
Chapter 4
L1 Bounds

In this chapter we focus on normal approximation using smooth functions, and the
L1 norm in particular. We begin with a discussion of distances induced by function
classes. Any class of functions H mapping R to R induces a measure of the sepa-
ration between the distributions L(X) and L(Y ) of the random variables X and Y
by

∥∥L(X) − L(Y )
∥∥

H = sup
h∈H

∣∣Eh(X) − Eh(Y )
∣∣. (4.1)

Certain choices of H lead to classical distances, for instance, taking

H =
{
1(x ≤ z), z ∈ R

}
(4.2)

leads to the Kolmogorov, L∞, or supremum norm distance, while the class of mea-
surable functions

H =
{
h: 0 ≤ h(x) ≤ 1, ∀x ∈ R

}
(4.3)

leads to the total variation distance.
Calculations with smooth functions are typically simpler than those with func-

tions such as the discontinuous indicators in (4.2), or the bounded measurable func-
tions in (4.3). Our main focus in this chapter is the L1 distance, given by (4.1) with
H = L, the collection of Lipschitz functions in (4.7). In Sect. 4.8 we move to the
distance ∥L(W) − L(Z)∥Hm,∞ , produced by taking H to be the collection of func-
tions Hm,∞ defined in (4.183), a class including functions allowed to posses some
small number of additional higher order derivatives.

Our L1 examples include: the sums of independent random variables and an
associated contraction principle, hierarchical structures, cone measure on the sphere,
combinatorial central limit theorems, simple random sampling, coverage processes,
and locally dependent random variables. To illustrate our approach for the smooth
functions Hm,∞ we show how fast convergence rates may result under a vanishing
third moment assumption. The use of Stein’s method for L1 approximation was
pioneered by Erickson (1974).

We begin now by recalling that the L1 distance between distribution functions F
and G is defined by
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64 4 L1 Bounds

∥F − G∥1 =
∫ ∞

−∞

∣∣F(t) − G(t)
∣∣dt. (4.4)

This distance has a number of equivalent forms, and, perhaps for that reason, is
known by many names, including Gini’s measure of discrepancy, the Kantarovich
metric (see Rachev 1984), and the Wasserstein, Dudley, and the Fortet–Mourier dis-
tance (see e.g., Barbour et al. 1992). In addition to writing the L1 distance as in (4.4),
we will also let ∥L(X) − L(Y )∥1 denote the L1 distance between the distributions
of random variables X and Y .

That zero biasing seems to be particularly suited to produce L1 bounds is evi-
denced in the following theorem from Goldstein (2004).

Theorem 4.1 Let W be a mean zero, variance 1 random variable with distribution
function F and let W ∗ have the W -zero biased distribution and be defined on the
same space as W . Then, with ! the cumulative distribution function of the standard
normal,

∥F − !∥1 ≤ 2E|W ∗ − W |. (4.5)

As there may exist many couplings of W and W ∗ on a joint space, the challenge
in producing good L1 bounds is to find one in which the variables are close.

Before proving Theorem 4.1, we recall some facts about the L1 norm which can
be found in Rachev (1984). First, the ‘dual form’ of the L1 distance is given by

∥F − G∥1 = infE|X − Y |, (4.6)

where the infimum is over all couplings of X and Y on a joint space with marginal
distributions F and G, respectively. As R is a Polish space, this infimum is achieved.
A yet equivalent form of the L1 distance is given by (4.1) with L the collection of
Lipschitz functions

L =
{
h : R → R:

∣∣h(y) − h(x)
∣∣ ≤ |y − x|

}
, (4.7)

that is,
∥∥L(Y ) − L(X)

∥∥
1 = sup

h∈L

∣∣Eh(Y ) − Eh(X)
∣∣. (4.8)

We will also make use of the fact that the elements in L are exactly those absolutely
continuous functions whose derivatives are (a.e.) bounded by 1 in absolute value.
Though the L1 distance is, therefore, just one example of a metric induced by a
collection of smooth functions such as those we will study in Sect. 4.8, its many
equivalent forms lead to a rich theory which accommodates numerous examples.

Part (ii) of Proposition 2.4 leads directly to the following proof of Theorem 4.1.

Proof First, let (W,W ∗) achieve the infimum ∥W − W ∗∥1 in (4.6). As (2.77) holds
with " = W ∗ − W , (2.79) yields

∣∣Eh(W) − Nh
∣∣ ≤ 2∥h′∥E|W − W ∗| = 2∥W − W ∗∥1.
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Taking supremum over h ∈ L and using (4.8) shows

∥F − !∥1 ≤ 2∥W − W ∗∥1. (4.9)

Now for (W,W ∗) any coupling of W to a variable W ∗ with the W -zero bias distri-
bution, inequality (4.6) shows that the right hand side of (4.9) can be no greater than
that of (4.5), and the result follows. !

The majority of this chapter is devoted to the exploration of various consequences
of this bound, starting with sums of independent random variables.

4.1 Sums of Independent Variables

4.1.1 L1 Berry–Esseen Bounds

Continuing the discussion in Sect. 3.1, and Theorem 3.1 in particular, in this section
we elaborate on the theme of L1 bounds for sums of independent random variables.
In particular, we demonstrate the application of Theorem 4.1 and the construction
(2.61) in Lemma 2.8 to produce L1 bounds with small, explicit, and distributionally
specific constants for the distance between the distribution of a sum of independent
variables and the normal. The utility of Theorem 4.2 below is reflected by the fact
that the L1 distance on the left hand side of (4.13) is that of a convolution to the
normal, but is bounded on the right by terms which require only the calculation of
integrals of the form (4.4) involving marginal distributions.

The proof of Theorem 4.2 requires the following simple proposition. For H a
distribution function on R let

H−1(u) = sup
{
x: H(x) < u

}
for u ∈ (0,1)

and let U (a, b) denote the uniform distribution on (a, b). It is well known that when
U ∼ U [0,1] then H−1(U) has distribution function H .

Proposition 4.1 For F and G distribution functions and U ∼ U (0,1),

∥F − G∥1 = E
∣∣F−1(U) − G−1(U)

∣∣.

Further, for any a ≥ 0 and b ∈ R, with Fa,b and Ga,b the distribution functions
of aX + b and aY + b, respectively, we have

∥Fa,b − Ga,b∥1 = a∥F − G∥1. (4.10)

Proof The first claim is stated in (iii), Sect. 2.3 of Rachev (1984); the second follows
immediately from the dual form (4.6) of the L1 distance. !

Note that one consequence of the proposition is a representation of a pair of
variables which achieve the infimum in (4.6).
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For X a random variable with finite third absolute moment let

B(X) = 2 Var(X)∥L(X∗) − L(X)∥1

E|X|3 . (4.11)

Applying (4.10) we have

B(aX) = B(X) for a ≠ 0. (4.12)

Theorem 4.2 Let ξi , i = 1, . . . , n be independent mean zero random variables with
variances σ 2

i = Var(ξi ) satisfying
∑n

i=1 σ 2
i = 1. Then for F the distribution function

of

W =
n∑

i=1

ξi

and ! that of the standard normal,

∥F − !∥1 ≤
n∑

i=1

B(ξi )E|ξi |3. (4.13)

Additionally, when W = ∑n
i=1 Xi/(σ

√
n) with X,X1, . . . ,Xn i.i.d. mean zero,

variance σ 2 random variables, then

∥F − !∥1 ≤ 1
σ 3√n

B(X)E|X|3. (4.14)

Proof Let U1, . . . ,Un be mutually independent U (0,1) variables and set
(
ξi , ξ

∗
i

)
=

(
G−1

i (Ui),
(
G∗

i

)−1
(Ui)

)
, i = 1, . . . , n,

where G∗
1, . . . ,G

∗
n are the distribution functions of ξ∗

1 , . . . , ξ∗
n , respectively. Then ξi

and ξ∗
i have distribution functions Gi and G∗

i , respectively, and by Proposition 4.1,

E
∣∣ξ∗

i − ξi

∣∣ =
∥∥G∗

i − Gi

∥∥
1.

Constructing W ∗ as in Lemma 2.8 yields W ∗ − W = ξ∗
I − ξI , with I having distri-

bution P(I = i) = σ 2
i , so applying Theorem 4.1 we have

∥F − !∥1 ≤ 2E|W ∗ − W |
= 2E

∣∣ξ∗
I − ξI

∣∣

= 2
n∑

i=1

σ 2
i E

∣∣ξ∗
i − ξi

∣∣

= 2
n∑

i=1

σ 2
i

∥∥G∗
i − Gi

∥∥
1

=
n∑

i=1

B(ξi )E|ξi |3,

thus proving (4.13).
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If X,X1, . . . ,Xn are i.i.d. with mean zero and variance σ 2 then applying (4.13)
with ξi = Xi/(σ

√
n), and (4.12), yields the bound

∥F − !∥1 ≤ 1
σ 3n3/2

n∑

i=1

B

(
Xi

σ
√

n

)
E|Xi |3 = B(X)E|X|3

σ 3√n
,

proving (4.14). !

Specializing (4.14) to particular cases leads to the following corollary.

Corollary 4.1 When X = (ξ −p)/
√

pq where ξ has the Bernoulli distribution with
success probability 1 − q = p ∈ (0,1),

B(X) = 1 and ∥F − !∥1 ≤ E|X|3√
n

= p2 + q2

√
npq

for all n = 1,2, . . . .

When X has the uniform distribution U [−
√

3,
√

3 ], then

B(X) = 1/3 and ∥F − !∥1 ≤ E|X|3
3
√

n
=

√
3

4
√

n
for all n = 1,2, . . . .

Proof In the Bernoulli case, by (2.55), X∗ has the uniform distribution function

G∗(x) = √
pqx + p for x ∈

[ −p√
pq

,
q√
pq

]
,

that is, X∗ =d (U − p)/
√

pq , where U ∼ U [0,1]. Hence, by Proposition 4.1,

∥G∗ − G∥1 =
∥∥∥∥
U − p√

pq
− ξ − p√

pq

∥∥∥∥
1
= 1√

pq
∥U − ξ∥1 = p2 + q2

2
√

pq
.

Calculating E|X|3 = (p2 + q2)/
√

pq and using Var(X) = 1 gives B(X) = 1, and
the claimed bound.

For the uniform distribution U [−
√

3,
√

3 ], (2.55) yields

G∗(x) = −
√

3x3

36
+

√
3x

4
+ 1

2
for x ∈ [−

√
3,

√
3 ]

and from (4.4) we obtain

∥G∗ − G∥1 =
√

3
8

.

Calculating E|X|3 = 3
√

3/4 now gives B(X) = 1/3, and the claimed bound. !

Constants B(X) and bounds for other distributions may be calculated in a similar
fashion. A universal L1 constant over a class of distributions F , by Theorem 4.2, is
given by

B(F ) = sup
L(X)∈F

B(X).

The following result, by Goldstein (2010a) and Tyurin (2010), shows that the
Bernoulli distribution achieves the worst case B(X).
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Theorem 4.3 For σ > 0 let Fσ be the collection of all mean zero distributions with
variance σ 2 and finite absolute third moment. Then

B(F ) = 1 where F =
⋃

σ>0

Fσ .

Theorems 4.3 and 4.2 immediately give

Corollary 4.2 If ξi , i = 1, . . . , n are independent mean zero random variables with
variances σ 2

i = Var(ξi ) satisfying
∑n

i=1 σ 2
i = 1 and W = ξ1 + · · · + ξn, then

∥F − !∥1 ≤
n∑

i=1

E|ξi |3.

In particular, if W = n−1/2 ∑
Xi with X,X1, . . . ,Xn i.i.d. variables with mean zero

and variance 1, then

∥F − !∥1 ≤ E|X|3√
n

.

Though it may be difficult to achieve the optimal L1 coupling between X and
X∗ in particular applications, especially those involving dependence, the following
proposition shows how to construct a coupling which results in a constant bounded
by 1 when X is symmetric. Proposition 4.2 is applied in Theorem 4.7 to improve
the leading constant in Goldstein (2007) for projections of cone measure.

Proposition 4.2 Let χ be a random variable with a symmetric distribution, vari-
ance σ 2 ∈ (0,∞) and finite third absolute moment. Let X and Y be constructed on
a joint space with 0 ≤ X ≤ Y a.s. having marginal distributions given by X =d |χ |
and Y =d |χ!|, where χ! is as defined in Proposition 2.3. Let V ∼ U [0,1] and ϵ

take the values 1 and −1 with equal probability, and be independent of each other
and of X and Y . Then X = ϵX has distribution χ , the variable

X∗ = ϵV Y

has the χ -zero biased distribution, and

2σ 2E|X∗ − X|
E|X|3 ≤ 1. (4.15)

Proof That X =d χ follows by the symmetry of χ . Again, by the symmetry of χ ,

σ 2Ef
(
χ!)

= E
[
χ2f (χ)

]
= E

[
(−χ)2f (−χ)

]
= E

[
χ2f (−χ)

]
= σ 2Ef

(
−χ!)

.

Hence χ! is symmetric, and as ϵV ∼ U [−1,1] and is independent of Y , by Propo-
sition 2.3,

X∗ = ϵV Y =d ϵV χ! =d χ∗.
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Now,

E|X∗ − X| = E|ϵV Y − ϵX| = E|V Y − X| =
∫

x≥0,y>0

∫ 1

0
|vy − x|dvdF(x, y)

where dF(x, y) is the joint distribution of (X,Y ). Since dF(x, y) is zero on sets
where x > y, we may decompose the integral above as
∫

x≥0,y>0

∫

x/y<v≤1
(vy − x)dvdF(x, y) +

∫

x≥0,y>0

∫

0<v<x/y
(x − vy)dvdF(x, y)

=
∫

x≥0,y>0

(
1
2
y

(
1 −

(
x

y

)2)
− x

(
1 − x

y

))
dF(x, y)

+
∫

x≥0,y>0

(
x

(
x

y

)
− 1

2
y

(
x

y

)2)
dF(x, y)

= E

(
1
2
Y − X + X

2

Y

)
.

As X/Y ≤ 1, we have X
2
/Y ≤ X, and therefore

E|X∗ − X| ≤ 1
2
EY = 1

2
E

∣∣χ!∣∣ = 1
2σ 2 E|X|3.

Substituting into (4.15) yields the desired inequality. !

Let X be any random variable with mean zero and variance σ 2, and let φ be an
increasing function on [0,∞). Since x2 is an increasing function on [0,∞), X2 will
be positively correlated with φ(|X|), that is,

σ 2Eφ
(∣∣X!∣∣) = EX2φ

(
|X|

)
≥ EX2Eφ

(
|X|

)
= σ 2Eφ

(
|X|

)
,

showing |X!| is stochastically larger than |X|. Hence there always exists a coupling
where |X!| ≥ |X| a.s., even when X is not symmetric. Though an optimal L1 cou-
pling is similarly assured, in principle, by Proposition 4.1, couplings constructed by
following Proposition 4.2 seem to be of more practical use; see in particular where
this proposition is applied for cone measure in item 3 of Proposition 4.5.

4.1.2 Contraction Principle

In this section we show that the distribution of a standardized sum of i.i.d. variables
is closer in L1 to the normal, in a zero bias sense, than the distribution of the sum-
mands themselves. This result leads to a type of L1 contraction principle for the
CLT. For some additional generality we will consider weighted averages of i.i.d.
random variable.

Let ∥α∥ denote the Euclidean norm of a vector α ∈ Rk , and when α is nonzero
let
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ϕ(α) =
∑k

i=1 |αi |3
(
∑k

i=1 α2
i )

3/2
. (4.16)

Inequality (4.17) of Lemma 4.1 says that taking weighted averages of i.i.d. variables
is a contraction in the L1 distance to normal in a zero biased sense.

Lemma 4.1 For α ∈ Rk with λ = ∥α∥ ̸= 0, let

Y =
k∑

i=1

αi

λ
Wi,

where Wi are mean zero, variance one, independent random variables distributed
as W . Then

∥∥L(Y ∗) − L(Y )
∥∥

1 ≤ ϕ
∥∥L(W ∗) − L(W)

∥∥
1 (4.17)

with ϕ = ϕ(α) as in (4.16), and ϕ < 1 if and only if α is not a multiple of a standard
basis vector.

If W0 is any mean zero, variance one random variable with finite absolute third
moment, αn, n = 0,1, . . . a sequence of nonzero vectors in Rk , λn = ∥αn∥, ϕn =
ϕ(αn), and

Wn+1 =
k∑

i=1

αn,i

λn
Wn,i for n = 0,1, . . . (4.18)

where Wn,i are i.i.d. copies of Wn, then

∥∥L
(
W ∗

n

)
− L(Wn)

∥∥
1 ≤

(
n−1∏

j=0

ϕj

)

. (4.19)

If lim supn ϕn = ϕ < 1, then for any γ ∈ (ϕ,1) there exists C such that
∥∥L(Wn) − L(Z)

∥∥
1 ≤ Cγ n for all n, (4.20)

while if αn = α for some α and all n, then
∥∥L(Wn) − L(Z)

∥∥
1 ≤ 2ϕn for all n, (4.21)

with ϕ = ϕ(α).

We begin the proof of the lemma by studying how ϕ behaves in terms of α, and
prove a bit more than we need now, saving the additional results for use in Sect. 4.2.

Lemma 4.2 For α ∈ Rk with λ = ∥α∥ ̸= 0,

k∑

i=1

|αi |p
λp

≤ 1 for all p > 2, (4.22)

with equality if and only if α is a multiple of a standard basis vector. With ϕ as
in (4.16),



4.1 Sums of Independent Variables 71

1√
k

≤ ϕ ≤ 1, (4.23)

with equality to the upper bound if and only if α is a multiple of a standard basis
vector, and equality to the lower bound if and only if |αi | = |αj | for all i, j .

In addition, when αi ≥ 0 and
∑n

i=1 αi = 1 then

λ ≤ ϕ, (4.24)

with equality if and only if α is equal to a standard basis vector.

Proof Since |αi |/λ ≤ 1 we have |αi |p−2/λp−2 ≤ 1, yielding

k∑

i=1

|αi |p
λp

=
k∑

i=1

( |αi |p−2

λp−2

)
α2

i

λ2 ≤
k∑

i=1

α2
i

λ2 = 1,

with equality if and only if |αi | = λ for some i and αj = 0 for all j ≠ i. Specializing
to the case p = 3 yields the claims about the upper bound in (4.23).

By Hölder’s inequality with p = 3, q = 3/2, we have
(

k∑

i=1

α2
i

)3/2

=
(

k∑

i=1

1 · α2
i

)3/2

≤
√

k

k∑

i=1

|αi |3,

giving the lower bound (4.23), with equality if and only if α2
i is proportional to 1

for all i.
The claim (4.24) follows from the inequality

(EY)2 ≤ EY 2 when P(Y = αi ) = αi ,

which is an equality if and only if the variable Y is constant. !

We may now proceed to the proof of the lemma.

Proof of Lemma 4.1 Let FW ∗ and FW be the distribution functions of W ∗ and W ,
respectively, and with U1, . . . ,Un independent U [0,1] variables let

(
W ∗

i ,Wi

)
=

(
F−1

W ∗(Ui),F
−1
W (Ui)

)
i = 1, . . . , n.

By Proposition 4.1, E|W ∗
i − Wi | = ∥L(W ∗) − L(W)∥1 for all i = 1, . . . , n.

By Lemma 2.8 and (2.59), with I a random index independent of all other vari-
ables with distribution

P(I = i) = α2
i

λ2 ,

the variable

Y ∗ = Y − αI

λ

(
WI − W ∗

I

)
(4.25)

has the Y -zero biased distribution. Using (4.6) for the first inequality, we now obtain
(4.17) by
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∥∥L(Y ∗) − L(Y )
∥∥

1 ≤ E|Y ∗ − Y |

= E

k∑

i=1

|αi |
λ

∣∣W ∗
i − Wi

∣∣1(I = i)

=
k∑

i=1

|αi |3
λ3 E

∣∣W ∗
i − Wi

∣∣

= ϕ
∥∥L(W) − L(W ∗)

∥∥
1.

That ϕ < 1 if and only if α is not a multiple of a standard basis vector was shown in
Lemma 4.2.

To obtain (4.19), note that induction and (4.17) yield

∥∥L
(
W ∗

n

)
− L(Wn)

∥∥
1 ≤

(
n−1∏

j=0

ϕj

)
∥∥L

(
W ∗

0
)
− L(W0)

∥∥
1,

and ∥L(W ∗
0 ) − L(W0)∥1 ≤ 1 by Theorem 4.3.

When lim supn ϕn = ϕ < γ < 1 there exists n0 such that

ϕj ≤ γ for all j ≥ n0.

Hence, for all n ≥ n0

n−1∏

j=0

ϕj =
(

n0−1∏

j=0

ϕj

γ

)

γ n0

n−1∏

j=n0

ϕj ≤
(

n0−1∏

j=0

ϕj

γ

)

γ n.

The bound (4.20) now follows from this inequality and Theorem 4.1.
The last claim (4.21) is immediate from (4.19) and Theorem 4.1. !

