
orems 4.9 and 4.14, we see that the latter requires the computation of a conditional
expectation of a difference, rather than of a difference squared, and that the second,
or remainder term is of a square, rather than a cube. Lastly, Theorem 4.9 requires
the linearity condition (4.108) to be satisfied, whereas Theorem 4.14 does not. After
the proof we apply Theorem 4.14 in an independent case to show that fast rates of
convergence for smooth functions are obtained when fourth moments exist and third
moment vanishes.

Theorem 4.14 Let W be a mean zero, variance 1 random variable and suppose that
the pair (W, W*) is given on a joint probability space so that W* has the W -zero
biased distribution. Then
1 1
| £W) =L@y, < §E|E(W* — WIW)| + gEW — W)2.
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Proof Let g be the solution to (2.19) for a given h € H4 . By the bounds in
Lemma 2.6

(Ol <) g [o@) <t (4.184)
3 4
By (2.19), (2.51), and Taylor expansion,

|ER(W) — Nh| =|E(g" (W) — Wg'(W))|
=|E(g"(W*) — g"(W))]

*

< [Eg®W)(W* —W)| + ‘E/ gY@ W* = 1)dt|.
w

Conditioning on W we may bound the first term as
E[O W) E(W — wiw)]| < ¢ || ELEW - wiw)].

For the second term

*

‘E/ gY@ (W* = 1)dt
w

< e Ew - wy

| =

Applying (4.184) completes the proof. U

We now apply Theorem 4.14 to the sum of independent identically distributed
variables and show how the zero bias transformation leads to an error bound for
smooth functions of order n~!, under additional moment assumptions which include
a vanishing third moment.

Corollary 4.4 Let X1, X2, ..., X, be independent and identically distributed mean
zero, variance one random variables with vanishing third moment and EX 4 < 0.

Then, for W =n=1/23"1"_, X;,

1
|£W) = LDy, < 5 (11 + EXY).

24n
Proof Fori=1,...,nlet X} have the X;-zero biased distribution and be indepen-
dentof X;, j=1,...,n,and I arandom index independent of X;, Xl’.k, i=1,...,n
with distribution
P(I=i)=1/n.

Then, by Lemma 2.8 and the scaling property (2.59),
W =W — X;//n+ Xj//n

has the W-zero biased distribution.
From substituting f(x) = x2/2 into (2.51), forevery i =1, ..., n we have

EX] = (1/2)EX,-3 =0 and therefore EXj=0. (4.185)
Next, using that X1, ..., X,,’s are i.i.d., and therefore exchangeable, E(X;|W) =

N
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Now, by the independence of X }‘ and W, and (4.185), we obtain
E(WW*—W|W)=n""2E(X} — X/|W)
=n""2(E(X}) — E(X[|W))
=-—n"YV2EX;|W)
=—n"'W.

Therefore
% ~1 1
E|[EW* = W|W)|=n""E|W| < —.
n

For the second term in Theorem 4.14, application of (2.51) with f(x) = x3/3
yields

E(X])’= E(x})’ = 5 EXE

Since X7 and X }‘ are independent, and the latter variable has mean zero,

1 1 1/EX*
EW* — W) = LE(xs - x)) = L(E(x7)2 + EX?) = _<_ + 1).
n n n\ 3
Applying Theorem 4.14 now yields the claim. U

Under more special assumptions a fast rates may be obtained for distances in-
duced by classes of non-smooth functions. In particular, Klartag (2009) demon-
strates a bound of order 1/n for cases which include the sum of independent sym-
metric random variables whose density is log concave.

Appendix

Proof of Lemma 4.7 Let w be uniform on S, and / T, J T, K T, LT be independent
of 7 with distribution (4.134). Constructing Y from 7 and YT and Y* from 7T and
xt respectively, as in Lemma 4.6, we have

Y¥—Yy=UY"+1-U)Y*—v

n n n
=U Zai,nm) +1=U) Zai,ni(i) - Zai,n(i)-
i=l i=1 i=1
With
={1"J" 7Y (k"), =71 (LT)}, (4.186)

we see from (4.126) in Lemma 4.5, and from 7= nTIIT’ﬁ, that if m ¢ Z, then
w(m) =7 (m) = ¥ (m). Hence, setting V =Y* — Y, we have