We note that the standardized, classical case (4.14) is recovered from (4.17) and
Theorem 4.1 when αi = 1/

√
n. In Sect. 4.2 we study nonlinear versions of recursion

(4.18) with applications to physical models.

4.2 Hierarchical Structures

For k ≥ 2 an integer, D ⊂ R, and F : Dk → D a given function, every distribution
for a random variable X0 with P(X0 ∈ D) = 1 generates the sequence of ‘hierarchi-
cal’ distributions through the recursion

Xn+1 = F(Xn), n ≥ 0, (4.26)

where Xn = (Xn,1, . . . ,Xn,k)
ᵀ with Xn,i independent, each with distribution Xn.

Such hierarchical variables have been considered extensively in the physics liter-
ature (see Li and Rogers 1999 and the references therein), in particular to model
conductivity of random media.
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The special case where the function F is determined by the conductivity prop-
erties of the diamond lattice has been considered in Griffiths and Kaufman (1982)
and Schlösser and Spohn (1992). Figure 4.1 shows the progression of the diamond
lattice from large to small scale. At the large scale (a), the conductivity of the system
can be measured along the bond connecting its top and bottom nodes. Inspection of
the lattice on a finer scale reveals that this bond is actually comprised of four smaller
bonds, each similar to (a), connected as shown in (b). Inspection on an even finer
scaler reveals that each of the four bonds in (b) are constructed in a self-similar way
from bonds at a smaller level, giving the successive diagram (c), and so on.

To determine the conductivity function F associated with a given lattice, first re-
call that conductances add in parallel, that is, if two components with conductances
x1 and x2 are placed in parallel, then the net conductance of the system is

L1(x1, x2) = x1 + x2. (4.27)

Similarly, resistances add for components placed in series. Hence, for these same
two components in series, as resistance and conductance are inverses, the resulting
conductance of the system is

L−1(x1, x2) =
(
x−1

1 + x−1
2

)−1
. (4.28)

For the diamond lattice in particular, assume that each bond has a fixed ‘baseline’
conductivity characteristic w ≥ 0 such that when a component with conductivity
x ≥ 0 is present along the bond its net conductivity is wx. For bonds in the diamond
lattice as in (b), we associate conductivities characteristics w = (w1,w2,w3,w4)

ᵀ,
numbering bonds from the top and proceeding counter-clockwise. Hence, if x =
(x1, x2, x3, x4)

ᵀ are the conductances of four elements each as in (a) which are
present along the bonds in (b), then the two components in series on the left side
have conductance L−1(w1x1,w2x2), and similarly, the conductance for the two
components in series on the right is L−1(w3x3,w4x4). Combining these two sub-
systems in parallel gives

F(x) = L1
(
L−1(w1x1,w2x2),L−1(w3x3,w4x4)

)
, (4.29)

that is,

F(x) =
(

1
w1x1

+ 1
w2x2

)−1

+
(

1
w3x3

+ 1
w4x4

)−1

. (4.30)

Returning to the sequence of distributions generated by the recursion (4.26), con-
ditions on F which imply the weak law

Xn →p c (4.31)

for some constant c have been considered by various authors. Recall that we say F
is homogeneous, or positively homogeneous, if

F(ax1, . . . , axk) = akF (x1, . . . , xk)

hold for all a ∈ R, or all a > 0, respectively. Shneiberg (1986) proves that (4.31)
holds if D = [a, b] and F is continuous, monotonically increasing, positively ho-
mogeneous, convex and satisfies the normalization condition F(1k) = 1 where 1k
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Fig. 4.1 The diamond lattice

is the vector of all ones in Rk . Li and Rogers (1999) provide rather weak condi-
tions under which (4.31) holds for closed D ⊂ (−∞,∞). See also Wehr (1997) and
Wehr (2001), and Jordan (2002) for an extension of the model to random F and
applications of hierarchical structures to computer science.

Letting X0 have mean c and variance σ 2, the classical central limit theorem can
be set in the framework of hierarchical sequences by letting

F(x1, x2) = 1
2
(x1 + x2), (4.32)

which gives

Xn =d
X0,1 + · · · + X0,2n

2n
(4.33)

where X0,m,m = 1, . . . ,2n are independent and identically distributed as X0.
Hence, Xn →p c by the weak law of large numbers, and since Xn is the average
of N = 2n i.i.d. variables with finite variance, we have additionally that

Wn =
√

N

(
Xn − c

σ

)
→d N (0,1).

Moreover, when X0 has a bounded absolute third moment (4.21) yields
∥∥L(Wn) − L(Z)

∥∥
1 ≤ Cγ n (4.34)

with C = 2 and γ = 1/
√

2.
The function F in (4.32) is a simple average, and one would, therefore, expect

normal limiting behavior more generally when the function F averages its inputs in
some sense.

Definition 4.1 We say that F : Dk → D is an averaging function when it satisfies
the following three properties on its domain:
1. mini xi ≤ F(x) ≤ maxi xi .
2. F(x) ≤ F(y) whenever xi ≤ yi .
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3. For all x < y and for any two distinct indices i1 ≠ i2, there exists xi ∈ {x, y},
i = 1, . . . , k such that xi1 = x, xi2 = y and x < F(x) < y.

We say F is strictly averaging if F satisfies Properties 1 and 2 with strict inequal-
ity when mini xi < maxi xi , and when xi < yi for some i, respectively.

Properties 1 and 2 say that the ‘average’ returned by F should lie inbetween the
values being ‘averaged’ and that that ‘average’ increases with those values. Note that
Property 1 says that for F to be an averaging function it is necessary that F(1k) = 1.
Property 3 says that F is sensitive, that is, depends on, all of its coordinates. We
note that if F is strictly averaging then F satisfies Property 3 thusly: if x < y and
xii = x, xi2 = y, then any assignment of the values x, y to the remaining coordinates
gives x < F(x) < y by the strict form of Property 1. Hence all strictly averaging
functions are averaging. We note that the function F(x) = mini xi satisfies the first
two properties but not the third, and it gives rise to extreme value, rather than normal,
limiting behavior.

Normal limits are proved by Wehr and Woo (2001) for sequences Xn, n =
0,1, . . . determined by the recursion (4.26) when the function F(x) is averaging
by showing that such recursions can be treated as the approximate linear recursion
around the mean cn = EXn with small perturbation Zn,

Xn+1 = αn · Xn + Zn, n ≥ 0, (4.35)

where αn = F ′(cn), the gradient of F at cn where cn = (cn, . . . , cn)
ᵀ ∈ Rk . In

Sect. 4.2.1 we prove Theorem 4.6, which gives the bound (4.34) for the L1 distance
to the normal for sequences generated by the approximate linear recursion (4.35)
under Conditions 4.1 and 4.2, which guarantee that Zn is small relative to Xn.

In Sect. 4.2.2 we prove Theorem 4.4 which shows that the normal convergence
of the hierarchical sequence Xn,n = 0,1, . . . holds with bound (4.34) under mild
conditions, and specifies the exponential rate γ in an explicit range. Theorem 4.4 is
proved by invoking Theorem 4.6 after showing that the required moment conditions
are satisfied for a linearization of Xn+1 = F(Xn).

Theorem 4.4 For some a < b let X0 be a non constant random variable with
P(X0 ∈ [a, b]) = 1 and let

Xn+1 = F(Xn), n ≥ 0,

where Xn = (Xn,1, . . . ,Xn,k)
ᵀ with Xn,i independent, each with distribution Xn

and F : [a, b]k → [a, b], twice continuously differentiable. Suppose F is averaging
and that Xn →p c, with α = F ′(1kc) not a scalar multiple of a standard basis
vector. Then with Wn = (Xn − cn)/

√
Var(Xn) and Z a standard normal variable,

for all γ ∈ (ϕ,1) there exists C such that
∥∥L(Wn) − L(Z)

∥∥
1 ≤ Cγ n for all n ≥ 0,

where ϕ, given by α through (4.16), is a positive number strictly less than 1. The
value ϕ achieves a minimum of 1/

√
k if and only if the components of α are equal.
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As in (4.33), the variable Xn is a function of N = kn variables, so achieving the
rate ϕn exactly corresponds to a ‘classical rate’ of N−θ where

ϕn = N−θ = k−nθ or θ = − logk ϕ. (4.36)

Hence when ϕ achieves its minimum value 1/
√

k we have θ = −1/2 and the rate
N−1/2, and achieving this rate for all γ > ϕ therefore corresponds to the rate
N−1/2+ϵ for every ϵ > 0. Further, when α is close to a standard basis vector, ϕ

is close to 1, so the bound can have rate N−θ for θ arbitrarily close to zero. This
behavior is anticipated: for the simple hierarchical sequence generated by the func-
tion F(x1, x2) = (1− ϵ)x1 + ϵx2, convergence to the normal will be slow indeed for
small ϵ > 0. The condition in Theorem 4.4 that the gradient α = F ′(c) of F at the
limiting value c not be a scalar multiple of a standard basis vector rules out cases
which behave in the limit degenerately as F(x1, x2) = x1.

The function (4.32), and (4.30) when F(14) = 1, are examples of averaging func-
tions. To handle multiples, we say that G(y) with G(1k) ≠ 0 is a scaled averaging
function if G(y)/G(1k) is averaging. Now suppose that G(y) is scaled averaging
and homogeneous, and that

Yn+1 = G(Yn) for n ≥ 0,

where Y0 is a given random variable and Yn ∈ Rk is a vector of independent copies
of Yn. Then letting

an+1 = kan + 1 for all n ≥ 0, and a0 = 0,

and setting F(y) = G(y)/G(1k), which is an averaging function, and Xn =
Yn/G(1k)

an and likewise for Xn, we have

Xn+1 = Yn+1/G(1k)
an+1

= G(Yn)/G(1k)
an+1 = F(Yn)/G(1k)

kan = F(Xn).

As the scaled and centered and variables (Xn − EXn)/
√

Var(Xn) and (Yn − EYn)/√
Var(Yn) are equal, the conclusion of Theorem 4.4 holds for Yn when it holds

for Xn.
Theorem 4.4 is applied in Sect. 4.2.3 to the specific hierarchical variables gener-

ated by the diamond lattice conductivity function (4.30), and, in (4.67), the value ϕ

determining the range of γ is given as an explicit function of the weights w; for the
diamond lattice all rates N−θ for θ ∈ (0,1/2) are exhibited. Interestingly, there ap-
pears to be no such formula, simple or otherwise, for the limiting mean or variance
of the sequence Xn.

To proceed we introduce another equivalent formulation of the L1 distance. With
L as in (4.7), let

F =
{
f : f absolutely continuousf (0) = f ′(0) = 0, f ′ ∈ L

}
. (4.37)

Clearly, if f ∈ F then h ∈ L for h = f ′. On the other hand, if h ∈ L then

f ∈ F and f ′(y) − f ′(x) = h(y) − h(x) for f (x) =
∫ x

0

[
h(u) − h(0)

]
du.
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Then, from (4.8),
∥∥L(Y ) − L(X)

∥∥
1 = sup

f ∈F

∣∣E
(
f ′(Y ) − f ′(X)

)∣∣. (4.38)

For the application of Theorem 4.4, it is necessary to verify that the function
F(x) in (4.26) is averaging. Proposition 3 of Wehr and Woo (2001) shows that the
effective conductance of a resistor network is an averaging function of the conduc-
tances of its individual components. Theorem 4.5, which shows that strict averaging
is preserved under certain compositions, yields an independent proof that, for in-
stance, (4.30) is strictly averaging under natural scaling and positivity conditions on
the weights. In addition, Theorem 4.5 provides an additional source of averaging
functions to which Theorem 4.4 may be applied.

Theorem 4.5 Let k ≥ 1 and set I0 = {1, . . . , k}. Suppose subsets Ii ⊂ I0, i ∈ I0
satisfy

⋃
i∈I0

Ii = I0. For x ∈ Rk and i ∈ I0 let xi = (xj1 , . . . , xj|Ii |) where
{j1, . . . , j|Ii |} = Ii with j1 < · · · < j|Ii |. Let Fi : R|Ii | → R (or Fi : [0,∞)|Ii | →
[0,∞)), i = 0, . . . , k. If F0,F1, . . . ,Fk are strictly averaging and F0 is (positively)
homogeneous, then the composition

Fs(x) = F0
(
s1F1(x1), . . . , skFk(xk)

)

is strictly averaging for any s which satisfies F0(s) = 1 and si > 0 for all i. If
F0,F1, . . . ,Fk are scaled, strictly averaging and F0 is (positively) homogeneous,
then

F1(x) = F0
(
F1(x1), . . . ,Fk(xk)

)

is a scaled strictly averaging function.

Note that the parallel and series combination rules (4.27) and (4.28) are the p = 1
and p = −1 special cases, respectively, with wi = 1, of the weighted Lp norm
functions

Lw
p (x) =

(
k∑

i=1

(wixi)
p

)1/p

, w = (w1, . . . ,wk)
ᵀ, wi ∈ (0,∞),

which are scaled, strictly averaging, and positively homogeneous on [0,∞)k for
p > 0 and on (0,∞) for p < 0. Since F(x) in (4.30) is represented by the composi-
tion (4.29), Theorem 4.5 obtains to show that F is a scaled, strictly averaging func-
tion on (0,∞)4 for any choice of positive weights. In particular, for positive weights
such that F(1) = 1, the function F is strictly averaging on (0,∞)4. Theorem 4.4
requires F to have domain [a, b]k . However, if F is an averaging function on, say,
(0,∞)4, then Property 1 implies that F : [a, b]k → [a, b] for all [a, b] ⊂ (0,∞),
and hence F will be averaging on this smaller domain. Note lastly that Theorem 4.5
shows the same conclusion holds when the resistor parallel L1 and series L−1 com-
bination rules in this network are replaced by, say, L2 and L−2 respectively.
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4.2.1 Bounds to the Normal for Approximately Linear Recursions

In this section we study sequences {Xn}n≥0 generated by the approximate linear
recursion

Xn+1 = αn · Xn + Zn, n ≥ 0, (4.39)

where X0 is a given nontrivial random variable and the components Xn,1, . . . ,Xn,k

of Xn are independent copies of Xn. We present Theorem 4.6 which shows the ex-
ponential bound (4.34) holds when the perturbation term Zn, which measures the
departure from linearity, is small. The effective size of Zn is measured by the quan-
tity βn of (4.42), which will be small when the moment bounds in Conditions 4.1
and 4.2 are satisfied. When the recursion is nearly linear, Xn+1 will be approxi-
mately equal to αn · Xn, and therefore its variance σ 2

n+1 will be close to σ 2
nλ2

n where
λn = ∥αn∥. Iterating, the variance of Xn will grow like a some constant C2 times
λ2

n−1 · · ·λ2
0, so when αn → α, like C2λ2n. Condition 4.1 assures that Zn is small rel-

ative to Xn in that its variance grows at a slower rate. This condition was assumed
in Wehr and Woo (2001) for deriving a normal limiting law for the standardized
sequence generated by (4.39).

Condition 4.1 The nonzero sequence of vectors αn ∈ Rk , k ≥ 2, converges to α, not
equal to any multiple of a standard basis vector. With λ = ∥α∥, there exist 0 < δ1 <

δ2 < 1 and positive constants CX,2,CZ,2 such that for all n,

Var(Xn) ≥ C2
X,2λ

2n(1 − δ1)
2n,

Var(Zn) ≤ C2
Z,2λ

2n(1 − δ2)
2n.

Bounds on the distance between Xn and the normal can be provided under the
following additional conditions on the fourth order moments of Xn and Zn. Con-
dition 4.2 on the higher order moments is satisfied under the same averaging as-
sumption on F used in Wehr and Woo (2001) to guarantee Condition 4.1 for weak
convergence to the normal.

Condition 4.2 With δ1 and δ2 as in Condition 4.1, there exists δ3 ≥ 0 and δ4 ≥ 0
such that

φ1 = (1 − δ2)(1 + δ3)
3

(1 − δ1)4 < 1 and φ2 =
(

1 − δ4

1 − δ1

)2

< 1,

and constants CX,4, CZ,4 such that

E(Xn − EXn)
4 ≤ C4

X,4λ
4n(1 + δ3)

4n,

E(Zn − EZn)
4 ≤ C4

Z,4λ
4n(1 − δ4)

4n.

The following is our main result on L1 bounds for approximately linear recur-
sions.
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Theorem 4.6 Let X0 be a random variable with variance σ 2
0 ∈ (0,∞) and

Xn+1 = αn · Xn + Zn for n ≥ 0 (4.40)

with αn ∈ Rk,λn = ∥αn∥ ̸= 0 and Xn a vector in Rk with independent components
distributed as Xn with mean cn and finite, non-zero variance σ 2

n . Set Y0 = 0 and
Wn = (Xn − EXn)/σn, and for n ≥ 0 let

Wn = Xn − cn

σn
, Yn+1 = αn

λn
· Wn, (4.41)

and

βn = E|Wn − Yn| +
1
2
E

∣∣W 3
n − Y 3

n

∣∣. (4.42)

If there exist (β,ϕ) ∈ (0,1)2 such that

lim sup
n→∞

βn

βn
< ∞ (4.43)

and ϕn = ϕ(αn) in (4.16) satisfies

lim sup
n→∞

ϕn = ϕ, (4.44)

then with γ = β when β > ϕ, and for any γ ∈ (ϕ,1) when β ≤ ϕ, there exists C

such that
∥∥L(Wn) − L(Z)

∥∥
1 ≤ Cγ n for all n ≥ 0. (4.45)

Under Conditions 4.1 and 4.2, the bound (4.45) holds for all γ ∈ (max(β,ϕ),1)

with β = max{φ1,φ2} < 1 and ϕ = ∑k
i=1 |αi |3/λ3 < 1 where α and λ are the limit-

ing values of αn and λn, respectively.

Proof Let f ∈ F with F given by (4.37). Then f ′ is absolutely continuous with
∣∣f ′′(w)

∣∣ ≤ 1, and in addition
∣∣f ′(w)

∣∣ ≤ |w| and
∣∣f (w)

∣∣ ≤ w2/2.

Letting h be given by

h(w) = f ′(w) − wf (w) (4.46)

we have Nh = 0 by Lemma 2.1. Differentiation yields

h′(w) = f ′′(w) − wf ′(w) − f (w),

and therefore
∣∣h′(w)

∣∣ ≤
(

1 + 3
2
w2

)
. (4.47)

Letting

rn = λnσn

σn+1
and Tn = σn

σn+1

(
Zn − EZn

σn

)
(4.48)
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and using (4.41), write the recursion (4.40) as

Wn+1 = Xn+1 − EXn+1

σn+1

= σn

σn+1

(
αn · Xn − EXn

σn
+ Zn − EZn

σn

)

= σn

σn+1

(
αn · Wn + Zn − EZn

σn

)

= rnYn+1 + Tn. (4.49)

Now by (4.47) and the definition of βn in (4.42),

E
∣∣h(Wn) − h(Yn)

∣∣ = E

∣∣∣∣

∫ Wn

Yn

h′(u)du

∣∣∣∣ ≤ βn.

Now by (2.51), that Var(Wn+1) = 1, (4.46) and Nh = 0, we have
∣∣Ef ′(Wn+1) − Ef ′(W ∗

n+1
)∣∣ =

∣∣Ef ′(Wn+1) − Wn+1f (Wn+1)
∣∣

=
∣∣Eh(Wn+1) − Nh

∣∣

=
∣∣E

(
h(Wn+1) − h(Yn+1) + h(Yn+1) − Nh

)∣∣

≤ βn+1 +
∣∣Eh(Yn+1) − Nh

∣∣

= βn+1 +
∣∣E

(
f ′(Y ∗

n+1
)
− f ′(Yn+1)

)∣∣

≤ βn+1 +
∥∥Y ∗

n+1 − Yn+1
∥∥

1 by (4.38)

≤ βn+1 + ϕn

∥∥W ∗
n − Wn

∥∥
1 by Lemma 4.1.

Taking supremum over f ∈ F on the left hand side, using (4.38) again and letting
dn = ∥W ∗

n − Wn∥1 we obtain, for all n ≥ 0,

dn+1 ≤ βn+1 + ϕndn.

Iteration yields that for all n,n0 ≥ 0,

dn0+n ≤
n0+n∑

j=n0+1

(
n0+n−1∏

i=j

ϕi

)

βj +
(

n0+n−1∏

i=n0

ϕi

)

dn0 . (4.50)

Now suppose the bounds (4.43) and (4.44) hold on βn and ϕn, respectively, and
recall the choice of γ . When β > ϕ take ϕ ∈ (ϕ,β) so that ϕ < ϕ < β = γ ; when
β ≤ ϕ take ϕ ∈ (ϕ,γ ) so that β ≤ ϕ < ϕ < γ . Then for any B > lim supn βn/β

n

there exists n0 such that for all n ≥ n0

βn ≤ Bβn and ϕn ≤ ϕ.

Applying these inequalities in (4.50) and summing yields, for all n ≥ 0,

dn+n0 ≤ Bβn0+1
(

βn − ϕn

β − ϕ

)
+ ϕndn0 .

Since max(β,ϕ) ≤ γ , for some C we have that dn ≤ Cγ n for all n ≥ n0, and by
enlarging C if necessary, for all n ≥ 0. Now (4.45) follows from Theorem 4.1.
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To prove the final claim under Conditions 4.1 and 4.2 it suffices to show that
(4.43) and (4.44) hold with β = max{φ1,φ2} and ϕ = ∑k

i=1 |αi |3/λ3 < 1 where α
is the limiting value of αn. Lemma 6 of Wehr and Woo (2001) gives that the limit
as n → ∞ of σn/(λ0 · · ·λn−1) exists in (0,∞), and therefore that

lim
n→∞ rn = 1 and lim

n→∞
σn+1

σn
= λ. (4.51)

Referring to the definition of Tn in (4.48) and using (4.51) and Conditions 4.1
and 4.2, there exist positive constants CT,2, CT,4 such that

(
E|Tn|

)2 ≤ ET 2
n = Var(Tn) =

(
σn

σn+1

)2 Var(Zn)

Var(Xn)
≤ C2

T ,2

(
1 − δ2

1 − δ1

)2n

,

and ET 4
n =

(
σn

σn+1

)4

E

(
Zn − EZn

σn

)4

≤ C4
T ,4

(
1 − δ4

1 − δ1

)4n

.

By independence, a simple bound and Condition 4.2 for the second inequality we
have

(
E|Yn|

)2 ≤ EY 2
n = Var(Yn) = 1, and

EY 4
n+1 ≤ 6E

(
Xn − cn

σn

)4

≤ 6C4
X,4

(
1 + δ3

1 − δ1

)4n

.

Using the recursion (4.39) and writing σ 2
Zn

= Var(Zn), we have σn+1 ≤ λnσn +
σZn and λnσn ≤ σn+1 + σZn , hence with Cr,1 = CT,2 we have

|λnσn − σn+1| ≤ σZn so |rn − 1| ≤ Cr,1

(
1 − δ2

1 − δ1

)n

.

Now, since |rp
n −1| = |(rn −1+1)p −1| ≤ ∑p

j=1

(p
j

)
|rn −1|j and 0 < δ1 < δ2 < 1,

there are constants Cr,p such that

∣∣rp
n − 1

∣∣ ≤ Cr,p

(
1 − δ2

1 − δ1

)n

, p = 1,2, . . . .

Now considering the first term of βn in (4.42), recalling (4.49),

E|Wn+1 − Yn+1| = E|(rn − 1)Yn+1 + Tn|
≤ |rn − 1|E|Yn+1| + E|Tn| ≤ (Cr,1 + CT,2)

(
1 − δ2

1 − δ1

)n

,

which is upper bounded by a constant times φn+1
1 .

For the second term of (4.42) we have

E
∣∣W 3

n+1 − Y 3
n+1

∣∣ = E
∣∣(r3

n − 1
)
Y 3

n+1 + 3r2
nY 2

n+1Tn + 3rnYn+1T
2
n + T 3

n

∣∣.
Applying the triangle inequality, the first term which results may be bounded as

∣∣r3
n − 1

∣∣E
∣∣Y 3

n+1

∣∣ ≤
∣∣r3

n − 1
∣∣(EY 4

n+1
)3/4

≤ 63/4Cr,3C
3
X,4

(
(1 − δ2)(1 + δ3)

3

(1 − δ1)4

)n

,

which is smaller than some constant times φn+1
1 .



82 4 L1 Bounds

Since rn → 1 by (4.51), it suffices to bound the next two terms without the factor
of rn. Thus,

E
∣∣Y 2

n+1Tn

∣∣ ≤
√

EY 4
n+1ET 2

n ≤ 61/2C2
X,4CT,2

(
(1 − δ2)(1 + δ3)

2

(1 − δ1)3

)n

,

which is less than a constant times φn+1
1 . Lastly,

E
∣∣Yn+1T

2
n

∣∣ ≤
√

EY 2
n+1ET 4

n ≤ C2
T ,4

(
1 − δ4

1 − δ1

)2n

= C2
T ,4φ

n
2 and

E
∣∣T 3

n

∣∣ ≤
(
ET 4

n

)3/4 ≤ C3
T ,4

(
1 − δ4

1 − δ1

)3n

≤ C3
T ,4φ

3n/2
2 .

Hence (4.43) holds with the given β .
Since αn → α, we have ϕn → ϕ, verifying (4.44). Under Condition 4.1, α is not

a scalar multiple of a standard basis vector and hence ϕ < 1 by Lemma 4.1. As the
first part of the theorem shows that (4.43) and (4.44) imply that (4.45) holds for all
γ ∈ (max(β,ϕ),1), the last claim is shown. !

We note that this proof reverses the way in which the Stein equation is typically
applied, where h is given and the properties of f are dependent on those assumed
for h. In particular, in the proof of Theorem 4.6 the function f ∈ F is taken as given,
and the function h, whose properties are determined by f through (2.4), plays only
an auxiliary role.

4.2.2 Normal Bounds for Hierarchical Sequences

The following result, extending Proposition 9 of Wehr and Woo (2001) to higher
orders, is used to show that the moment bounds of Conditions 4.1 and 4.2 are satis-
fied under the hypotheses of Theorem 4.4, allowing Theorem 4.6 to be invoked. The
dependence of the constants in (4.53) and (4.54) on ϵ is suppressed for notational
simplicity.

Lemma 4.3 Let the hypotheses of Theorem 4.4 be satisfied for the recursion

Xn+1 = F(Xn) for n ≥ 0.

With cn = EXn and αn = F ′(cn), define

Zn = F(Xn) − αn · Xn. (4.52)

Then with α the limit of αn and λ = ∥α∥, for any integer p ≥ 1 and ϵ > 0, there
exists constants CX,p , CZ,p such that

E|Zn − EZn|p ≤ C
p
Z,p(λ + ϵ)2pn for all n ≥ 0, (4.53)

and

E|Xn − cn|p ≤ C
p
X,p(λ + ϵ)pn for all n ≥ 0. (4.54)
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Proof Expanding F(Xn) around the mean cn = 1kcn of Xn yields

F(Xn) = F(cn) +
k∑

i=1

αn,i(Xn,i − cn) + R2(cn,Xn), (4.55)

where

R2(cn,Xn) =
k∑

i,j=1

∫ 1

0
(1 − t)

∂2F

∂xi∂xj

(
cn + t (Xn − cn)

)
(Xn,i − cn)(Xn,j − cn)dt.

Since the second partials of F are continuous on the compact set D = [a, b]k , with
∥ · ∥ the supremum norm on D we have

B = 1
2

max
i,j

∥∥∥∥
∂2F

∂xi∂xj

∥∥∥∥ < ∞,

and therefore

∣∣R2(cn,Xn)
∣∣ ≤ B

k∑

i,j=1

∣∣(Xn,i − cn)(Xn,j − cn)
∣∣. (4.56)

Using (4.52), (4.55) and (4.56), we have for all p ≥ 1

E|Zn − EZn|p

= E

∣∣∣∣∣F(Xn) − EF(Xn) −
k∑

i=1

αn,i(Xn,i − cn)

∣∣∣∣∣

p

= E
∣∣F(cn) − EF(Xn) + R2(cn,Xn)

∣∣p

≤ 2p−1
(∣∣F(cn) − EF(Xn)

∣∣p + BpE

(∑

i,j

∣∣(Xn,i − cn)(Xn,j − cn)
∣∣
)p)

. (4.57)

For the first term of (4.57), again using (4.56),

∣∣F(cn) − EF(Xn)
∣∣p =

∣∣ER2(cn,Xn)
∣∣p

≤ Bp

(
E

∑

i,j

∣∣(Xn,i − cn)(Xn,j − cn)
∣∣
)p

≤ Bp

(∑

i,j

E(Xn − cn)
2
)p

= Bpk2p
[
E(Xn − cn)

2]p

≤ Bpk2pE(Xn − cn)
2p, (4.58)

using Jensen’s inequality for the final step.
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Similarly, for the second term in (4.57),

E

(∑

i,j

∣∣(Xn,i − cn)(Xn,j − cn)
∣∣
)p

≤ kpE

(
k∑

i=1

(Xn,i − cn)
2

)p

≤ k2p−1E

(
k∑

i=1

(Xn,i − cn)
2p

)

= k2pE(Xn − cn)
2p. (4.59)

Applying the bounds (4.58) and (4.59) in (4.57) we obtain for all p ≥ 1, with Cp =
2pBpk2p ,

E|Zn − EZn|p ≤ CpE(Xn − cn)
2p. (4.60)

To demonstrate the proposition it therefore suffices to prove (4.54).
Note that since Xn → c for Xn ∈ [a, b] the bounded convergence theorem

implies that cn = EXn → c. Lemma 8 of Wehr and Woo (2001) shows that if
F : [a, b]k → [a, b] is an averaging function and there exists c ∈ [a, b] such that
Xn →p c, then

∀ϵ ∈ (0,1)∃M such that for all n ≥ 0, P
(
|Xn − c| > ϵ

)
≤ Mϵn. (4.61)

In particular the large deviation estimate (4.61) holds under the given assumptions,
and therefore also with c replaced by cn.

We now show that if an, n = 0,1, . . . is a sequence such that for every ϵ > 0 there
exists M and n0 ≥ 0 such that

an+1 ≤ (λ + ϵ)pan + M(λ + ϵ)p(n+1) for all n ≥ n0, (4.62)

then for all ϵ > 0 there exists C such that

an ≤ C(λ + ϵ)pn for all n ≥ 0. (4.63)

Let ϵ > 0 be given, and let M and n0 be such that (4.62) holds with ϵ replaced by
ϵ/2. Setting

C = max
{

an0

(λ + ϵ)n0
,

M

1 − (λ+ϵ/2
λ+ϵ )p

}
,

it is trivial that (4.63) holds for n = n0, and a direct induction shows (4.63) holds
for all n ≥ n0. By increasing C if necessary, we have that (4.63) holds for all n ≥ 0.

Unqualified statements in the remainder of the proof below involving ϵ and M are
to be read to mean that for every ϵ > 0 there exists M such that the statement holds
for all n; the values of ϵ and M are not necessarily the same at each occurrence,
even from line to line. By (4.61) and that Xn ∈ [a, b] we have

E(Xn − cn)
2p = E

[
(Xn − cn)

2p; |Xn − cn| ≤ ϵ
]
+ E

[
(Xn − cn)

2p; |Xn − cn| > ϵ
]

≤ ϵpE|Xn − cn|p + Mϵn.

From (4.60), this inequality gives that
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E|Zn − EZn|p ≤ ϵpE|Xn − cn|p + Mϵn. (4.64)

Since for all ϵ > 0 we have

lim
x→∞(x + 1)p − (1 + ϵ)xp = −∞ and therefore

sup
x≥0

(x + 1)p − (1 + ϵ)xp < ∞,

substituting x = |w|/|z| when z ≠ 0 we see that there exists M such that for all w,z

we have

|w + z|p ≤ (1 + ϵ)|w|p + M|z|p,

noting that the inequality holds trivially with M = 1 for z = 0. Now applying defi-
nition (4.52),

E|Xn+1 − cn+1|p ≤ (1 + ϵ)E

∣∣∣∣∣

k∑

i=1

αn,i(Xn,i − cn)

∣∣∣∣∣

p

+ ME|Zn − EZn|p. (4.65)

Specializing (4.65) to the case p = 2 gives

E(Xn+1 − cn+1)
2 ≤ (λ + ϵ)2E(Xn − cn)

2 + ME(Zn − EZn)
2.

Applying (4.64) with p = 2 to this inequality yields

E(Xn+1 − cn+1)
2 ≤ (λ + ϵ)2E(Xn − cn)

2 + Mϵ2n+2

≤ (λ + ϵ)2E(Xn − cn)
2 + M(λ + ϵ)2(n+1).

Hence inequality (4.62), and therefore (4.63), are true for an = E(Xn − cn)
2 and

p = 2, yielding (4.54) for p = 2. Now Hölder’s inequality shows that (4.54) is also
true for p = 1.

Now let p > 2 be an integer and suppose that (4.54) is true for all integers q,1 ≤
q < p. In expanding the first term in (4.65) we let p = (p1, . . . , pk) denote a multi-
index and |p| = ∑

i pi . Use the induction hypotheses, and (4.22) of Lemma 4.2 in
(4.66), to obtain, with AX,p = maxq<p CX,q and B

p
X,p = kp−1A

p
X,p , that

E

∣∣∣∣∣

k∑

i=1

αn,i(Xn,i − cn)

∣∣∣∣∣

p

≤
k∑

i=1

|αn,i |pE|Xn,i − cn|p +
∑

|p|=p,0≤pi<p

(
p

p

)
E

k∏

i=1

|αn,i |pi |Xn,i − cn|pi

≤ E|Xn − cn|p
k∑

i=1

|αn,i |p +
∑

|p|=p,0≤pi<p

(
p

p

) k∏

i=1

|αn,i |pi C
pi

X,pi
(λ + ϵ)pin

≤ E|Xn − cn|p
k∑

i=1

|αn,i |p + A
p
X,p(λ + ϵ)pn

∑

|p|=p

(
p

p

) k∏

i=1

|αn,i |pi
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= E|Xn − cn|p
k∑

i=1

|αn,i |p + A
p
X,p(λ + ϵ)pn

(
k∑

i=1

|αn,i |
)p

≤
k∑

i=1

|αn,i |p
(
E|Xn − cn|p + B

p
X,p(λ + ϵ)pn

)

≤ (λ + ϵ)pE|Xn − cn|p + B
p
X,p(λ + ϵ)p(n+1). (4.66)

Applying (4.64) and (4.66) in (4.65) gives

E|Xn+1 − cn+1|p ≤ (λ + ϵ)pE|Xn − cn|p + M(λ + ϵ)p(n+1),

from which we can conclude that (4.63) holds for an = E|Xn − cn|p , completing
the induction on p. !

Proof of Theorem 4.4 By Theorem 4.6 it suffices to show that Conditions 4.1 and 4.2
are satisfied for some δi , i = 1,2,3,4 satisfying β < ϕ.

By Property 1 of averaging functions, F(1kc) = c, and differentiation with re-
spect to c yields

∑n
i=1 αi = 1. By Property 2, monotonicity, αi ≥ 0, and (4.24) of

Lemma 4.2 yields 0 < λ < ϕ < 1, using that α is not a multiple of a standard basis
vector.

Let δ4 ∈ (1 − ϕ,1 − λ). Since δ4 < 1 − λ we have λ2 < λ(1 − δ4), and therefore
there exists ϵ > 0 such that (λ + ϵ)2 < λ(1 − δ4). By Lemma 4.3, for p = 2 and
p = 4, for this ϵ there exists C

p
Z,p such that

E(Zn − EZn)
p ≤ C

p
Z,p(λ + ϵ)2pn ≤ C

p
Z,pλpn(1 − δ4)

pn.

Hence the fourth and second moment bounds in Conditions 4.1 and 4.2 on Zn are
satisfied with δ4 and δ2 = δ4, respectively.

Since 1 − δ4 < ϕ there δ1 ∈ (0, δ2) and δ3 > 0 such that η < ϕ where

η = (1 − δ4)(1 + δ3)
3

(1 − δ1)4 .

Proposition 10 of Wehr and Woo (2001) shows that under the assumptions of Theo-
rem 4.4, for every ϵ > 0 there exists C2

X,2 such that

Var(Xn) ≥ C2
X,2(λ − ϵ)2n.

Taking ϵ = λδ1, we have Var(Xn) satisfies the lower bound in Condition 4.1. Ap-
plying Lemma 4.3 with p = 4 and ϵ = λδ3 we see the fourth moment bound on Xn

in Condition 4.2 is satisfied.
With these choices for δi , i = 1, . . . ,4, as η < ϕ < 1, we have φ2 < η < 1

and φ1 = η < 1, hence Conditions 4.1 and 4.2 are satisfied. Noting that β =
max{φ1,φ2} = η < ϕ now completes the proof. !
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4.2.3 Convergence Rates for the Diamond Lattice

We now apply Theorem 4.4 to hierarchical sequences generated by the diamond
lattice conductivity function F(x) in (4.30). We have already argued that Theo-
rem 4.5 implies that F(x) is strictly averaging on, say [a, b]4, for any 0 < a < b and
choice of positive weights satisfying F(14) = 1, and on this domain such an F(x)

is easily seen to be twice continuously differentiable. For all such F(x) the result of
Shneiberg (1986) quoted in Sect. 4.2 shows that Xn satisfies a weak law.

We now study the quantity ϕ which determines the exponential decay rate of the
upper bound of Theorem 4.4 to zero. The first partial derivative ∂F(x)/∂x1 has the
form

∂F(x)

∂x1
= (w1x

2
1)−1

((w1x1)−1 + (w2x2)−1)2 ,

and similarly for the other partials. Hence F ′(tx) = F ′(x) for all t ≠ 0. As Xn is a
random variable on [a, b] we have cn = EXn ≠ 0, and therefore

αn = F ′(cn14) = F ′(14) for all n ≥ 0.

In particular, α = limn→∞ αn is given by

α =
[

w−1
1

(w−1
1 + w−1

2 )2
,

w−1
2

(w−1
1 + w−1

2 )2
,

w−1
3

(w−1
3 + w−1

4 )2
,

w−1
4

(w−1
3 + w−1

4 )2

]ᵀ
.

Since we are considering the case where all the weights are positive, the vector α is
not a scalar multiple of a standard basis vector. Now from (4.16) we compute

ϕ = λ−3
(

w−3
1 + w−3

2

(w−1
1 + w−1

2 )6
+ w−3

3 + w−3
4

(w−1
3 + w−1

4 )6

)
, (4.67)

where

λ =
(

w−2
1 + w−2

2

(w−1
1 + w−1

2 )4
+ w−2

3 + w−2
4

(w−1
3 + w−1

4 )4

)1/2

.

As an illustration of the bounds provided by Theorem 4.4, first consider the ‘side
equally weighted network’, the one with w = (w,w,2 − w,2 − w)ᵀ for w ∈ [1,2);
we recall the weights w refer to the bonds in the lattice traversed counterclockwise
from the top in Fig. 4.1(c). The vector of weights for w in this range are positive and
satisfy F(14) = 1. For w = 1 all weights are equal and α = 4−114, so ϕ achieves its
minimum value 1/2 = 1/

√
k with k = 4. By Theorem 4.4, for all γ ∈ (1/2,1) there

exists a constant C such that ∥Wn − Z∥1 ≤ Cγ n. The values of γ just above 1/2
correspond, in view of (4.36), to the rate N−θ for θ just below − log4 1/2 = 1/2,
that is, N−1/2+ϵ for small ϵ > 0, where N = 4n, the number of variables at stage n.
As w increases from 1 to 2, ϕ increases continuously from 1/2 to 1/

√
2, with w

approaching 2 from below corresponding to the least favorable rate for the side
equally weighted network of θ just under − log4 1/

√
2 = 1/4, that is, of N−1/4+ϵ

for any ϵ > 0.
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With only the restriction that the weights are positive and satisfy F(14) = 1 con-
sider

w = (1 + 1/t, s, t,1/t)ᵀ

where s =
[(

1 − (1/t + t)−1)−1 − (1 + 1/t)−1]−1
, t > 0.

When t = 1 we have s = 2/3 and ϕ = 11
√

2/27. As t → ∞, s/t → 1/2 and α tends
to the standard basis vector (1,0,0,0), so ϕ → 1. Since 11

√
2/27 ∈ (1/2,1/

√
2 ),

the above two examples show that the value of γ given by Theorem 4.4 for the
diamond lattice can take any value in the range (1/2,1), corresponding to N−θ for
any θ ∈ (0,1/2).

4.3 Cone Measure Projections
In this section we use Stein’s method to obtain L1 bounds for the normal approxi-
mation of one dimensional projections of the form

Y = θ · X, (4.68)

where for some p > 0, the vector X ∈ Rn has the cone measure distribution Cn
p

given in (4.71) below, and θ ∈ Rn is of unit length. The normal approximation of
projections of random vectors in lesser and greater generality has been studied by
many authors, and under a variety of metrics. In the case p = 2, when cone measure
is uniform on the surface of the unit Euclidean sphere in Rn, Diaconis and Freedman
(1987) show that the low dimensional projections of X are close to normal in total
variation. It is particularly easy to see in this case, and true in general, that cone
measure Cn

p is coordinate symmetric, that is,

(X1, . . . ,Xn) =d (e1X1, . . . , enXn) for all (e1, . . . , en) ∈ {−1,1}n. (4.69)

Meckes and Meckes (2007) derive bounds using Stein’s method for the normal ap-
proximation of random vectors with symmetries in general, including coordinate-
symmetry, considering the supremum and total variation norm. Goldstein and Shao
(2009) give L∞ bounds on the projections of coordinate symmetric random vectors
of order 1/

√
n without applying Stein’s method. Klartag (2009) proves bounds of

order 1/n on the L∞ distance under additional conditions on the distribution of X,
including that its density be log concave. One special case of note where X is co-
ordinate symmetric is when its distribution is uniform over a convex set which has
symmetry with respect to all coordinate planes. For general results on the projections
of vectors sampled uniformly from convex sets, see Klartag (2007) and references
therein. Studying here the specific instance of the projections of cone measure al-
lows, naturally, for the sharpening of general results about projections of coordinate
symmetric vectors to this particular case.