V=2 (Ut iy + (= U ir) = din)- (4.187)
iel
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Further, letting
R=|{r(h. 2N} ik’ LY

and 1 = 1(R = k), since P(R <2) =1, we have

V=V1L+ V1l + Vi,
and therefore E|V|<E|V|1,+ E|V|1i+ E|V|]1p. (4.188)
The three terms on the right hand side of (4.188) give rise to the three components
of the bound in the theorem.
For notational simplicity, the following summations in this section are performed
over all indices which appear, whether in the summands or in a (possibly empty)

collection of restrictions. In what follows, we will apply equalities and bounds such
as

2
E:WMka+aﬂ%—WU+aﬂﬂ =§:WM@i+aﬁ+a5+aﬁ)
<4n?y. (4.189)

Due to the form of the terms being squared on the left-hand side, if the factors in
a cross term agree in their first index, they will have differing second indices, and
likewise if their second indices agree. This gives cross terms which are zero by
virtue of (4.120), since there will be at least one unpaired index outside the absolute
value over which to sum, for instance, the index k in the term ) _ |a;/|a;ixa;;. Hence
the equality. To obtain the inequality, on each of the four terms are argue as for the
first,

1/3 2/3
D laiglaly < (Z |a,~z|3) (Z |aik|3) =n’y. (4.190)
i,j.k,l j.k il

Generally, the power of n in such an inequality, in this case 2, will be 2 less than the
number of indices of summation, in this case 4.

Calculation on R =2 On 1, we have {w(I"), 7(J")} = {KT, L'} and therefore
IT={",J", 7 Y (K", =" (LT)} = {IT, JT}. As the intersection which gives R = 2
can occur in two different ways, we make the further decomposition

V1 =V1y 1+ V1, ,,
where
Li=1(xU"=K" n(J)=L")
and lLo=1(zr(I")=L", =(J")=K").

Since 77 =7 on 1,1 by (4.125), following (4.187) we have
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Vip = Z (Ua; ztiy + (1= Ua; ziy — iy 12,1
ie{rt,Jt)
=[Uaps pity +agi grny) + (L=U)@gt gty + age i)
— (a[ﬂn(ﬁ) + Clﬁ,n(ﬁ))]lll
= [U(GITJT(IT) +a‘]T’7~[(‘]T)) + (1 - U)(GITJT(JT) + a‘]T’n([T))
—(apt zany + aﬁ,n(ﬂ))]lzJ
= =U)ayi gty *ayi zainy = arr zaty — st zi)lan
= —=U)ayi v +ayi gi —ape g+ —ayi )11 (4.191)

Due to the presence of the indicator 1, 1, taking the expectation of (4.191) re-
quires a joint distribution which includes the values taken on by 7 at I and J,
say s and ¢, respectively. Since these images can be any two distinct values, and are
independent of [ T, J T, KT and LT, we have, with p; and p» given in (4.122) and
(4.134), respectively,

p3G, j ks, ty=P((I", JT, K", LT, n(I"), () = G, j. k, 1, 5,1))
=pa2(i, j,k,D)pi(s, 1)
_ @ik +aj) — (air + aji))?
B 4n3(n — 1)202

Now bounding the absolute value of the first term in (4.191) using (4.189), we
obtain

1(s #1). (4.192)

1
E|(1 =Wy 1i[lay =5 ) laullGs =k, t =Dp3 j. k. 15, 1)

1 .

=5 D laulps .k, Lk, D)

B 1

~ 8n3(n —1)202

Y

<—.

~ 2n(n—1)%02
Using the triangle inequality in (4.191) and applying the same reasoning to the re-
maining three terms shows that E|V |12 1 <2y /(n(n — 1)262). Since by symmetry
the term V1, > can be handled the same way, we obtain

> aul[(@ix +ajn) — (@i +ajp)]’

v __ Y
nin—120%2 " (n—1)302%"

E|V|1; < (4.193)

Calculation on R =1 As the event R = 1 can occur in four different ways, de-
pending on which element of ("), (I} equals an element of (KT, LT}, we
decompose 1; to yield

V=Vl + V1,4Vl 3+ V14, (4.194)

where 11 1 =1(w(I") = K" and 7 (J ") # LT), specifying the remaining three indi-
cators in (4.194) similarly.
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On 1;; we have, from (4.186), that Z = {I7, J7, 7 =1 (L")}, and from (4.125)
that 77 = T T-1(pt), gt and so 7t = o N A WART AN AT yielding Ni(ﬂ_l(L)) =
at @~ (L)) =n(J). Now, using (4.187),