To define cone measure let

S
(
ℓn
p

)
=

{

x ∈ Rn:
n∑

i=1

|xi |p = 1

}

and

B
(
ℓn
p

)
=

{

x ∈ Rn:
n∑

i=1

|xi |p ≤ 1

}

.

(4.70)
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Then with µn Lebesgue measure in Rn, the cone measure of A ⊂ S(ℓn
p) is given by

Cn
p(A) = µn([0,1]A)

µn(B(ℓn
p))

where [0,1]A = {ta: a ∈ A, 0 ≤ t ≤ 1}. (4.71)

The main result in the this section on the projections of Cn
p is the following.

Theorem 4.7 Let X have cone measure Cn
p on the sphere S(ℓn

p) for some p > 0 and
let

Y =
n∑

i=1

θiXi

be the one-dimensional projection of X along the direction θ ∈ Rn with ∥θ∥ = 1.
Then with σ 2

n,p = Var(X1) and mn,p = E|X1|3/σ 2
n,p , given in (4.84) and (4.87),

respectively, and F the distribution function of the normalized sum W = Y/σn,p ,
we have

∥F − !∥1 ≤
(

mn,p

σn,p

) n∑

i=1

|θi |3 +
(

1
p

∨ 1
)

4
n + 2

, (4.72)

where ! is the cumulative distribution function of the standard normal.

We note that by the limits in (4.84) and (4.88), the constant mn,p/σn,p that mul-
tiplies the sum in the bound (4.72) is of the order of a constant with asymptotic
value

lim
n→∞

mn,p

σn,p
= 2(4/p)

√
2(1/p)

2(3/p)3/2 .

Since, for θ ∈ Rn with ∥θ∥ = 1, we have
∑

|θi |3 ≥ 1√
n
,

the second term in (4.72) is always of smaller order than the first, so the decay rate
of the bound to zero is determined by

∑
i |θi |3. The minimal rate 1/

√
n is achieved

when θi = 1/
√

n.
In the special cases p = 1 and p = 2, Cn

p is uniform on the simplex
∑n

i=1 |xi | = 1
and the unit Euclidean sphere

∑n
i=1 x2

i = 1, respectively. By (4.84) and (4.87) for
p = 1,

σ 2
n,1 = 2

n(n + 1)
and mn,1 = 3

n + 2
,

and, using also (4.88) for p = 2,

σ 2
n,2 = 1

n
and mn,2 ≤

√
3

n + 2
;

these relations yield
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mn,1

σn,1
= 3

√
n(n + 1)

2(n + 2)2 ≤ 3√
2

and
mn,2

σn,2
≤

√
3n

n + 2
≤

√
3.

Substituting into (4.72) now gives

∥F − !∥1 ≤ 3√
p + 1

n∑

i=1

|θi |3 + 4
n + 2

for p ∈ {1,2}. (4.73)

4.3.1 Coupling Constructions for Coordinate Symmetric Variables
and Their Projections

We generalize the construction in Proposition 2.3 to coordinate symmetric vectors,
beginning by generalizing the notion of square biasing, given there, to square biasing
in coordinates.

To begin, note that if Y is a coordinate symmetric random vector in Rn and
EY 2

i < ∞ for i = 1, . . . , n, then the symmetry condition (4.69) implies

EYi = −EYi and EYiYj = −EYiYj for all i ≠ j,

and hence

EYi = 0 and EYiYj = σ 2
i δij for all i, j , (4.74)

where σ 2
i = Var(Yi) = EY 2

i . By removing any component which has zero variance,
and lowering the dimension accordingly, we may assume without loss of generality
that σ 2

i > 0 for all i = 1, . . . , n. For such Y, for all i = 1, . . . , n, we claim there exists
a distribution Yi such that for all functions f : Rn → R for which the expectation
of the left hand side below exists,

EY 2
i f (Y) = σ 2

i Ef
(
Yi

)
, (4.75)

and say that Yi has the Y-square bias distribution in direction i. In particular, the
distribution of Yi is absolutely continuous with respect to Y with

dF i(y) = y2
i

σ 2
i

dF (y). (4.76)

By specializing (4.75) to the case where f depends only on Yi , we see, in the lan-
guage of Proposition 2.3, that Y i

i =d Y !
i , that is, that Y i

i has the Yi -square bias
distribution.

Proposition 4.3 shows how to construct the zero bias distribution Y ∗ for the sum
Y of the components of a coordinate-symmetric vector in terms of Yi and a random
index in a way that parallels the construction for size biasing given in Proposi-
tion 2.2. Again we let U [a, b] denote the uniform distribution on [a, b].
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Proposition 4.3 Let Y ∈ Rn be a coordinate-symmetric random vector with
Var(Yi) = σ 2

i ∈ (0,∞) for all i = 1,2, . . . , n, and

Y =
n∑

i=1

Yi.

Let Yi , i = 1, . . . , n, have the square bias distribution given in (4.75), I a random
index with distribution

P(I = i) = σ 2
i∑n

j=1 σ 2
j

(4.77)

and Ui ∼ U [−1,1], with Yi , I and Ui mutually independent for all i = 1, . . . , n.
Then

Y ∗ = UIY
I
I +

∑

j≠I

Y I
j (4.78)

has the Y -zero bias distribution.

Proof Let f be an absolutely continuous function with E|Yf (Y )| < ∞. Staring
with the given form of Y ∗ then averaging over the index I , integrating out the uni-
form variable Ui and applying (4.75) and (4.69) we obtain

σ 2Ef ′(Y ∗) = σ 2Ef ′
(

UIY
I
I +

∑

j≠I

Y I
j

)

= σ 2
n∑

i=1

σ 2
i

σ 2 Ef ′
(

UiY
i
i +

∑

j≠i

Y i
j

)

=
n∑

i=1

σ 2
i E

(
f (Y i

i + ∑
j≠i Y

i
j ) − f (−Y i

i + ∑
j≠i Y

i
j )

2Y i
i

)

=
n∑

i=1

EYi

(
f (Yi + ∑

j≠i Yj ) − f (−Yi + ∑
j≠i Yj )

2

)

=
n∑

i=1

EYif

(
Yi +

∑

j≠i

Yj

)

= EYf (Y ).

Thus, Y ∗ has the Y -zero bias distribution. !

Factoring (4.76) as

dF i(y) = dF i
i (yi)dF (y1, . . . , yi−1, yi+1, . . . , yn|yi)

where dF i
i (yi) = y2

i dFi(yi)

σ 2
i

(4.79)
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provides an alternate way of seeing that Y i
i =d Y !

i . Moreover, it suggests a coupling
between Y and Y ∗ where, given Y, an index I = i is chosen with weight propor-
tional to the variance σ 2

i , the summand Yi is replaced by Y i
i having that summand’s

‘square bias’ distribution and then multiplied by U , and, finally, the remaining vari-
ables of Y are perturbed, so that they achieve their original distribution conditional
on the ith variable now taking on the value Y i

i . Typically the remaining variables are
changed as little as possible in order to make the coupling between Y and Y ∗ close.

Now let X ∈ Rn be an exchangeable coordinate-symmetric random vector with
components having finite second moments and let θ ∈ Rn have unit length. Then,
by (4.74), the projection Y of X along the direction θ ,

Y =
n∑

i=1

θiXi

has mean zero and variance σ 2 equal to the common variance of the components
of X. To form Y ∗ using the construction just outlined, in view of (4.79) in particular,
requires a vector of random variables to be ‘adjusted’ according to their original
distribution, conditional on one coordinate taking on a newly chosen, biased, value.
Random vectors which have the ‘scaling-conditional’ property in Definition 4.2 can
easily be so adjusted. Let L(V ) and L(V |X = x) denote the distribution of V , and
the conditional distribution of V given X = x, respectively.

Definition 4.2 Let X = (X1, . . . ,Xn) be an exchangeable random vector and
D ⊂ R the support of the distribution of X1. If there exists a function g : D → R
such that P(g(X1) = 0) = 0 and

L(X2, . . . ,Xn|X1 = a) = L
(

g(a)

g(X1)
(X2, . . . ,Xn)

)
for all a ∈ D, (4.80)

we say that X is scaling g-conditional, or simply scaling-conditional.

Proposition 4.4 is an application of Theorem 4.1 and Proposition 4.3 to projec-
tions of coordinate symmetric, scaling-conditional vectors.

Proposition 4.4 Let X ∈ Rn be an exchangeable, coordinate symmetric and scaling
g-conditional random vector with finite second moment. For θ ∈ Rn of unit length
set

Y =
n∑

i=1

θiXi, σ 2 = Var(Y ), and F(x) = P(Y/σ ≤ x).

Then any construction of (X,Xi
i ) on a joint space for each i = 1, . . . , n with Xi

i
having the Xi -square biased distribution provides the upper bound

∥F − !∥1 ≤ 2
σ

E

∣∣∣∣θI

(
UIX

I
I − XI

)
+

(
g(XI

I )

g(XI )
− 1

)∑

j≠I

θjXj

∣∣∣∣, (4.81)

where P(I = i) = θ2
i and Ui ∼ U [−1,1] with {Xi

i ,Xj , j ≠ i}, I and Ui mutually
independent for i = 1,2, . . . , n.
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Proof For all i = 1, . . . , n, since X is scaling g-conditional, given X and Xi
i with

the Xi -square bias distribution, by (4.79) and (4.80) the vector

Xi =
(

g(Xi
i )

g(Xi)
X1, . . . ,

g(Xi
i )

g(Xi)
Xi−1,X

i
i ,

g(Xi
i )

g(Xi)
Xi+1, . . . ,

g(Xi
i )

g(Xi)
Xn

)

has the X-square bias distribution in direction i as given in (4.75), that is, for every
h for which the expectation on the left-hand side below exists,

EX2
i h(X) = EX2

i Eh
(
Xi

)
. (4.82)

We now apply Proposition 4.3 to Y = (θ1X1, . . . , θnXn). First, the coordinate
symmetry of Y follows from that of X. Next, we claim

Yi =
(
θ1X

i
1, . . . , θnX

i
n

)

has the Y-square bias distribution in direction i. Given f , let

h(X) = f (θ1X1, . . . , θnXn).

Applying (4.82) we obtain

EY 2
i f (Y) = Eθ2

i X2
i f (Y)

= θ2
i EX2

i h(X)

= θ2
i EX2

i Eh
(
Xi

)

= Eθ2
i X2

i Ef
(
Yi

)

= EY 2
i Ef

(
Yi

)
.

Since X is exchangeable, the variance of Yi is proportional to θ2
i and the distribution

of I in (4.77) specializes to the one claimed. Lastly, as Yi , I and Ui are mutually
independent for i = 1, . . . , n, Proposition 4.3 yields that

Y ∗ = UIY
I
I +

∑

j≠I

Y I
j

has the Y -zero bias distribution.
The difference Y ∗ − Y is given by

Y ∗ − Y = UIY
I
I +

∑

j≠I

Y I
j −

n∑

i=1

Yi

= UI θIX
I
I +

∑

j≠I

θjX
I
j −

n∑

j=1

θjXj

= θI

(
UIX

I
I − XI

)
+

∑

j≠I

θj

(
XI

j − Xj

)

= θI

(
UIX

I
I − XI

)
+

∑

j≠I

θj

(
g(XI

I )

g(XI )
− 1

)
Xj

= θI

(
UIX

I
I − XI

)
+

(
g(XI

I )

g(XI )
− 1

)∑

j≠I

θjXj .
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The proof is completed by dividing both sides by σ , applying (2.59) to yield Y ∗/σ =
(Y/σ )∗, and invoking Theorem 4.1. !

4.3.2 Construction and Bounds for Cone Measure

Proposition 4.5 below shows that Proposition 4.4 can be applied to cone measure.
We denote the Gamma and Beta distributions with parameters α,β as 2(α,β) and
B(α,β), respectively. That is, with the Gamma function at α > 0 given by

2(α) =
∫ ∞

0
xα−1e−xdx,

with β > 0, the density of the 2(α,β) distribution is

xα−1e−x/β

βα2(α)
1{x>0};

the density of the Beta distribution B(α,β) is given in (4.90).

Proposition 4.5 Let Cn
p denote cone measure as given in (4.71) for some n ∈ N and

p > 0.

1. Cone measure Cn
p is exchangeable and coordinate-symmetric. For {Gj, ϵj , j =

1, . . . , n} independent variables with Gj ∼ 2(1/p,1) and ϵj taking values −1
and +1 with equal probability, setting Ga,b = ∑b

i=a Gi we have

X =
(

ϵ1

(
G1

G1,n

)1/p

, . . . , ϵn

(
Gn

G1,n

)1/p)
∼ Cn

p. (4.83)

2. The common marginal distribution Xi of cone measure is characterized by

Xi =d −Xi and |Xi |p ∼ B
(
1/p, (n − 1)/p

)
,

and the variance σ 2
n,p = Var(Xi) is given by

σ 2
n,p = 2(3/p)2(n/p)

2(1/p)2((n + 2)/p)
(4.84)

and satisfies

lim
n→∞n2/pσ 2

n,p = p2/p2(3/p)

2(1/p)
.

3. The square bias distribution Xi
i of Xi is characterized by

Xi
i =d −Xi

i and
∣∣Xi

i

∣∣p ∼ B
(
3/p, (n − 1)/p

)
. (4.85)

Letting {Gj,G
′
j , ϵj , j = 1, . . . , n} be independent variables with Gj ∼

2(1/p,1), G′
j ∼ 2(2/p,1) and ϵj taking values −1 and +1 with equal proba-

bility, for each i = 1, . . . , n, a construction of (X,Xi
i ) on a joint space is given

by the representation of X in (4.83) along with



4.3 Cone Measure Projections 95

Xi
i = ϵi

(
Gi + G′

i

G1,n + G′
i

)1/p

. (4.86)

The mean mn,p = E|Xi
i | = E|X3

i |/σ 2
n,p for all i = 1, . . . , n is given by

mn,p = 2(4/p)2((n + 2)/p)

2(3/p)2((n + 3)/p)
(4.87)

and satisfies

lim
n→∞n1/pmn,p = p1/p2(4/p)

2(3/p)
and mn,p ≤

(
3

n + 2

)1/(p∨1)

. (4.88)

4. Cone measure Cn
p is scaling (1 − |x|p)1/p conditional.

The proof of Proposition 4.5 is deferred to the end of this section. Before pro-
ceeding to Theorem 4.7, we remind the reader of the following known facts about
the Gamma and Beta distributions; see Bickel and Doksum (1977), Theorem 1.2.3
for the case n = 2 of the first claim, the extension to general n and the follow-
ing claim being straightforward. For γi ∼ 2(αi ,β), i = 1, . . . , n, independent with
αi > 0 and β > 0,

γ1 + γ2 ∼ 2(α1 + α2,β),
γ1

γ1 + γ2
∼ B(α1,α2), (4.89)

and
(

γ1∑n
i=1 γi

, . . . ,
γn∑n
i=1 γi

)
and

n∑

i=1

γi are independent;

the Beta distribution B(α,β) has density

pα,β(u) = 2(α + β)

2(α)2(β)
uα−1(1 − u)β−11u∈[0,1]

and κ > 0 moment
2(α + κ)2(α + β)

2(α + β + κ)2(α)
. (4.90)

Proof of Theorem 4.7 Using Proposition 4.5, we apply Proposition 4.4 for X with
g(x) = (1− |x|p)1/p and the joint construction of (X,Xi

i ) given in item 3. Note that
Proposition 4.2 applies, using the notation there, with V ∼ U [0,1], independent of
all other variables, Ui = ϵiV , and

Xi =
(

Gi

G1,n

)1/p

and Y i =
(

Gi + G′
i

G1,n + G′
i

)1/p

.

Applying the triangle inequality on (4.81) yields the bound on the L1 norm
∥F − !∥1 of

2
σn,p

(
E

∣∣θI

(
UIX

I
I − XI

)∣∣ + E

∣∣∣∣

(
g(XI

I )

g(XI )
− 1

)∑

j≠I

θjXj

∣∣∣∣

)
. (4.91)

We begin by averaging the first term over I . Note that
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|X1| =
(

G1

G1,n

)1/p

≤
(

G1 + G′
1

G1,n + G′
1

)1/p

=
∣∣X1

1

∣∣,

and therefore, recalling P(I = i) = θ2
i , we may invoke Proposition 4.2 to conclude

E
∣∣θI

(
UIX

I
I − XI

)∣∣ =
n∑

i=1

|θi |3E
∣∣UiX

i
i − Xi

∣∣

= E
∣∣U1X

1
1 − X1

∣∣
n∑

i=1

|θi |3

≤ E|X1|3
2σ 2

n,p

n∑

i=1

|θi |3 = mn,p

2

n∑

i=1

|θi |3. (4.92)

Now, averaging the second term in (4.91) over the distribution of I yields

E

∣∣∣∣

(
g(XI

I )

g(XI )
− 1

)∑

j≠I

θjXj

∣∣∣∣ =
n∑

i=1

E

∣∣∣∣

(
g(Xi

i )

g(Xi)
− 1

)∑

j≠i

θjXj

∣∣∣∣θ
2
i . (4.93)

Using (4.83), (4.86) and g(x) = (1 − |x|p)1/p , we have

g(Xi
i )

g(Xi)
− 1 =

(
G1,n

G1,n + G′
i

)1/p

− 1. (4.94)

Applying (4.89) we have that {G1,n,G
′
i} are independent of X1, . . . ,Xn; hence, the

term (4.94) is independent of the sum it multiplies in (4.93) and therefore (4.93)
equals

n∑

i=1

E

∣∣∣∣
g(Xi

i )

g(Xi)
− 1

∣∣∣∣E
∣∣∣∣
∑

j≠i

θjXj

∣∣∣∣θ
2
i . (4.95)

To bound the first expectation in (4.95), since G1,n/(G1,n +G′
i ) ∼ B(n/p,2/p),

we have

E

∣∣∣∣
g(Xi

i )

g(Xi)
− 1

∣∣∣∣ = E

(
1 −

(
G1,n

G1,n + G′
i

)1/p)
≤

(
1
p

∨ 1
)

2
n + 2

(4.96)

since for p ≥ 1, using (4.90) with κ = 1,

E

(
1 −

(
G1,n

G1,n + G′
i

)1/p)

≤ E

(
1 −

(
G1,n

G1,n + G′
i

))
= 1 − n/p

(n + 2)/p
= 2

n + 2
,

while for 0 < p < 1, using Jensen’s inequality and the fact that

(1 − x)1/p ≥ 1 − x/p for x ≤ 1,

we have
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E

(
1 −

(
G1,n

G1,n + G′
i

)1/p)

≤ 1 −
(

E

(
G1,n

G1,n + G′
i

))1/p

= 1 −
(

n

n + 2

)1/p

≤ 2
p(n + 2)

.

We may bound the second expectation in (4.95) by σn,p since
(

E

∣∣∣∣
∑

j≠i

θjXj

∣∣∣∣

)2

≤ E

(∑

j≠i

θjXj

)2

= Var
(∑

j≠i

θjXj

)
= σ 2

n,p

∑

j≠i

θ2
j ≤ σ 2

n,p.

Neither this bound nor the bound (4.96) depends on i, so substituting them into
(4.95) and summing over i, again using

∑
i θ

2
i = 1, yields

n∑

i=1

E

∣∣∣∣
g(Xi

i )

g(Xi)
− 1

∣∣∣∣E
∣∣∣∣
∑

j≠i

θjXj

∣∣∣∣θ
2
i ≤ σn,p

(
1
p

∨ 1
)

2
n + 2

. (4.97)

Adding (4.92) and (4.97) and multiplying by 2/σn,p in accordance with (4.81)
yields (4.72). !

Proof of Proposition 4.5

1. For A ⊂ S(ℓn
p), e = (e1, . . . , en) ∈ {−1,1}n and a permutation π ∈ Sn, let

Ae =
{
x: (e1x1, . . . , enxn) ∈ A

}

and Aπ =
{
x: (xπ(1), . . . , xπ(n)) ∈ A

}
.

By the properties of Lebesgue measure, µn([0,1]Ae) = µn([0,1]Aπ ) =
µn([0,1]A), so by (4.71), cone measure is coordinate symmetric and exchange-
able.

The coordinate symmetry of X implies that

P(X ∈ A) = P(X ∈ Ae) for all e ∈ {−1,1}n,

so with ϵi , i = 1, . . . , n, i.i.d. variables taking the values 1 and −1 with proba-
bility 1/2 and independent of X,

P
(
(ϵ1X1, . . . , ϵnXn) ∈ A

)
= P(X ∈ Aϵ)

= 1
2n

∑

e∈{−1,1}n
P (X ∈ Ae)

= P(X ∈ A),

and hence (ϵ1X1, . . . , ϵnXn) =d (X1, . . . ,Xn). Note that for any (s1, . . . , sn) ∈
{−1,1}n that

(ϵ1s1, . . . , ϵnsn) =d (ϵ1, . . . , ϵn), and is independent of X.
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Hence, since P(Xi = 0) = 0, with si = Xi/|Xi |, the sign of Xi , we have

P
((

ϵ1|X1|, . . . , ϵn|Xn|
)
∈ A

)
= P

(
(ϵ1s1X1, . . . , ϵnsnXn) ∈ A

)

= P
(
(ϵ1X1, . . . , ϵnXn) ∈ A

)

= P
(
(X1, . . . ,Xn) ∈ A

)
.

We thus obtain (4.83) applying that X ∼ Cn
p satisfies

(
|X1|, . . . , |Xn|

)
=d

((
G1

G1,n

)1/p

, . . . ,

(
Gn

G1,n

)1/p)
(4.98)

shown, for instance, by Schechtman and Zinn (1990).
2. Applying the coordinate symmetry of X coordinatewise gives Xi =d −Xi and

(4.98) yields |Xi |p = Gi/G1,n, which has the claimed Beta distribution, by
(4.89). As EXi = 0, we have

Var(Xi) = EX2
i = E

(
|Xi |p

)2/p (4.99)

and the variance claim in (4.84) follows from (4.90) for α = 1/p,β = (n − 1)/p

and κ = 2/p.
From Stirlings formula, for all x > 0,

lim
m→∞

mx2(m)

2(m + x)
= 1,

so letting m = n/p and x = k/p,

lim
n→∞

nk/p2(n/p)

2((n + k)/p)
= pk/p. (4.100)

The limit (4.84) now follows.
3. If X is symmetric with variance σ 2 > 0 and X! has the X-square bias distribu-

tion, then for all bounded continuous functions f

σ 2Ef
(
X!)

= EX2f (X) = E
[
(−X)2f (−X)

]
= EX2f (−X) = σ 2Ef

(
−X!)

,

showing X! is symmetric.
From (4.90) and a change of variable, a random variable X satisfies

|X|p ∼ B(α/p,β/p)

if and only if the density p|X|(u) of |X| is

p|X|(u) = p2((α + β)/p)

2(α/p)2(β/p)
uα−1(1 − up

)β/p−11u∈[0,1]. (4.101)

Hence, since |Xi |p ∼ B(1/p, (n − 1)/p) by item 2, the density p|Xi |(u) of |Xi |
is

p|Xi |(u) = p2(n/p)

2(1/p)2((n − 1)/p)

(
1 − up

)(n−1)/p−11u∈[0,1].
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Multiplying by u2 and renormalizing produces the |Xi
i | density

p|Xi
i |(u) = u2p|Xi |(u)

EX2
i

= p2((n + 2)/p)

2(3/p)2((n − 1)/p)
u2(1 − up

)(n−1)/p−11u∈[0,1], (4.102)

and comparing (4.102) to (4.101) shows the second claim in (4.85). The repre-
sentation (4.86) now follows from (4.89) and the symmetry of Xi

i . The moment
formula (4.87) for mn,p follows from (4.90) for α = 3/p, β = (n − 1)/p and
κ = 1/p, and the limit in (4.88) follows from (4.100).

Regarding the last claim in (4.88), for p ≥ 1 Hölder’s inequality gives

mn,p = E
∣∣X1∣∣ ≤

(
E

∣∣X1∣∣p)1/p =
(

3
n + 2

)1/p

,

while for 0 < p < 1, we have

mn,p = E
∣∣X1∣∣ = E

(
Gi + G′

i

G1,n + G′
i

)1/p

≤ E

(
Gi + G′

i

G1,n + G′
i

)
= 3

n + 2
.

4. We consider the conditional distribution on the left-hand side of (4.80), and use
the representation, and notation Ga,b , given in (4.83). The second equality below
follows from the coordinate-symmetry of X, and the fourth follows since we may
replace G1,n by G2,n/(1 − |a|p) on the conditioning event. Using the notation
aL(V ) for the distribution of aV , we have

L(X2, . . . ,Xn|X1 = a)

= L
(

ϵ2

(
G2

G1,n

)1/p

, . . . , ϵn

(
Gn

G1,n

)1/p∣∣∣ϵ1

(
G1

G1,n

)1/p

= a

)

= L
(

ϵ2

(
G2

G1,n

)1/p

, . . . , ϵn

(
Gn

G1,n

)1/p∣∣∣
(

G1

G1,n

)1/p

= |a|
)

= L
(

ϵ2

(
G2

G1,n

)1/p

, . . . , ϵn

(
Gn

G1,n

)1/p∣∣∣
G2,n

G1,n
= 1 − |a|p

)

=
(
1 − |a|p

)1/p L
(

ϵ2

(
G2

G2,n

)1/p

, . . . , ϵn

(
Gn

G2,n

)1/p

|G2,n

G1,n
= 1 − |a|p

)

=
(
1 − |a|p

)1/p L
(

ϵ2

(
G2

G2,n

)1/p

, . . . , ϵn

(
Gn

G2,n

)1/p∣∣∣
G1

G1,n
= |a|p

)

=
(
1 − |a|p

)1/p L
(

ϵ2

(
G2

G2,n

)1/p

, . . . , ϵn

(
Gn

G2,n

)1/p)

= g(a)L
(

ϵ2

(
G2

G2,n

)1/p

, . . . , ϵn

(
Gn

G2,n

)1/p)
. (4.103)

In the penultimate step may we remove the conditioning on G1/G1,n since (4.89)
and the independence of G1 from all other variables gives that

(
G2

G2,n
, . . . ,

Gn

G2,n

)
is independent of (G1,G2,n)
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and therefore independent of G1/(G1 + G2,n) = G1/G1,n.
Regarding the right-hand side of (4.80), using 1 − |X1|p = ∑n

i=2 |Xi |p and
the representation (4.83), we obtain

g(a)(X2, . . . ,Xn)/g(X1) = g(a)

(
(X2, . . . ,Xn)

(|X2|p + · · · + |Xn|p)1/p

)

= g(a)

( (ϵ2(
G2

G1,n
)1/p, . . . , ϵn(

Gn
G1,n

)1/p)

(( G2
G1,n

) + · · · + ( Gn
G1,n

))1/p

)

= g(a)

(
(ϵ2G

1/p
2 , . . . , ϵnG

1/p
n )

(G2 + · · · + Gn)1/p

)

= g(a)

(
ϵ2

(
G2

G2,n

)1/p

, . . . , ϵn

(
Gn

G2,n

)1/p)

matching the distribution (4.103). !

In principle, Proposition 4.3 and Theorem 4.1 may be applied to compute bounds
to the normal for projections of other coordinate-symmetric vectors when the re-
quired couplings, and conditioning, are as tractable as here.

4.4 Combinatorial Central Limit Theorems

In this section we apply Theorem 4.1 to derive L1 bounds in the combinatorial
central limit theorem, that is, for random variables Y of the form

Y =
n∑

i=1

ai,π(i), (4.104)

where π is a permutation distributed uniformly over the symmetric group Sn, and
{aij }1≤i,j≤n are the components of a matrix A ∈ Rn×n.

Random variables of this form are of interest in permutation tests. In particular,
given a function d(x, y) which in some sense measures the closeness of two obser-
vations x and y, given values x1, . . . , xn and y1, . . . , yn and a putative ‘matching’
permutation τ that associates xi to yτ (i), one can test whether the level of matching
given by τ , as measured by

yτ =
n∑

i=1

aiτ (i) where aij = d(xi, yj ),

is unusually high by seeing how large the matching level yτ is relative to that pro-
vided by a random matching, that is, by seeing whether P(Y ≥ yτ ) is significantly
small.

Motivated by these considerations, Wald and Wolfowitz (1944) proved the cen-
tral limit theorem as n → ∞ when the factorization aij = bicj holds; Hoeffd-
ing (1951) later generalized this result to arrays {aij }1≤i,j≤n. Motoo (1957) gave
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Lindeberg-type sufficient conditions for the normal limit to hold. In Sect. 6.1 the
L∞ distance to the normal is considered for the case where π is uniformly dis-
tributed, and also when its distribution is constant on conjugacy classes of Sn.

Letting

a## = 1
n2

n∑

i,j=1

aij , ai# = 1
n

n∑

j=1

aij and a#j = 1
n

n∑

i=1

aij ,

straightforward calculations show that when π is uniform over Sn the mean µA and
variance σ 2

A of Y are given by

µA = na## and

σ 2
A = 1

n − 1

∑

i,j

(
a2
ij − a2

i# − a2
#j + a2

##
)

= 1
n − 1

∑

i,j

(aij − ai# − a#j + a##)2.

(4.105)

For simplicity, writing µ and σ 2 for µA and σ 2
A, respectively, we prove in (4.124)

the following equivalent representation for σ 2,

σ 2 = 1
4n2(n − 1)

∑

i,j,k,l

[
(aik + ajl) − (ail + ajk)

]2
, (4.106)

and assume in what follows that σ 2 > 0 to rule out trivial cases. By (4.106), σ 2 = 0
if and only if ail − ai# does not depend on i, that is, if and only if the difference
between any two rows ai and aj of A satisfy ai − aj = (ai# − aj #)(1, . . . ,1).

For each n ≥ 3, Theorem 4.8 provides an L1 bound between the standardized
version of the variable Y given in (4.104) and the normal, with an explicit constant
depending on the third-moment-type quantity

γ = γA, where γA =
n∑

i,j=1

|aij − ai# − a#j + a##|3. (4.107)

When the elements of A are all of comparable order, σ 2 is of order n and γ of
order n2, resulting in a bound of order n−1/2.

Theorem 4.8 For n ≥ 3, let {aij }ni,j=1 be the components of a matrix A ∈ Rn×n,
let π be a random permutation uniformly distributed over Sn, and let Y be given
by (4.104). Then, with µ, σ 2 given in (4.105), and γ given in (4.107), F the distri-
bution function of W = (Y − µ)/σ and ! that of the standard normal,

∥F − !∥1 ≤ γ

(n − 1)σ 3

(
16 + 56

(n − 1)
+ 8

(n − 1)2

)
.

The proof of this theorem depends on a construction of the zero bias variable
using an exchangeable pair, which we now describe.
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4.4.1 Use of the Exchangeable Pair

We recall that the exchangeable variables Y ′, Y ′′ form a λ-Stein pair if

E(Y ′′|Y ′) = (1 − λ)Y ′ (4.108)

for some 0 < λ < 1. When Var(Y ′) = σ 2 ∈ (0,∞), Lemma 2.7 yields

EY ′ = 0 and E(Y ′ − Y ′′)2 = 2λσ 2. (4.109)

The following proposition is in some sense a two variable version of Proposi-
tion 2.3.

Proposition 4.6 Let Y ′, Y ′′ be a λ-Stein pair with Var(Y ′) = σ 2 ∈ (0,∞) and dis-
tribution F(y′, y′′). Then when Y †, Y ‡ have distribution

dF †(y′, y′′) = (y′ − y′′)2

2λσ 2 dF(y′, y′′), (4.110)

and U ∼ U [0,1] is independent of Y †, Y ‡, the variable

Y ∗ = UY † + (1 − U)Y ‡ has the Y ′-zero biased distribution. (4.111)

Proof For all absolutely continuous functions f for which the expectations below
exist,

σ 2Ef ′(Y ∗) = σ 2Ef ′(UY † + (1 − U)Y ‡)

= σ 2E

(
f (Y †) − f (Y ‡)

Y † − Y ‡

)

= 1
2λ

E

((
f (Y ′′) − f (Y ′)

Y ′′ − Y ′

)
(Y ′′ − Y ′)2

)

= 1
2λ

E
(
f (Y ′′) − f (Y ′)(Y ′′ − Y ′)

)

= 1
λ

E
(
Y ′f (Y ′) − Y ′′f (Y ′)

)

= 1
λ

E
(
Y ′f (Y ′) − (1 − λ)Y ′f (Y ′)

)

= EY ′f (Y ′). !

The following lemma, leading toward the construction of zero bias variables, is
motivated by generalizing the framework of Example 2.3, where the Stein pair is a
function of some underlying random variables ξα,α ∈ χ and a random index I.

Lemma 4.4 Let F(y′, y′′) be the distribution of a Stein pair and suppose there
exists a distribution

F(i, ξα,α ∈ χ) (4.112)
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and an R2 valued function (y′, y′′) = ψ(i, ξα,α ∈ χ) such that when I and {7α,

α ∈ X } have distribution (4.112) then

(Y ′, Y ′′) = ψ(I,7α,α ∈ X )

has distribution F(y′, y′′). If I†, {7†
α,α ∈ χ} have distribution

dF †(i, ξα,α ∈ X ) = (y′ − y′′)2

E(Y ′ − Y ′′)2 dF(i, ξα,α ∈ X ) (4.113)

then the pair

(Y †, Y ‡) = ψ
(
I†,7†

α,α ∈ X
)

has distribution F †(y†, y‡) satisfying

dF †(y′, y′′) = (y′ − y′′)2

2λσ 2 dF(y′, y′′).

Proof For any bounded measurable function f

Ef (Y †, Y ‡) = Ef
(
ψ

(
I†,7†

α,α ∈ X
))

=
∫

f
(
ψ(i, ξα,α ∈ χ)

)
dF †(i, ξα,α ∈ χ)

=
∫

f (y′, y′′)
(y′ − y′′)2

2λσ 2 dF(i, ξα,α ∈ χ)

= E

(
(Y ′ − Y ′′)2

2λσ 2 f (Y ′, Y ′′)
)

,

where (Y ′, Y ′′) has distribution F(y′, y′′). !

We continue building a general framework around Example 2.3, where the ran-
dom index is chosen independently of the permutation, so their joint distribution
factors, leading to

dF(i, ξα,α ∈ χ) = P(I = i)dF (ξα,α ∈ χ). (4.114)

Moreover, in view of (2.47), that is, that

Y ′′ − Y ′ = b
(
i, j,π(i),π(j)

)
where b(i, j, k, l) = ail + ajk − (aik + ajl),

we will pay special attention to situations where

Y ′′ − Y ′ = b(I,7α,α ∈ χI) (4.115)

where I and χI are vectors of small dimensions with components in I and χ , respec-
tively. In other words, we consider situations where the difference between Y ′′ and
Y ′ depends on only a few variables. In such cases, it will be convenient to further
decompose dF(i, ξα,α ∈ χ) as

dF(i, ξα,α ∈ χ) = P(I = i)dFi(ξα,α ∈ χi)dFic
∣∣i(ξα,α /∈ χi|ξα,α ∈ χi), (4.116)
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where dFi(ξα,α ∈ χi) is the marginal distribution of ξα for α ∈ χi, and dFic|i(ξα,

α /∈ χi|ξα,α ∈ χi) the conditional distribution of ξα for α /∈ χi given ξα for α ∈ χi.
One notes, however, that the factorization (4.114) guarantees that the marginal dis-
tributions of any ξα does not depend on i. In terms of generating variables having
the specified distributions for the purposes of coupling, the decomposition (4.116)
corresponds to first generating I, then {ξα,α ∈ χI}, and lastly {ξα,α /∈ χI} condi-
tional on {ξα,α ∈ χI}. In what follows we will continue the slight abuse notation of
letting {α: α ∈ χi} denote the set of components of the vector χi.

We now consider the square bias distribution F † in (4.113) when the factorization
(4.116) of F holds. Letting I and {7α: α ∈ χ} have distribution (4.114), by (4.109),
(4.115) and independence we obtain

2λσ 2 = E(Y ′ − Y ′′)2 = Eb2(I,7α,α ∈ χI) =
∑

i⊂I
P(I = i)Eb2(i,7α,α ∈ χi).

In particular, we may define a distribution for a vector of indices I† with components
in I by

P(I† = i) = ri

2λσ 2 with ri = P(I = i)Eb2(i,7α,α ∈ χi). (4.117)

Hence, substituting (4.115) and (4.116) into (4.113),

dF †(i, ξα,α ∈ χ)

= P(I = i)b2(i, ξα,α ∈ χi)

2λσ 2 dFi(ξα,α ∈ χi)dFic|i(ξα,α /∈ χi|ξα,α ∈ χi)

= ri

2λσ 2

b2(i, ξα,α ∈ χi)

Eb2(i,7α,α ∈ χi)
dFi(ξα,α ∈ χi)dFic|i(ξα,α /∈ χi|ξα,α ∈ χi)

= P(I† = i)dF
†
i (ξα,α ∈ χi)dFic|i(ξα,α /∈ χi|ξα,α ∈ χi), (4.118)

where

dF
†
i (ξα,α ∈ χi) = b2(i, ξα,α ∈ χi)

Eb2(i,7α,α ∈ χi)
dFi(ξα,α ∈ χi). (4.119)

Definition (4.119) represents dF †(i, ξα,α ∈ χ) in a manner parallel to (4.116) for
dF(i, ξα,α ∈ χ). This representation gives the parallel construction of variables I†,
{7†

α, α ∈ χ} with distribution dF †(i, ξα,α ∈ χ) as follows. First generate I† accord-
ing to the distribution P(I† = i). Then, when I† = i, generate {7†

α,α ∈ χi} according
to dF

†
i (ξα,α ∈ χi) and then {7†

α, α /∈ χi} according to dFic|i(ξα,α /∈ χi|ξα,α ∈ χi).
As this last factor is the same as the last factor in (4.116) an opportunity for coupling
is presented. In particular, it may be possible to set 7†

α equal to 7α for many α /∈ χi,
thus making the pair Y †, Y ‡ close to Y ′, Y ′′.
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4.4.2 Construction and Bounds for the Combinatorial Central
Limit Theorem

In this section we prove Theorem 4.8 by specializing the construction given in
Sect. 4.4.1 to handle the combinatorial central limit theorem, and then applying
Theorem 4.1. Recall that by (2.45) we may, without loss of generality, replace aij

by aij − ai# − a#j + a##, and assume

ai# = a#j = a## = 0, (4.120)

noting that by doing so we may now write

W = Y/σ, (4.121)

and that (4.107) becomes γ = ∑
ij |aij |3.

Now, denoting Y and π by Y ′ and π ′, respectively, when convenient, the con-
struction given in Example 2.3 applies. That is, given π , uniform over Sn, take (I, J )

independent of π with a uniform distribution over all distinct pairs in {1, . . . , n}, in
other words, with distribution

p1(i, j) = 1
(n)2

1(i ≠ j). (4.122)

Letting τij be the permutation which transposes i and j , set π ′′ = πτI,J and let
Y ′′ be given by (4.104) with π ′′ replacing π . Example 2.3 shows that (Y,Y ′′) is a
2/(n − 1)-Stein pair, and (2.48) gives

Y − Y ′′ = (aI,π(I ) + aJ,π(J )) − (aI,π(J ) + aJ,π(I )). (4.123)

In particular, averaging over I, J,π(I ) and π(J ) we now obtain (4.106) as follows,
using (4.109) for the second equality,

1
n2(n − 1)2

∑

i,j,k,l

[
(aik + ajl) − (ail + ajk)

]2 = E(Y ′ − Y ′′)2

= 2λσ 2

= 4σ 2

n − 1
. (4.124)

We first demonstrate an intermediate result before presenting a coupling con-
struction of Y ′, Y ′′ to Y †, Y ‡, leading to a coupling of Y ′ and Y ∗.

Lemma 4.5 Let π be chosen uniformly from Sn and suppose i ≠ j and k ≠ l are
elements of {1, . . . , n}. Then

π† =

⎧
⎪⎨

⎪⎩

πτπ−1(k),j if l = π(i), k ≠ π(j),

πτπ−1(l),i if l ≠ π(i), k = π(j),

πτπ−1(k),iτπ−1(l),j otherwise,
(4.125)

is a permutation that satisfies
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π†(m) = π(m) for all m /∈
{
i, j,π−1(k),π−1(l)

}
, (4.126)

{
π†(i),π†(j)

}
= {k, l}, (4.127)

and

P
(
π†(m) = ξ†

m, m /∈ {i, j}
)
= 1

(n − 2)! (4.128)

for all distinct ξ
†
m,m /∈ {i, j} with ξ

†
m /∈ {k, l}.

Proof That π† satisfies (4.126) is clear from its definition. To show (4.127) and that
π† is a permutation, let A1,A2 and A3 denote the three cases of (4.125) in their
respective order. Clearly under A1 we have

π†(t) = π(t) for all t /∈
{
j,π−1(k)

}
.

Hence, as i ≠ j and i = π−1(l) ≠ π−1(k), we have π†(i) = π(i) = l. Also,

π†(j) = πτπ−1(k),j (j) = π
(
π−1(k)

)
= k,

showing (4.127) holds on A1. As π†(π−1(k)) = π(j), both π and π† map the set
{j,π−1(k)} to {π(j), k}, and, as their images agree on {j,π−1(k)}c , we conclude
that π† is a permutation on A1. As A2 becomes A1 upon interchanging i with j and
k with l, these conclusions hold also on A2.