V1= Z (Ua 14y + = Ua; z2y — ainiiy) 111

ie{lt It a=1(L))

= [Uart zrty +agt ity + an10t) gt (r-1(Lt))
+ (L =Uayt gty * @yt zigty & Gr=1L) 2t -1 (L")
= (@t ) F gt 2t F 1wt aie-twhy) ]l

=[Uaps gt +aye pr + a1 201)
+ (L =U)(ayi 1+ +ayi gt +ag-101y 2 s1))
—(apt gt +ag zn + an—l(ﬁ),ﬁ)]ll,l

=[Uays 1+ + (1 = U)agr s +ayr g+ —age g+)
— Ayt gty — Ap-ity Lt T a;-[*l(LT),y-[(_ﬁ)]ll,l . (4.195)

For the first term in (4.195), dropping the restriction ¢ # / and summing over ¢ to
obtain the first inequality, and then applying (4.189) with |a;;| replaced by |a ;|, we
obtain

1
EUlays il =3 D lajill(s =k.t #£DpsG. j. k.1 s. 1)
- 1
~ 8n2(n —1)2%02
14
< —" .
~ 2(n—1)202

The second, third and fourth terms in (4.195) also may be bounded by (4.196)
upon replacing |a ;| by |a;|, |aji| and |a;i|, respectively, yielding

Z laji|[(@ix + aji) — (ai + ajk)]2

(4.196)

2
E\Uayi 1+ + (1 —=U)ap p+ +ays gt — 01"‘,1('1-)|11,1 = (’1_7)/

D22 (4.197)

For the fifth term in (4.195), that is, for —a Tt Ity reasoning similarly,
Elay: nnllin=Y_laj|l(s =kt #DpsG. j.k.1.s.1)

! 2
= o= er 2o [+ — @i+ ajo)]

14

S T (4.198)

Note that for the final inequality, though the sum being bounded is not of the form
(4.189), having the index 7, the same reasoning applies and that, moreover, the five
indices of summation require that n” in (4.190) be replaced by n>.
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To handle the sixth term in (4.195), —a_ -1 (L).LT» We need the joint distribution

p4(lv jakalasa ta u)
=P((I" I KL L m (), 2T, a7 (L)) = G kL 1 w),

accounting for the value u taken on by 7 ~!(L"). If [ equals s or ¢, then u is already
fixed at i or j, respectively; otherwise, 7 ~!(LT) is free to take any of the remaining
available n — 2 values, with equal probability. Hence, with p3 given by (4.192), we
deduce that

p3(, j, k,1,s,t), it ([, u) € {(s,1), (7, )},
pali, jk, s towy =14 pai, jok, s, )15, ifl ¢ {s,t} and u ¢ {i, j},
0, otherwise.

Note, for example, that on 1; |, where n(IT) = K" and JT(JT) #* L7, the value u of
7~ 1(LY) is neither I nor J7, so the second case above is the relevant one and the
vanishing of the first sum on the third line of the following display is to be expected.

Now, applying the density ps we may bound the sixth term in (4.195) as follows,

E|an—1(LT)7LT 11,1
=Y lawll(s =kt £ Dpali. j k.15, t,u)

=Y laulpali, j. k. 1k, t,1)
11

. I .
=D _lailps ook ko k) +—— 37 lawlpaG, ok Lk D)
I¢{k,t}uéli,j}

_1 . .
~ .2 Z lawr | p2 (i, j, k,D)p1(k,t)
I#tugli,j}

1 .
=0 Y lawlpaG, ji k) (4.199)
3 1¢(lk), ugli, )
1

(n)y Y
ué{i,j}

1 2
= m Z |aul|[(aik +ajr) — (ai + ajk)]

14
<—, 4.200
= =2 ( )

where the final inequality is achieved using (4.189) in the same way as for (4.198).

The computation for the seventh term in (4.195) begins as that for the sixth,
yielding (4.199) with a,; replacing a,;, so that

1 .
Elaz1wnxonllin = o5 > lawlpaGi j. kD)
t¢{l,k},ug{i,j}
1

Z |aw [ (aix + aji) — (air + ajk)]2

= 4(n)3n%(n — o2
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.y
~ (n)3(n —1)o?

3y

= T (4.201)

where we have applied reasoning as in (4.189), replaced n? by n* in (4.190) due to
the sum over six indices, and recalled our assumption that n > 3.