Under A3, either l = π(i), k = π(j) or l ≠ π(i), k ≠ π(j). In the first instance
π† = π , so π† is a permutation, and (4.127) is immediate. Otherwise, as i ≠ j and
i ≠ π−1(l), we have

π†(i) = πτπ−1(k),iτπ−1(l),j (i) = πτπ−1(k),i (i) = π
(
π−1(k)

)
= k

and similarly, as j ≠ i and j ≠ π−1(k),

π†(j) = πτπ−1(k),iτπ−1(l),j (j) = πτπ−1(k),i

(
π−1(l)

)
, (4.129)

and now, as l ≠ k and l ≠ π(i),

πτπ−1(k),i

(
π−1(l)

)
= π

(
π−1(l)

)
= l,

so (4.127) holds under A3. As both π and π† map {i, j,π−1(k),π−1(l)} to
{π(i),π(j), k, l}, and agree on {i, j,π−1(k),π−1(l)}c, we conclude that π† is a
permutation on A3.

We now turn our attention to (4.128). Let ξ
†
m,m /∈ {i, j} be distinct and satisfy

ξ
†
m /∈ {k, l}. Under A1 we have k ≠ π(j), and have shown that i ≠ π−1(k). Hence

π−1(k) /∈ {i, j} and therefore ξ†
π−1(k)

/∈ {k, l}. Setting ξ†
i = l, we have

P
(
π†(m) = ξ†

m, m /∈ {i, j},A1
)

= P
(
π†(m) = ξ†

m, m /∈ {i, j}, π(i) = l, π(j) ≠ k
)

= P
(
π†(m) = ξ†

m, m /∈ {j}, π(j) ≠ k
)

= P
(
π†(m) = ξ†

m, m /∈
{
j,π−1(k)

}
, π(j) ≠ k, π†(π−1(k)

)
= ξ

†
π−1(k)

)
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= P
(
π(m) = ξ†

m, m /∈
{
j,π−1(k)

}
, π(j) ≠ k, π(j) = ξ

†
π−1(k)

)

= P
(
π(m) = ξ†

m, m /∈
{
j,π−1(k)

}
, π(j) = ξ†

π−1(k)

)

=
∑

q /∈{i,j}
P

(
π(m) = ξ†

m, m /∈ {j, q}, π(j) = ξ†
q , π(q) = k

)

= (n − 2)

n! .

Case A2 being the same upon interchanging i with j and k with l, we obtain

P
(
π†(m) = ξ†

m, m /∈ {i, j}, A1 ∪ A2
)
= 2(n − 2)

n! . (4.130)

Under A3 there are subcases depending on

R =
∣∣{π(i),π(j)

}
∩ {k, l}

∣∣,

and we let A3,r = A3 ∩ {R = r} for r = 0,1,2. When R = 0 the elements
π(i),π(j), k, l are distinct, and so A3,0 = {R = 0}. Additionally R = 0 if and only
if the inverse images i, j,π−1(k),π−1(l) under π are also distinct, and so

P
(
π†(m) = ξ†

m, m /∈ {i, j},A3,0
)

= P
(
π†(m) = ξ†

m, m /∈
{
i, j,π−1(k), π−1(l)

}
,

π†(π−1(k)
)
= ξ

†
π−1(k)

, π†(π−1(l)
)
= ξ

†
π−1(l)

,A3,0
)

= P
(
π(m) = ξ†

m, m /∈
{
i, j,π−1(k),π−1(l)

}
,

π(i) = ξ
†
π−1(k)

,π(j) = ξ
†
π−1(l)

,A3,0
)

=
∑

{q,r}: |{q,r,i,j}|=4

P
(
π(m) = ξ†

m, k /∈ {i, j, q, r},

π(i) = ξ†
q , π(j) = ξ†

r , π(q) = k, π(r) = l
)

= (n − 2)(n − 3)

n! . (4.131)

Considering the case R = 1, in view of (4.125) we find

A3,1 = A3 ∩ {R = 1} = A3,1a ∪ A3,1b,

where

A3,1a =
{
π(i) = k,π(j) ≠ l

}
, and A3,1b =

{
π(i) ≠ k,π(j) = l

}
.

Since by appropriate relabeling each of these cases becomes A1, we have

P
(
π†(m) = ξ†

m, m /∈ {i, j},A3,1
)
= 2(n − 2)

n! . (4.132)

For R = 2 we have A3,2 = A3,2a ∪ A3,2b where

A3,2a =
{
π(i) = l, π(j) = k

}
and A3,2b =

{
π(j) = l, π(i) = k

}
.
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Under A3,2a ,

P
(
π†(m) = ξ†

m,m /∈ {i, j},A3,2a

)

= P
(
π†(m) = ξ†

m, m /∈ {i, j}, π(i) = l, π(j) = k
)
= 1

n! ,

and the same holding for A3,2b , by symmetry, yields

P
(
π†(m) = ξ†

m, m /∈ {i, j},A3,2
)
= 2

n! . (4.133)

Summing the contributions from (4.130), (4.131), (4.132) and (4.133) we obtain

P
(
π†(m) = ξ†

m, k /∈ {i, j}
)
= 4(n − 2)

n! + (n − 2)(n − 3)

n! + 2
n! = 1

(n − 2)!
as claimed. !

The following lemma shows how to choose the ‘special’ indices in Lemma 4.5
to form the square bias, and hence, zero bias, distributions. In addition, as values of
the π† permutation can be made to coincide with those of a given π using (4.125), a
coupling of these variables on the same space is achieved. Before stating the lemma
we note that (4.134) is a distribution by virtue of (4.106).

Lemma 4.6 Let

Y =
n∑

i=1

ai,π(i)

with π chosen uniformly from Sn, and let (I †, J †,K†,L†) be independent of π with
distribution

p2(i, j, k, l) = [(aik + ajl) − (ail + ajk)]2

4n2(n − 1)σ 2 . (4.134)

Further, let π† be constructed from π as in (4.125) with I †, J †,K† and L† replacing
i, j , k and l, respectively and π‡ = π†τI †,J † . Then

π(i) = π†(i) = π‡(i) for all i /∈ I (4.135)

where I = {I †, J †,π−1(K†),π−1(L†)}, the variables

Y † =
n∑

i=1

ai,π†(i) and Y ‡ =
n∑

i=1

ai,π‡(i) (4.136)

have the square bias distribution (4.113), and with U an uniform variable on [0,1],
independent of all other variables

Y ∗ = UY † + (1 − U)Y †

has the Y -zero bias distribution.
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Proof The claim (4.135) follows from (4.126) and the definition of π‡. When I =
(I, J ) is independent of π with distribution (4.122), χ = {1, . . . , n} and 7α = π(α)

for α ∈ χ , let ψ be the R2 valued function of {I,7α,α ∈ χ} which yields the ex-
changeable pair Y ′, Y ′′ in Example 2.3. In view of Lemma 4.6, to prove the remain-
der of the claims it suffices to verify the hypotheses of Lemma 4.4, that is, with
I† = (I †, J †) that {I†,7†

α,α ∈ χ}, or equivalently {I†,π†(α),α ∈ χ}, has distribu-
tion (4.113). Relying on the discussion following Lemma 4.4, we prove this latter
claim by considering the factorization (4.116) of dF(i, ξα,α ∈ χ) and show that
{I†,π†(α),α ∈ χ} follows the corresponding square bias distribution (4.118).

With i = (i, j) and P(I = i) already specified by (4.122), we identify the re-
maining parts of the factorization (4.116) by noting that the distribution dFi(ξα,

α ∈ χi) = dFi(ξi , ξj ) of the images of i and j under π is uniform over all ξi ≠ ξj ,
and, for such ξi , ξj , dFic|i(ξα,α /∈ {i, j}|ξi , ξj ) is uniform over all distinct elements
ξα,α ∈ χ that do not intersect {ξi , ξj }, that is, for such values

dFic|i
(
ξα,α /∈ {i, j}|ξi , ξj

)
= 1

(n − 2)! . (4.137)

Now consider the corresponding factorization (4.118). First, this expression spec-
ifies the joint distribution of the values I† and their images 7†

α , α ∈ I† under π† by

P(I† = i)dF
†
i (ξα,α ∈ χi)

= P(I = i)
2λσ 2 b2(i, ξα,α ∈ χi)dFi(ξα,α ∈ χi), (4.138)

where from (2.47) for the difference Y ′ − Y ′′ we have

b(i, j, ξi , ξj ) = (ai,ξi + aj,ξj ) − (ai,ξj + aj,ξi ). (4.139)

Since the distribution (4.122) of I is uniform over the range where i ≠ j , and
for such distinct i and j , the distribution dFi(ξα, α ∈ χi) is uniform over all
distinct choices of images ξi and ξj , we conclude that the joint distribution
(4.138) of I† and their ‘biased permutation images’ (7

†
I † ,7

†
J †) is proportional

to 1i≠j, k≠lb
2(i, j, k, l). This is exactly the distribution p2(i, j, k, l) from which

I †, J †,K†,L† is chosen. In addition, the values {K†,L†} are the images of {I †, J †}
under the permutation π† constructed as specified in the statement of the lemma, as
follows. By (4.134) I † ≠ J † and K† ≠ L† with probability one. As {I †, J †,K†,L†}
and π are independent, the construction and conclusions of Lemma 4.5 apply, condi-
tional on these indices. Invoking Lemma 4.5, π† is a permutation that maps {I †, J †}
to {K†,L†}.

To show that the remaining values are distributed according to dFi(ξα,α ∈ χi),
again by Lemma 4.5, if ξ

†
m,m /∈ {I †, J †} are distinct values not lying in {K†,L†},

then

P
(
π†(m) = ξ†

m,m /∈ {I †, J †}|I †, J †,K†,L†) = 1
(n − 2)! . (4.140)

As (4.140) agrees with (4.137), the proof of the lemma is complete. !
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Note that in general even when I is uniformly distributed, the index I† need not
be. In fact, from (4.117) it is clear that when I is uniform the distribution of I† is
given by P(I† = i) = 0 for all i such that P(I = i) = 0, and otherwise

P(I† = i) = Eb2(i,7α,α ∈ χi)∑
i Eb2(i,7α,α ∈ χi)

. (4.141)

In particular, the distribution (4.134) selects the indices I† = (I †, J †) jointly
with their ‘biased permutation’ images (K†,L†) with probability that preferen-
tially makes the squared difference large. One can see this effect directly by cal-
culating the marginal distribution of I †, J †, which, by (4.141), is proportional to
[(aik + ajl) − (ail + ajk)]2, by expanding and applying (4.120), yielding

∑

k,l

[
(aik + ajl) − (ail + ajk)

]2

= 2
∑

k,l

(
a2
ik + a2

j l − aikajk − ajlail

)

= 2n

n∑

k=1

(aik − ajk)
2,

and hence the generally nonuniform distribution

P(I † = i, J † = j) =
∑n

k=1(aik − ajk)
2

2n(n − 1)σ 2 .

With the construction of the zero bias variable now in hand, Theorem 4.8 follows
from Lemma 4.6, Theorem 4.1, (4.10) of Proposition 4.1, and the following lemma.

Lemma 4.7 For Y and Y ∗ constructed as in Lemma 4.6

∥∥L(Y ∗) − L(Y )
∥∥

1 ≤ γ

(n − 1)σ 2

(
8 + 28

(n − 1)
+ 4

(n − 1)2

)
.

With π and the indices {I †, J †,K†,L†} constructed as in Lemma 4.6 the calcu-
lation of the bound proceeds by decomposing

V = Y ∗ − Y as V = V 12 + V 11 + V 10

where

1k = 1(R = k) with R =
∣∣{π(I †),π(J †)

}
∩ {K†,L†}

∣∣.

The three factors give rise to the three terms of the bound. The proof of the lemma,
though not difficult, requires some attention to detail, and can be found in the
Appendix to this chapter.
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4.5 Simple Random Sampling

Theorem 4.9 gives an L1 bound for the exchangeable pair coupling. After proving
the theorem, we will record a corollary and use it to prove an L1 bound for simple
random sampling. Recall that (Y,Y ′) is a λ-Stein pair for λ ∈ (0,1) if (Y,Y ′) are
exchangeable and satisfy the linear regression condition

E(Y ′|Y) = (1 − λ)Y. (4.142)

Theorem 4.9 Let W,W ′ be a mean zero, variance 1, λ-Stein pair. Then if F is the
distribution function of W ,

∥F − !∥1 ≤
√

2
π

E

∣∣∣∣E
(

1 − (W ′ − W)2

2λ

∣∣∣∣W
)∣∣∣∣ + 1

2λ
E|W ′ − W |3.

Proof Letting " = W − W ′, the result follows directly from Proposition 2.4 and
Lemma 2.7, the latter which shows that identity (2.76) is satisfied with R = 0, K̂(t)

given by (2.38), K̂1 = E("2|W)/2λ by (2.39), and

K̂2 = |"|
2λ

(
1{−"≤0}

∫ 0

−"
(−t)dt + 1{−">0}

∫ −"

0
tdt

)

= |"|
2λ

(
1{−"≤0}

"2

2
+ 1{−">0}

"2

2

)
= |"3|

4λ
. !

In many applications calculation of the expectation of the absolute value of the
conditional expectation may be difficult. However, by (2.34) we have

E

(
(W ′ − W)2

2λ

)
= 1 so that E

(
E

(
1 − (W ′ − W)2

2λ

∣∣∣∣W
))

= 0.

Hence, by the Cauchy–Schwarz inequality,

E

∣∣∣∣E
(

1 − (W ′ − W)2

2λ

∣∣∣∣W
)∣∣∣∣ ≤

√

Var
(

E

(
1 − (W ′ − W)2

2λ

∣∣∣∣W
))

= 1
2λ

√
Var

(
E

(
(W ′ − W)2

∣∣W
))

.

Though the variance of the conditional expectation E((W ′ − W)2|W) may still be
troublesome, the inequality

Var
(
E(Y |W)

)
≤ Var

(
E(Y |F )

)
when σ {W } ⊂ F (4.143)

often leads to the computation of a tractable bound, and provides estimates which
result in the optimal rate. To show (4.143), first note that the conditional variance
formula, for any X, yields

Var
[
E(X|W)

]
≤ E

[
Var(X|W)

]
+ Var

[
E(X|W)

]
= Var(X).
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However, for X = E(Y |F ) we have

E(X|W) = E
(
E(Y |F )|W

)
= E(Y |W),

and substituting yields (4.143). Hence we arrive at the following corollary to Theo-
rem 4.9.

Corollary 4.3 Under the assumptions of Theorem 4.9, when F is any σ -algebra
containing σ {W },

∥F − !∥1 ≤ 1
λ

(
1√
2π

8 + 1
2
E|W ′ − W |3

)
,

where

8 =
√

Var
(
E

(
(W ′ − W)2|F

))
. (4.144)

We use Corollary 4.3 to prove an L1 bound for the sum of numerical character-
istics of a simple random sample, that is, for a sample of a population {1, . . . ,N}
drawn so that all subsets of size n, with 0 < n < N , are equally likely. The lim-
iting normal distribution for simple random sampling was obtained by Wald and
Wolfowitz (1944) (see also Madow 1948; Erdös and Rényi 1959a; and Hájek
1960).

Let ai ∈ R, i = 1,2, . . . ,N denote the characteristic of interest associated with
individual i, and let Y be the sum of the characteristics {X1, . . . ,Xn} of the sampled
individuals. One can easily verify that the mean µ and variance σ 2 of Y are given
by

µ = nā and σ 2 = n(N − n)

N(N − 1)

N∑

i=1

(ai − ā)2 where ā = 1
N

N∑

i=1

ai. (4.145)

As we are interested in bounds to the normal for the standardized variable (Y −
µ)/σ , by replacing a by (a − ā)/

√∑
b∈A(b − ā)2 we may assume in what follows

without loss of generality that

ā = 0 and
N∑

i=1

a2
i = 1. (4.146)

For m = 1, . . . , n let (n)m = n(n − 1) · · · (n − m + 1), the falling factorial of n, and

fm = (n)m

(N)m
. (4.147)

Theorem 4.10 Let the numerical characteristics A = {ai, i = 1,2, . . . ,N} of a
population of size N satisfy (4.146), and let Y be the sum of characteristics in a
simple random sample of size n from A with 1 < n < N . Let
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σ 2 = n(N − n)

N(N − 1)
,

λ = N

n(N − n)
, A4 =

∑

a∈A
a4, and γ =

∑

a∈A
|a|3.

(4.148)

Then with F the distribution function of Y/σ ,

∥F − !∥1 ≤ 1
λ

(
R1√
2π

+ R2

2

)
,

where

R1 = 1
n

√
2
σ 2 S1 + 8

σ 4(N − n)2 S2

with

S1 = A4 − 1
N

,

S2 = A4(f1 − 7f2 + 6f3 − 6f4) + 3(f2 − f3 + f4) − σ 4 and

R2 = 8f1γ /σ 3.

In the usual asymptotic n and N tend to infinity together with the sampling frac-
tion f1 = n/N bounded away from zero and one; in such cases λ = O(1/n) and
fm = O(1). Additionally, if a ∈ A satisfy

∑
a∈A a2 = 1 and are of comparable size

then a = O(1/
√

N ) which implies A4 = O(1/n) and γ = O(1/
√

n ). Overall then
the bound provided by the theorem in such an asymptotic, which has main contri-
bution from R2, is O(1/

√
n ).

Since distinct labels may be appended to ai , i = 1, . . . ,N , say as a second co-
ordinate which is neglected when taking sums, we may assume in what follows
that elements of A = {ai, i = 1, . . . ,N} are distinct. The first main point of at-
tention is the construction of a Stein pair, which can be achieved as follows. Let
X1,X2, . . . ,Xn+1 be a simple random sample of size n+ 1 from the population and
let I and I ′ be two distinct indices drawn uniformly from {1, . . . , n + 1}. Now set

Y = XI + T and Y ′ = XI ′ + T where T =
∑

i∈{1,...,n+1}\{I,I ′}
Xi.

As (XI ,XI ′, T ) =d (XI ′ ,XI , T ) the variables Y and Y ′ are exchangeable. By ex-
changeability and the first condition in (4.146) we have

E(XI |Y) = 1
n
Y and E(XI ′ |Y) = − 1

N − n
Y,

and therefore

E(Y ′|Y) = E(Y − XI + XI ′ |Y) = (1 − λ)Y

where λ ∈ (0,1) is given by (4.148); the linearity condition (4.142) is satisfied.
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Before starting the proof we pause to simplify the required moment calculations
for X = {X1, . . . ,Xn}, a simple random sample of A. For m ∈ N, {k1, . . . , km} ⊂ N
and k = (k1, . . . , km) let

[k] = E

( ∑

{a,b,...,c}⊂X , |{a,b,...,c}|=m

ak1bk2 · · · ckm

)

and

⟨k⟩ =
∑

{y1,...,ym}⊂A, |{y1,...,ym}|=m

y
k1
1 y

k2
2 . . . ykm

m .

Now observe that, with fm given in (4.147),

[k] = fm⟨k⟩. (4.149)

As [k] and ⟨k⟩ are invariant under any permutation of its components we may always
use the canonical representation where k1 ≥ · · · ≥ km.

Let em
j be the j th unit vector in Rm. When the population characteristics satisfy

(4.146) we have

⟨k1, . . . , km−1,1⟩ = −
m−1∑

j=1

〈
(k1, . . . , km−1) + em−1

j

〉
and

⟨k1, . . . , km−1,2⟩ = ⟨k1, . . . , km−1⟩ −
m−1∑

j=1

〈
(k1, . . . , km−1) + 2em−1

j

〉
.

Note then that

⟨2⟩ = 1

⟨3,1⟩ = −⟨4⟩
⟨2,2⟩ = ⟨2⟩ − ⟨4⟩

⟨2,1,1⟩ = −⟨3,1⟩ − ⟨2,2⟩ = ⟨4⟩ − ⟨2⟩ + ⟨4⟩ = 2⟨4⟩ − ⟨2⟩
⟨1,1,1,1⟩ = −3⟨2,1,1⟩ = −6⟨4⟩ + 3⟨2⟩.

(4.150)

Proof of Theorem 4.10 We may assume n ≤ N/2, as otherwise we may replace Y ,
a sample of size n from A, by −Y , a sample of size N − n; this assumption is used
in (4.151).

We apply Corollary 4.3, beginning with the first term in the bound. Letting X =
{Xj , j ≠ I ′} and F = σ (X ), applying inequality (4.143) yields

Var
(
E

(
(Y ′ − Y)2|Y

))
≤ Var

(
E

(
(Y ′ − Y)2|F

))

= Var
(
E

(
(XI ′ − XI )

2|F
))

= Var
(
E

(
X2

I ′ − 2XI ′XI + X2
I |F

))
.

For these three conditional expectations,
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E
(
X2

I ′ |F
)
= 1

N − n

∑

b/∈X
b2,

E(XI ′XI |F ) = 1
n(N − n)

∑

a∈X ,b/∈X
ab and E

(
X2

I |F
)
= 1

n

∑

a∈X
a2.

By the standardization (4.146) we have,

1
N − n

∑

b/∈X
b2 = 1

N − n

(
1 −

∑

a∈X
a2

)

and
1

n(N − n)

∑

a∈X

∑

b/∈X
ab = − 1

n(N − n)

(∑

a∈X
a

)2

.

Hence, using Var(U + V ) ≤ 2(Var(U) + Var(V )),

Var
(
E

(
(Y ′ − Y)2|Y

))

≤ Var
(

N − 2n

n(N − n)

∑

a∈X
a2 + 2

n(N − n)

(∑

a∈X
a

)2)

≤ 2
(

1
n2 Var

(∑

a∈X
a2

)
+

(
2

n(N − n)

)2

Var
(∑

a∈X
a

)2)
. (4.151)

Calculating the first variance in (4.151), using (4.149), we begin with
(

E
∑

a∈X
a2

)2

= [2]2 =
(
f1⟨2⟩

)2 = f 2
1 .

Next, note

E

(∑

a∈X
a2

)2

= [4] + [2,2] = f1⟨4⟩ + f2⟨2,2⟩

= f1⟨4⟩ + f2
(
⟨2⟩ − ⟨4⟩

)
= n(N − n)

N(N − 1)
⟨4⟩ + f2,

and therefore

Var
(∑

a∈X
a2

)
= n(N − n)

N(N − 1)

(
⟨4⟩ − 1

N

)
= σ 2S1.

For the second variance in (4.151), using (4.149) and (4.150) we first obtain the
expectation

E

(∑

a∈X
a

)2

= [2] + [1,1] = f1 − f2 = σ 2. (4.152)

Similarly, for the second moment we compute
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E

(∑

a∈X
a

)4

= [4] + 4[3,1] + 3[2,2] + 3[2,1,1] + [1,1,1,1]

= f1⟨4⟩ + f2
(
4⟨3,1⟩ + 3⟨2,2⟩

)
+ f33⟨2,1,1⟩ + f4⟨1,1,1,1⟩

= ⟨4⟩(f1 − 7f2 + 6f3 − 6f4) + 3(f2 − f3 + f4).

The variance of this term is now obtained by subtracting the square of the expecta-
tion (4.152), resulting in the quantity S2.

Hence, from (4.151),

Var
(
E

(
(Y ′ − Y)2|Y

))
≤ 1

n2

(
2σ 2S1 + 8

(N − n)2 S2

)
,

and therefore, with W = Y/σ and W ′ = Y ′/σ , we have
√

Var
(
E

(
(W ′ − W)2|W

))
=

√
Var

(
E

(
(Y ′ − Y)2|Y

))
/σ 4 = R1.

Regarding the second term in Corollary 4.3, as

E|Y ′ − Y |3 = E|XI ′ − XI |3 ≤ 8E|XI |3 = 8
n

N

∑

a∈A
|a|3 = 8f1γ ,

we obtain

E|W ′ − W |3 = 8f1γ /σ 3 = R2.
!

4.6 Chatterjee’s L1 Theorem

The basis of all normal Stein identities is that Z ∼ N (0,1) if and only if

E
[
Zf (Z)

]
= E

[
f ′(Z)

]
(4.153)

for all absolutely continuous functions f for which these expectations exist. For a
mean zero, variance one random variable W which may be close to normal, (4.153)
may hold approximately, and there may therefore be a related identity which holds
exactly for W . One way the identity (4.153) may be altered to hold exactly for some
given W is to no longer insist that the same variable, W , appear on the right hand
side as on the left, thus leading to the zero bias identity (2.51)

E
[
Wf (W)

]
= E

[
f ′(W ∗)

]
, (4.154)

as discussed in Sect. 2.3.3. Insisting that W appear on both sides, one may be lead
instead to consider identities of the form

E
[
Wf (W)

]
= E

[
f ′(W)T

]
, (4.155)

for some random variable T , defined on the same space as W . When such a T exists,
by conditioning we obtain

E
[
f ′(W ∗)

]
= E

[
Wf (W)

]
= E

[
f ′(W)T

]
= E

[
f ′(W)E(T |W)

]
,
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which reveals that

E(T |W = w) = dF ∗(w)

dF(w)

is the Radon–Nikodym derivative of the zero bias distribution of W with respect
to the distribution of W . In particular, as W ∗ always has an absolutely continuous
distribution, for there to exist a T such that (4.155) holds it is necessary for W to be
absolutely continuous; naturally, in other cases, considering approximations allows
the equality to become relaxed. Identities of the form (4.155), in some generality,
were considered in Cacoullos and Papathanasiou (1992), but T was constrained to
be a function of W . As we will see, much more flexibility is provided by removing
this restriction.

Theorem 4.11, of Chatterjee (2008), gives bounds to the normal, in the L1

norm, for a mean zero function ψ(X) of a vector of independent random variables
X = (X1, . . . ,Xn) taking values in some space X . For the identity (4.155), or an
approximate form thereof, to be useful, a viable T must be produced. Towards this
goal, with X′ an independent copy of X, and A ⊂ {1, . . . , n}, let XA be the random
vector with components

XA
j =

{
X′

j j ∈ A,

Xj j /∈ A.
(4.156)

For i ∈ {1, . . . , n}, writing i for {i} when notationally convenient, let

"iψ(X) = ψ(X) − ψ
(
Xi

)
, (4.157)

which measures the sensitivity of the function ψ to the values in its ith coordinate.
Now, for any A ⊂ {1, . . . , n}, let

TA =
∑

i /∈A

"iψ(X)"iψ
(
XA

)
and T = 1

2

∑

A⊂{1,...,n}
|A|̸=n

TA( n
|A|

)
(n − |A|) . (4.158)

Theorem 4.11 Let W = ψ(X) be a function of a vector of independent random
variables X = (X1, . . . ,Xn), and have mean zero and variance 1. Then, with "i as
defined in (4.157) and T given in (4.158) we have that ET = 1 and

∥∥L(W) − L(Z)
∥∥

1 ≤
√

2/π

√
Var

(
E(T |W)

)
+ 1

2

n∑

i=1

E
∣∣"iψ(X)

∣∣3
.

We present the proof, from Chatterjee (2008), at the end of this section.
To explore a simple application, let ψ(X) = ∑n

i=1 Xi where X1, . . . ,Xn are in-
dependent with mean zero, variances σ 2

1 , . . . ,σ 2
n summing to one, and fourth mo-

ments τ1, . . . , τn. For A ⊂ {1, . . . , n} and i /∈ A,

"iψ
(
XA

)
= ψ

(
XA

)
− ψ

(
XA∪i

)

=
∑

j /∈A

Xj +
∑

j∈A

X′
j −

( ∑

j /∈A∪i

Xj +
∑

j∈A∪i

X′
j

)
= Xi − X′

i . (4.159)
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Hence,

TA =
∑

i /∈A

"iψ(X)"iψ
(
XA

)
=

∑

i /∈A

(
Xi − X′

i

)2
,

and

T = 1
2

∑

A⊂{1,...,n}, |A|̸=n

TA( n
|A|

)
(n − |A|)

= 1
2

n−1∑

a=0

1(n
a

)
(n − a)

∑

A⊂{1,...,n}, |A|=a

TA

= 1
2

n−1∑

a=0

1(n
a

)
(n − a)

∑

A⊂{1,...,n},|A|=a

∑

i /∈A

(
Xi − X′

i

)2

= 1
2

n−1∑

a=0

1(n
a

)
(n − a)

n∑

i=1

∑

A⊂{1,...,n}, |A|=a,A∌i

(
Xi − X′

i

)2
.

As for each i ∈ {1, . . . , n} there are
(n−1

a

)
subsets of A of size a that do not contain i,

we obtain

T = 1
2

n−1∑

a=0

1(n
a

)
(n − a)

n∑

i=1

(
Xi − X′

i

)2 ∑

A⊂{1,...,n}, |A|=a,A∌i

1

=
(

1
2

n∑

i=1

(
Xi − X′

i

)2
)(

n−1∑

a=0

1(n
a

)
(n − a)

(
n − 1

a

))

= 1
2

n∑

i=1

(
Xi − X′

i

)2
.

For the first term in the theorem, applying the bound (4.143) with F the σ -
algebra generated by X we obtain

Var
(
E(T |W)

)
≤ Var(T ) = 1

4

n∑

i=1

Var
((

Xi − X′
i

)2) = 1
2

n∑

i=1

(
τi + 3σ 4

i

)
.

From (4.159),

1
2

n∑

i=1

E
∣∣"iψ(X)

∣∣3 = 1
2

n∑

i=1

E
∣∣Xi − X′

i

∣∣3 ≤ 1
2

n∑

i=1

(
E

(
Xi − X′

i

)4)3/4

= 1
21/4

n∑

i=1

(
τi + 3σ 4

i

)3/4
.

Invoking Theorem 4.11 yields,
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∥∥L(W) − L(Z)
∥∥

1 ≤

√√√√ 1
π

n∑

i=1

(
τi + 3σ 4

i

)
+ 1

21/4

n∑

i=1

(
τi + 3σ 4

i

)3/4
.

When X1, . . . ,Xn are independent, mean zero variables having common second
and fourth moments, say, σ 2 and τ , respectively, then applying this result to W =
(X1 + · · · + Xn)/

√
n yields

∥∥L(W) − L(Z)
∥∥

1 ≤ n−1/2
(√

1
π

(
τ + 3σ 4

)
+ 1

21/4

(
τ + 3σ 4)3/4

)
.

For a different application of Theorem 4.11 we consider normal approximation
of quadratic forms. Let Tr(A) denote the trace of A.

Proposition 4.7 Let X = (X1, . . . ,Xn) be a vector of independent variables tak-
ing the values +1,−1 with equal probability, A a real symmetric matrix and
Y = ∑

i≤j aijXiXj . Then the mean µ and variance σ 2 of Y are given by

µ = Tr(A) and σ 2 = 1
2

Tr
(
A2), (4.160)

and W = (Y − µ)/σ satisfies

∥∥L(W) − L(Z)
∥∥

1 ≤
(

1
πσ 4 Tr

(
A4)

)1/2

+ 7
2σ 3

n∑

i=1

(
n∑

j=1

a2
ij

)3/2

.

Proof The mean and variance formulas (4.160) can be obtained by specializing The-
orems 1.5 and 1.6 of Seber and Lee (2003) to X with the given distribution. By
subtracting the mean and then replacing aij by aij /σ it suffices to prove the result
when aii = 0 and σ 2 = 1. Letting

ψ(x) =
∑

i<j

aij xixj

for x ∈ Rn, with xi the vector x with x′
i replacing xi and using the symmetry of A

we have

"iψ(x) = ψ(x) − ψ
(
xi

)

=
∑

j : i<j

aij xixj +
∑

j : j<i

ajixj xi −
∑

j : i<j

aij x
′
ixj −

∑

j : j<i

ajixj x
′
i

=
(
xi − x′

i

) n∑

j=1

aij xj .

By replacing x above by XA, for i /∈ A we have

"iψ
(
XA

)
=

(
Xi − X′

i

)(∑

j /∈A

aijXj +
∑

j∈A

aijX
′
j

)
.

We apply the bound Var(E(T |W)) ≤ Var(E(T |X)), from (4.143). For the calcu-
lation of E(T |X), with A ⊂ {1, . . . , n} and i /∈ A, using that Xi , X′

i are in −1,1, we
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have

E
(
"iψ(X)"iψ

(
XA

)
|X

)

= E

(
(
Xi − X′

i

)2

(
n∑

j=1

aijXj

)(∑

j /∈A

aijXj +
∑

j∈A

aijX
′
j

)∣∣∣∣X

)

=
(

n∑

j=1

aijXj

)

E

((
Xi − X′

i

)2
(∑

j /∈A

aijXj +
∑

j∈A

aijX
′
j

)∣∣∣∣X
)

= 2

(
n∑

j=1

aijXj

)

E

((
1 − XiX

′
i

)(∑

j /∈A

aijXj +
∑

j∈A

aijX
′
j

)∣∣∣∣X
)

= 2

(
n∑

j=1

aijXj

)(∑

j /∈A

aijXj

)
,

where, since i /∈ A, all the remaining terms have conditional mean zero. Hence we
may write

E
(
"iψ(X)"iψ

(
XA

)
|X

)
= 2

∑

j∈{1,...,n}, k /∈A

aij aikXjXk.

Summing over all i /∈ A, (4.158) yields

E(TA|X) = 2
∑

i /∈A

∑

j∈{1,...,n}, k /∈A

aij aikXjXk.

From the definition of T , again from (4.158),

E(T |X) = 1
2

∑

A⊂{1,...,n}
|A|̸=n

TA( n
|A|

)
(n − |A|)

=
∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

i /∈A

∑

j∈{1,...,n}, k /∈A

aij aikXjXk

=
n∑

j=1

∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

i /∈A

∑

k /∈A

aij aikXjXk

=
∑

1≤i,j,k≤n

aij aikXjXk

∑

A∩{i,k}=∅

1( n
|A|

)
(n − |A|)

=
∑

1≤i,j,k≤n

aij aikXjXk

n−2∑

a=0

∑

A∩{i,k}=∅, |A|=a

1(n
a

)
(n − a)

=
∑

1≤i,j,k≤n

aij aikXjXk

n−2∑

a=0

(n−2
a

)
(n
a

)
(n − a)
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=
∑

1≤i,j,k≤n

aij aikXjXk

n−2∑

a=0

n − a − 1
n(n − 1)

=
∑

1≤i,j,k≤n

aij aikXjXk

(
1

n(n − 1)

n−1∑

a=1

a

)

= 1
2

∑

1≤i,j,k≤n

ajiaikXjXk

= 1
2

XᵀA2X.

Letting bjk = ∑
1≤i,j≤n ajiaik , the jkth element of A2, again using X2

i = 1,

Var
(
E(T |X)

)
= Var

(∑

j<k

bjkXjXk

)
=

∑

j<k

b2
jk ≤ 1

2
Tr

(
A4).

To bound the final term in Theorem 4.11, we apply Khintchine’s inequality, see
Haagerup (1982), which yields

E

∣∣∣∣∣

n∑

j=1

ajXj

∣∣∣∣∣

p

≤ B
p
p

(
n∑

j=1

a2
j

)p/2

where Bp =
{

1 0 < p ≤ 2,

21/2(2((p + 1)/2)/
√

π)1/p 2 < p < ∞.

In particular B3
3 ≤ 1.6, and using the fact that Xi is independent of the event

{Xi ≠ X′
i}, we obtain

E
∣∣"iψ(X)

∣∣3 = 4E

∣∣∣∣∣

n∑

j=1

aijXj

∣∣∣∣∣

3

≤ 7

(
n∑

j=1

a2
ij

)3/2

. !

To consider some further examples, we make the following definition. With X
the space in which our random variables take values, given n ∈ N suppose there is a
map G , or ‘graphical rule’, which to every x ∈ X n assigns an undirected graph, that
is, a collection of edges G(x) on the vertices {1, . . . , n}. We will say the map G is
symmetric if it respects the action of permutations, that is, if for every permutation
π of {1, . . . , n} and any (x1, . . . , xn) ∈ X n,

{
{i, j}: {i, j} ∈ G(xπ(1), . . . , xπ(n))

}

=
{{

π(i),π(j)
}
: {i, j} ∈ G(x1, . . . , xn)

}
.

Now fixing m > n, we say the vector x ∈ X n is embedded in the vector y ∈ X m

if there exist distinct indices i1, . . . , in in {1, . . . ,m} with xk = yik for 1 ≤ k ≤ n.
A graphical rule G′ on X m will be called an extension of the rule G if whenever the
vector x ∈ X n is embedded in y ∈ X m the graph G(x) on {1, . . . , n} is the naturally
induced subgraph of G(y) on {1, . . . ,m}.

Now let x and x′ be any two elements of X n. For every i ∈ {1, . . . , n}, let xi be
the vector obtained by replacing xi by x′

i in x, and, for i and j distinct elements of
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{1, . . . , n}, let xij be similarly obtained be replacing xi and xj in x by x′
i and x′

j ,
respectively. With ψ : χn → R, we say the coordinates i and j are non-interacting
with respect to the triple (ψ,x,x′) if

ψ(x) − ψ
(
xj

)
= ψ

(
xi

)
− ψ

(
xij

)
.

We will say that G is an interaction rule for a function ψ if for any choice of x,x′

and i, j , the event that {i, j} is not an edge in the graphs G(x), G(xi ), G(xj ), G(xij )
implies that i and j are non-interacting vertices with respect to (ψ,x,x′). With these
definitions in hand, we can now state the following theorem; we present the proof,
from Chatterjee (2008), at the end of this section.

Theorem 4.12 Let the symmetric map G be an interaction rule for ψ : X n → R,
and X = (X1, . . . ,Xn) a vector of i.i.d. X valued variates such that W = ψ(X) has
mean zero and variance 1. For each i ∈ {1, . . . , n} define

"iψ(X) = ψ(X) − ψ
(
Xi

)

where X′ is an independent copy of X, and let

M = max
i=1,...,n

∣∣"iψ(X)
∣∣. (4.161)

Let G′ be any extension of G on X n+4, and set

δ = 1 + degree of vertex 1 in G′(X1, . . . ,Xn+4). (4.162)

Then for some universal constant C,

∥∥L(W) − L(Z)
∥∥

1 ≤ Cn1/2E
(
M8)1/4

E
(
δ4)1/4 + 1

2

n∑

i=1

E
∣∣"iψ(X)

∣∣3
.

Following Chatterjee (2008), we apply Theorem 4.12 to prove an L1 bound to
the normal for two problems which stem from the theory of coverage processes;
the volume of the region covered by the union of n balls with random centers and
some radius, and the number of such centers that are isolated at some radius; see
Hall (1988) and Penrose (2003) for more background. Generally, we may work in a
separable metric space (X ,ρ), and for the first case, we take as given one endowed
with measure λ. Let the components of X = (X1, . . . ,Xn) be i.i.d. with values in X .
For some fixed radius r > 0, let R be given by

R = R(X) where R(x) =
n⋃

i=1

B(xi, r), (4.163)

with B(x, r) the closed ball of radius r centered at x. Proposition 4.8 gives an L1

bound to the normal for the ‘covered volume’ λ(R(X)) in terms of

KV = sup
u∈X

λ
(
B(u, r)

)
, (4.164)

an upper bound to the volume of any ball of radius r .
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By very similar reasoning, we also derive an L1 bound to the normal for the
number S of isolated points, or singletons, given by

S = S(X) where S(x) =
n∑

i=1

1
(
{x1, . . . , xn} ∩ B(xi,2r) = {xi}

)
, (4.165)

that is, the number of points of X such that the ball B(Xi, r) had empty intersection
with B(Xj , r) for all j ≠ i. Proposition 4.8 gives an L1 bound to the normal for S
in terms of

KS = sup
{
k: ∃x ∈ X k+1 such that B(xk+1, r) ∩ B(xi, r) ≠ ∅, and

B(xi, r) ∩ B(xj , r) = ∅ for all distinct 1 ≤ i, j ≤ k
}
, (4.166)

which is an upper bound to the number of points in any collection from X which
may become isolated upon the removal of a single point. In Euclidean space, the
number KS is a lower bound to the so called kissing number, the maximum number
of spheres of radius 1 that can simultaneously touch the unit sphere at the origin;
see Zong (1999), Conway and Sloane (1999), and Leech and Sloane (1971) for
estimates on the kissing number. For example, in two dimensions KS = 5, since
at most five unit circles can intersect another unit circle without intersecting each
other, while the kissing number in two dimensions is 6.

Proposition 4.8 With p = P(ρ(X1,X2) ≤ 2r) we have

∥∥L(WV ) − L(Z)
∥∥

1 ≤ Cn1/2K2
V (1 + np)

σ 2
V

+ nK3
V

2σ 3
V

for some universal constant C, with µV = EYV , σ 2
V = Var(YV ) and WV = (YV −

µV )/σV , when YV = λ(R) with R as given in (4.163) and KV as in (4.164). The
same bound holds for YS = S in (4.165) and WS = (YV −µS)/σS where µS = EYS

and σ 2
S = Var(YS), with the same constant C, upon replacing σV and KV by σS and

KS , respectively.

Proof It suffices to prove the theorem when the variables standardized to have mean
zero and variance one; we apply Theorem 4.12. First we consider R, and let ψ(x) =
λ(R(x)) for x ∈ X n. Let G(x) be the graph on {1, . . . , n} with edges between points
i and j if and only if ρ(xi, xj ) ≤ 2r . Clearly the graphical rule G is symmetric, as
distances are unchanged by relabeling.

We verify that G is an interaction rule as follows. With x and x′ any points in X n,
let xi and xij be obtained by replacing the ith, or both the ith and j th, coordinate
respectively of x by those of x′. Writing Bj and B ′

j for B(xj , r) and B(x′
j , r) re-

spectively, we let

Ri =
⋃

j≠i

Bj so that ψ(x) = Ri ∪ Bi and ψ(x′) = Ri ∪ B ′
i .