Returning to (4.195) and adding the contribution (4.197) from the first four terms
together with (4.198), (4.200) and (4.201) from the fifth, sixth and seventh, respec-
tively, we obtain E|V|11.1 < 7y/((n — 1)’5?). Since, by symmetry, all four terms
on the right-hand side of (4.194) can be handled in the same way as the first, we
obtain the following bound on the event R = 1:

28
E|VL < v
(n

w . (4.202)

Calculation on R =0 We may write the indicator of the event that R =0 as
Lo=1(x(") ¢ (K", LT, n(J) ¢ (KT, LT}),
and we see from (4.186) that Z = {17, J7, n =1 (KT, z=1(LT)}, a set of size 4, on
R = 0. Hence, from (4.187),
Vig = Z (Udi’ﬂf(i) + (1 — U)aiﬂj_(i) — ai,n(i))lo
ie{It,Jt =1 (KT, x=1(LT)}
= [U(GIﬂKT +ayi 1)+ A =U)ap v +ay g+)
T -1k 7ty T =1 (L) 2 ()
- (alT’n(lT) + aJT’n(JT) + an—l(KT)’KT + an-—l(LT)’LT)]IO' (4203)
Since the first four terms in (4.203) have the same distribution, we bound their
contribution to E|V |1¢, using (4.189), by
AEUlay: gillo <4EUlap i =2 laikl pa(i. j. k. 1)

1
- 2n2(n — 1)o?
v
~ (n—1)0?
The sum of the contributions from the fifth and sixth terms of (4.203) can be
bounded as

Z \aix|[(@ix +aji) — (aiq + ajk)]2

(4.204)

2E|aﬂ71(L'[')’ﬂ(‘]'i') |10

=2 Y lawlpsG.j. k.1.s.t.u)
s¢{k,l},t¢{k,l}
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—2 . .
“n_2 Z laue | p3 (i, j, k1,5, 1)
Sé{kal}ﬁtg{ksl}vu¢{ia_j},s7ét
n—3 )
= 2(n —2)n3(n — 1)202 Z |a”f|[(aik +aj) — (air +ajk)] (4.205)
- 2n(n —3)y
~ (n—2)(n—1)%02
2y
= 1Do? 4206
~ (n—1)o2 ( )

where the second equality follows from the form of p4 and that [ ¢ {s, ¢} implies
(I,u) ¢ {(s, 1), (¢, j)}, inequality (4.205) is obtained by summing over the n — 3
choices of s and dropping the remaining restrictions, and the next inequality by
following the reasoning of (4.189).

Similarly, for the sum of the contributions from the seventh and eighth terms
of (4.203), summing over the n — 3 choices of ¢ and then dropping the remaining
restrictions to obtain the first inequality, we have

2Elap qnllo=2 > laislps(i, j.k.1.5.1)
sk}, 1¢{k,1}
1 2
= m Z |ais|[(aik +ajr) — (aii + ajk)]
s¢{k, 1}, t¢{k, 1}, st
n—3 2
= St 1yer 2 sl + ajp) — @i+ ajp)]
2(n —3)y
~ (n—1)2%02
L
~ (n—1)o?
The total contribution of the ninth and tenth terms together can be bounded like
the sum of the fifth and sixth, yielding (4.205) with |a,;| replacing |a,;|, and then
summing over the n choices of ¢ to give

(4.207)

2Elaz-1(pty 110 = 20— 2)’:12(”3_ 202 > lawl[(aix + ajr) = (ai +ajk)]2
- 2n(n —3)y
~(m—-2)(n—1)>202
L (4.208)
~ (n—1o?

Adding up the bounds for the first four terms (4.204), the fifth and sixth terms
(4.206), the seventh and eighth terms (4.207) and the ninth through tenth terms
(4.208) yields

8
E|V[1p < ﬁ (4.209)
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Now, from (4.188), adding up the contributions from (4.193), (4.202) and (4.209)
from R =2, R =1, and R = 0, respectively, for this coupling of Y* and Y we find
that

Ey —y|<—2Y <8+ 8 ;1 )
(n—1)o? n—1) (n—1)2

The proof of the lemma may now be completed by noting that E|Y* — Y| is
an upper bound on the L' norm [|£(Y*) — L£(Y)||1, by the dual form of the L'
norm 4.6.

0