Hence,
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ψ(x) − ψ
(
xi

)
= λ(Ri ∪ Bi) − λ

(
Ri ∪ B ′

i

)

= λ
(
(Ri ∪ Bi) ∩

(
Ri ∪ B ′

i

)c) − λ
((

Ri ∪ B ′
i

)
∩ (Ri ∪ Bi)

c
)

= λ
(
Bi ∩

(
B ′

i

)c ∩ Rc
i

)
− λ

(
B ′

i ∩ Bc
i ∩ Rc

i

)

= λ
(
Bi ∩ Rc

i

)
− λ

(
B ′

i ∩ Rc
i

)
,

where we obtain the last inequality by adding and subtracting λ(Bi ∩ B ′
i ∩ Rc

i ).
Hence, with Ni(x) be the set of indices j ≠ i of the neighbors of xi in the graph
G(x),

ψ(x) − ψ
(
xi

)
= λ

(
Bi ∩

( ⋃

j∈Ni(x)

Bj

)c)
− λ

(
B ′

i ∩
( ⋃

j∈Ni(xj )

Bj

)c)
. (4.167)

The pair {i, j} fails to be an edge in the graphs G(x), G(xi ), G(xj ), G(xij ) if and only
no member of {xi, x

′
i} is a neighbor of {xj , x

′
j }, in which case Ni(x) = Ni(xj ) and

Ni(xi ) = Ni(xij ), and ψ(x) = ψ(xi ) and ψ(xi ) = ψ(xij ). Thus G is an interaction
rule. In addition, (4.167) shows that for all x ∈ X n and all i = 1, . . . , n

∣∣"iψ(x)
∣∣ =

∣∣ψ(x) − ψ
(
xi

)∣∣ ≤ λ
(
B(xi, r)

)
≤ KV . (4.168)

Hence we may take M = KV in the first term in the bound of Theorem 4.12, and
also apply this same estimate to the second term.

Defining the graph G′ on (x1, . . . , xn+4) ∈ X n+4 by placing edges between any
two points using the same rule as for G , the rule G′ clearly extends G . As each of the
n + 3 points x2, . . . , xn+4 is independently a neighbor of x1 with probability pr , we
have that δ − 1 ∼ Bin(n + 3,pr). As E(δ − 1)4 = n4p4 + O(n3), we may bound
(Eδ4)1/4 by some constant times 1 + np, completing the argument for R.

The calculation for S is similar. Let ψ(x) = S(x) and take G to be the same
graphical rule as the one used for R. As the removal of a point from x ∈ X n can
cause at most KS points to become isolated,

∣∣"iψ(x)
∣∣ =

∣∣ψ(x) − ψ
(
xi

)∣∣ ≤ KS.

As the graph for S is the same as for R, the distribution and bounds for the degree
δ are the same as for R. !

To test the quality of the bounds, we specialize to Euclidean space, and in the case
of V , let λ be the Lebesgue measure. Specializing a bit further, we take the points
X1, . . . ,Xn uniformly and independently in the cube Cn = [0, n1/d)d in Rd , with
periodic boundary conditions. Then letting vρ = ρdπd/2/2(1 + d/2), the volume
of the radius ρ ball in dimension d , we have KV = vr . Now assuming r ≤ n1/d/2
we have p = v2r/n. By Goldstein and Penrose (2010),

lim
n→∞n−1σ 2

V = gV (4.169)

with an explicit gV > 0, showing the bound of Proposition 4.8 to be of order n−1/2.
Similar remarks apply to S. In particular, KS , as a lower bound on the kiss-

ing number, is bounded in any dimension as n → ∞, and (4.169) holds for some
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gS > 0 when σ 2
V is replaced by σ 2

S . At the cost of considerable more effort, Gold-
stein and Penrose (2010) apply Theorem 5.6 to obtain bounds of order n−1/2 for
the Kolmogorov distance for both the standardized V and S, with explicit con-
stants.

Though Chatterjee’s approach might at first glance seem to bear little connection
to the methods already presented, and (4.158) indeed appears a bit mysterious, Chen
and Röllin (2010) have an interpretation which fits it into a general framework that
contains a number of previous techniques mentioned, the exchangeable pair and
size bias methods in particular. Chen and Röllin (2010) consider an identity of the
form

E
[
Gf (W ′) − Gf (W)

]
= E

[
Wf (W)

]
, (4.170)

for some triple (W,W ′,G) of square integrable random variables. If W ′,W is a
λ-Stein pair then by (2.35) identity (4.170) is satisfied with

G = 1
2λ

(W ′ − W).

If Y s is on the same space as Y and has the Y -size biased distribution, and if
EY = µ and Var(Y ) = σ 2, then by (2.64) the variables W = (Y − µ)/σ and
W ′ = (Y s − µ)/σ satisfy (4.170) with G = µ/σ .

Chatterjee’s approach is also included in the framework of Chen and Röllin
(2010), by the method of ‘interpolation to independence’, as follows. Suppose W is
a mean zero, variance 1 random variable, and for each i ∈ {1, . . . , n} we have a ran-
dom variable W ′

i which is close in some sense to W . Suppose there exists a sequence
of random variables V0, . . . , Vn such that V0 = W , that V0 and Vn are independent,
and that

(
(W,Vi−1),

(
W ′

i , Vi

))
=d

((
W ′

i , Vi

)
, (W,Vi−1)

)
for all i = 1, . . . , n.

Note in particular we must therefore have W =d W ′
i and Vi =d Vi−1, so all ele-

ments of the sequence V0, . . . , Vn are equal in distribution, and have mean E[V0] =
EW = 0. Given such variables, letting I be uniform over {1, . . . , n} and independent
of the remaining variables and

G = n

2
(VI − VI−1),

we have, by telescoping the sum, using the independence of Vn and W on the
first term and taking conditional expectation with respect to W on the second,
that

E
[
Gf (W)

]
= 1

2

n∑

i=1

(Vi − Vi−1)f (W)

= 1
2
(Vn − V0)f (W)

= −1
2
E

[
Wf (W)

]
,
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while

E
[
Gf (W ′)

]
= 1

2

n∑

i=1

(Vi − Vi−1)f (W ′)

= −1
2

n∑

i=1

(Vi − Vi−1)f (W)

= −1
2
E

[
Gf (W)

]

= 1
2
E

[
Wf (W)

]
.

Hence (4.170) is satisfied with W ′ = W ′
I .

Now when W = ψ(X), a mean zero, variance one function of i.i.d. variables
X1, . . . ,Xn, one can construct the required sequence V0, . . . , Vn by setting Vi to be
the function ψ evaluated on X′

1, . . . ,X
′
i ,Xi+1, . . . ,Xn where X′

i is an independent
copy of Xi . Let also W ′

i = ψ(Xi ), where Xi is the vector X with X′
i replacing Xi .

It is clear that V0 = W , and is independent of Vn. In the notation of (4.156) we
have

W ′
i = ψ

(
Xi

)
and Vi = ψ

(
X{1,...,i}).

Now consider the variation where π is a random permutation independent of the
remaining variables, and we interpolate to independence in the order determined by
π , that is,

W ′
i = ψ

(
Xπ(i)

)
and Vi = ψ

(
X{π(1),...,π(i)}).

Then (4.170) is satisfied with

G = 1
2n

(
W ′

π(I ) − W ′
π(I−1)

)
,

where I is an independent index chosen uniformly from {1, . . . , n}. Moreover,
bounds to the normal in this framework involve conditional expectations such as
(4.144), and in particular E(G(W ′ − W)|X,X′) is the expression (4.158), see Chen
and Röllin (2010) for details.

We now present the proof of Theorems 4.11 and 4.12, starting with some prelim-
inary lemmas.

Lemma 4.8 Let X = (X1, . . . ,Xn) be a random vector with independent χ valued
components. Then, for any functions φ,ψ : χn → R such that Eφ(X)2 and Eψ(X)2

are both finite,

Cov
(
φ(X),ψ(X)

)
= 1

2

∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

E
[
"jφ(X)"jψ

(
XA

)]
.
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Proof First, we claim that
∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

"jψ
(
XA

)

=
∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

(
ψ

(
XA

)
− ψ

(
XA∪j

))

= ψ(X) − ψ(X′). (4.171)

In particular, note that for any set A ⊂ {1, . . . , n}, except A = {1, . . . , n}, as there
are n − |A| elements j /∈ A, these set appear in (4.171) with a positive sign a total
of

1( n
|A|

)
(n − |A|) ×

(
n − |A|

)
= 1( n

|A|
)

times. Similarly, any set B ⊂ {1, . . . , n}, except B = ∅, can be represented as B =
A ∪ j for |B| different sets A, so these sets appear with a negative sign a total of

1( n
|B|−1

)
(n − |B| + 1)

× |B| = 1( n
|B|

)

times. Hence only the terms A = ∅ and A ∪ j = {1, . . . , n} do not cancel out, the
first one appearing with a coefficient of 1/

(n
0

)
= 1, and the latter with coefficient

−1/
(n
n

)
= −1.

Now, for a fixed A and j /∈ A let U = φ(X)"jψ(XA), a function of the random
vectors X and X′. Note that upon interchanging Xj and X′

j the joint distribution of
(X,X′) is unchanged, while U becomes U ′ = −φ(Xj )"jψ(XA). Thus,

EU = EU ′ = 1
2
E(U + U ′) = 1

2

[
"jφ(X)"jψ

(
XA

)]
.

Combining these observations yields

Cov
(
φ(X),ψ(X)

)
= E

[
φ(X)ψ(X)

]
− E

[
φ(X)

]
E

[
ψ(X)

]

= E
[
φ(X)

(
ψ(X) − ψ(X′)

)]

=
∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

E
[
φ(X)"jψ

(
XA

)]

= 1
2

∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

E
[
"jφ(X)"jψ

(
XA

)]
,

as desired. !

Lemma 4.9 Let W = ψ(X) with EW = 0 and Var(W) = 1 where X = (X1, . . . ,Xn)

is a vector of χ valued, independent components, and let T be given by (4.158).
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Then, for any twice continuously differentiable function f with bounded second
derivative, we have

∣∣E
(
f (W)W

)
− E

(
f ′(W)T

)∣∣ ≤ ∥f ′′∥
4

n∑

j=1

E
∣∣"jψ(X)

∣∣3
,

where T is given by (4.158).

Proof For each A ⊂ {1, . . . , n} and j /∈ A, let

RA,j = "j (f ◦ ψ)(X)"j

(
ψ

(
XA

))

and

R̃A,j = f ′(ψ(X)
)
"jψ(X)"j

(
ψ

(
XA

))
.

By Lemma 4.8 with g = f ◦ ψ , we have

E
[
f (W)W

]
= 1

2

∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

ERA,j . (4.172)

By the mean value theorem, and Hölder’s inequality, we have

E|RA,j − R̃A,j | ≤
∥f ′′∥

2
E

∣∣("jψ(X)
)2

"j

(
ψ

(
XA

))∣∣

≤ ∥f ′′∥
2

E
∣∣"j

(
ψ

(
XA

))∣∣3
. (4.173)

From the definition of T ,

f ′(W)T = 1
2

∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

R̃A,j . (4.174)

Combining (4.172), (4.174) and (4.173), we obtain

E
∣∣f (W)W − Ef ′(W)T

∣∣

=
∣∣∣∣
1
2

∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

E(RA,j − R̃j,A)

∣∣∣∣

≤ ∥f ′′∥
4

∑

A⊂{1,...,n}
|A|̸=n

1( n
|A|

)
(n − |A|)

∑

j /∈A

E
∣∣"jψ(X)

∣∣3

= ∥f ′′∥
4

n∑

j=1

E
∣∣"jψ(X)

∣∣3
,

as claimed. !
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Proof of Theorem 4.11 Let h be any absolutely continuous function with ∥h′∥ ≤ 1,
and let f be the solution to the Stein equation for h,

Eh(W) − Nh = E
[
f ′(W) − Wf (W)

]
.

By (2.13) of Lemma 2.4, we have that ∥f ′∥ ≤ √
2/π and ∥f ′′∥ ≤ 2. Setting φ = ψ

in Lemma 4.8, we obtain ET = EW 2 = 1. Therefore
∣∣Eh(W) − Nh

∣∣ ≤ E
∣∣f ′(W) − Wf (W)

∣∣

≤ E
∣∣f ′(W) − f ′(W)T

∣∣ + E
∣∣f ′(W)T − Wf (W)

∣∣

≤
√

2/πE
∣∣E(T |W) − 1

∣∣ + E
∣∣f ′(W)T − Wf (W)

∣∣

≤
√

2/π
[
Var

(
E(T |W)

)]1/2 + 1
2

n∑

j=1

E
∣∣"jψ(X)

∣∣3
,

by the Cauchy–Schwarz inequality, and Lemma 4.9. The proof is completed by
taking supremum over h, noting (4.8). !

We now proceed to the proof of Theorem 4.12. By Theorem 4.11, it suffices to
bound Var(E(T |X)). For this reason, the proof of Theorem 4.12 follows quickly
from the following upper bound.

Lemma 4.10 Let X be a vector of i.i.d. variates, A ⊂ {1, . . . , n} with |A| ≠ n,
and TA, M and δ given by (4.158), (4.161) and (4.162), respectively. Then there
exists a constant C such that

Var
(
E(TA|X)

)
≤ C

(
EM8)1/2(

Eδ4)1/2√
n(n − |A|).

For the remainder of this section, we make the convention that constants C need
not be the same at each occurrence. Deferring the proof of Lemma 4.10, we present
the proof of Theorem 4.12.

Proof By the definition of T and Minkowski’s inequality, we obtain

[
Var

(
E(T |X)

)]1/2 ≤ 1
2

∑

A⊂{1,...,n}
|A|̸=n

[Var(E(TA|X))]1/2
( n
|A|

)
(n − |A|) .

Substituting the bound from Lemma 4.10 yields

[
Var

(
E(T |X)

)]1/2 ≤ C
(
EM8)1/4(

Eδ4)1/2 ∑

A⊂{1,...,n}
|A|̸=n

n1/4(n − |A|)1/4
( n
|A|

)
(n − |A|)

= C
(
EM8)1/4(

Eδ4)1/4
n∑

k=1

n1/4k−3/4

= C
(
EM8)1/4(

Eδ4)1/4
n1/2.

Now invoking Theorem 4.11 completes the proof. !
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It remains to prove Lemma 4.10. We proceed by way of the following preliminary
result.

Lemma 4.11 Suppose that G is a symmetric graphical rule on χn and X =
(X1, . . . ,Xn) is a vector of i.i.d. χ -valued random variables. Let d1 be the degree of
vertex 1 in G(X), and, for any k ≤ n − 1, let i, i1, . . . , ik be any collection of k + 1
distinct elements of {1, . . . , n}. Then

P
(
{i, il} ∈ G(X) for all 1 ≤ l ≤ k

)
= E(d1)k

(n − 1)k
, (4.175)

where (r)k stands for the falling factorial r(r − 1) · · · (r − k + 1).

Proof Since G is a symmetric rule and X1, . . . ,Xn are i.i.d., the probability

P
(
{i, il} ∈ G(X) for all 1 ≤ l ≤ k

)

does not depend on i, i1, . . . , ik . Hence

P
(
{i, il} ∈ G(X) for all 1 ≤ l ≤ k

)

= 1
(n − 1)k

∑

{j1,...,jk}⊂{1,...,n}\{i}
|{j1,...,jk}|=k

P
(
{i, jl} ∈ G(X) for all 1 ≤ l ≤ k

)
.

Lastly, note that
∑

{j1,...,jk}⊂{1,...,n}\{i}
|{j1,...,jk}|=k

1
(
{i, jl} ∈ G(X) for all 1 ≤ l ≤ k

)
= (di)k,

where di is the degree of vertex i. As di and d1 have the same distribution, the
argument is complete. !

To prove Lemma 4.10 we require the following result, the Efron–Stein inequality,
see Efron and Stein (1981), and Steele (1986).

Lemma 4.12 Let U = g(Y1, . . . , Ym) be a function of independent random objects
Y1, . . . , Ym, and let Y ′

i be an independent copy of Yi for i = 1, . . . ,m. Then

Var(U) ≤ 1
2

m∑

i=1

E
(
g
(
Y1, . . . , Yi−1, Y

′
i , Yi+1, . . . , Ym

)
− g(Y1, . . . , Ym)

)2
.

Proof of Lemma 4.10 Fix A ⊂ {1, . . . , n} with |A| ̸= n. For each j /∈ A, let

Rj = "jψ(X)"jψ
(
XA

)

=
(
ψ(X) − ψ

(
Xj

))(
ψ

(
XA

)
− ψ

(
XA∪j

))
.

Let Y = (Y1, . . . , Yn) be a copy of X, which is independent of both X and X′. For a
fixed i ∈ {1, . . . , n} let

X̃ = (X1, . . . ,Xi−1, Yi,Xi+1, . . . ,Xn).
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Similarly, for each B ⊂ {1, . . . , n}, let

X̃B =
{

(XB
1 , . . . ,XB

i−1, Yi,X
B
i+1, . . . ,X

B
n ) if i /∈ B,

XB if i ∈ B.
Now let

Rji =
(
ψ(X̃) − ψ

(
X̃j

))(
ψ

(
X̃A

)
− ψ

(
X̃A∪j

))
,

and put

hi = E

(∑

j /∈A

(Rj − Rji)

)2

.

It follows from inequality (4.143) and Lemma 4.12 that

Var
(
E(TA|X)

)
≤ Var(TA) ≤ 1

2

n∑

i=1

hi. (4.176)

Hence, we turn our attention to bounding hi , and note that we need only consider
j /∈ A. When j ≠ i let

d1
ji = 1

(
{i, j} ∈ G(X)

)
,

d2
ji = 1

(
{i, j} ∈ G

(
Xj

))
,

d3
ji = 1

(
{i, j} ∈ G(X̃)

)
and

d4
ji = 1

(
{i, j} ∈ G

(
X̃j

))
.

Suppose in a particular realization we have d1
ji = d2

ji = d3
ji = d4

ji = 0. Since G is
an interaction rule for ψ , on this event we have

ψ(X) − ψ
(
Xj

)
= ψ(X̃) − ψ

(
X̃j

)
.

If we now take XA and X̃A in place of X and X̃, and define e1
ji , e

2
ji , e

3
ji and e4

ji

analogously, then when e1
ji = e2

ji = e3
ji = e4

ji = 0 we have

ψ
(
XA

)
− ψ

(
XA∪j

)
= ψ

(
X̃A

)
− ψ

(
X̃A∪j

)
,

whether i ∈ A or not. Now, let

Li = max
j /∈A

∣∣"jψ(X)"jψ
(
XA

)
− "jψ(X̃)"jψ

(
X̃A

)∣∣.

From the preceding considerations, when j ≠ i

|Rj − Rji | ≤ Li

4∑

k=1

(
dk
ji + ek

ji

)
.

When j = i then i /∈ A and we have |Rj − Rji | ≤ Li . The Cauchy–Schwarz in-
equality now yields

hi ≤
[

EL4
i E

(

1(i /∈ A) +
∑

j /∈A∪i

4∑

k=1

(
dk
ji + ek

ji

)
)4]1/2

. (4.177)
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Applying the inequality (
∑r

i=1 ai)
4 ≤ r3 ∑r

i=1 a4
i , we obtain

E

(

1(i /∈ A) +
∑

j /∈A∪i

4∑

k=1

(
dk
ji + ek

ji

)
)4

≤ 931(i ∈ A) + 93
4∑

k=1

E

( ∑

j /∈A∪i

dk
ji

)4

+ 93
4∑

k=1

E

( ∑

j /∈A∪i

ek
ji

)4

.

To handle the first term in the first sum, from Lemma 4.11, for any j, k, l and m,

E
(
d1
jid

1
kid

1
lid

1
mi

)
≤ C

Eδr
1

nr
,

where r is the number of distinct indices among j , k, l, m, and δ1 is the degree of
vertex 1 in G(X). Recall the definition of δ from (4.162), and observe that δ ≥ δ1 +1.
It follows easily that

E

( ∑

j /∈A∪i

d1
ji

)4

≤ CE
(
δ4)

(
n − |A|

n

)
.

Now we consider bounding E(d2
jid

2
kid

2
lid

2
mi). First suppose that j, k, l,m are dis-

tinct. Now let X̃ be the random vector in χn+4 given by

X̃ =
(
X1, . . . ,Xn,X

′
j ,X

′
k,X

′
l ,X

′
m

)
.

Note that if d2
ji = d2

ki = d2
li = d2

mi = 1 then {i, n+1}, {i, n+2}, {i, n+3} and {i, n+
4} are all edges in the extended graph G′(X̃). Since G′ is a symmetric rule and the
components of X̃ are i.i.d., it follows from Lemma 4.10 that

E
(
d2
jid

2
kid

2
lid

2
mi

)
≤ C

Eδ4

n4 .

Now, suppose j , k, l are distinct, and that m = l. Let s ∈ {1, . . . , n} be distinct from
j , k and l, and define

X̃ =
(
X1, . . . ,Xn,X

′
j ,X

′
k,X

′
l ,X

′
s

)

and argue as before to conclude that in this case

E
(
d2
jid

2
kid

2
lid

2
mi

)
= E

(
d2
jid

2
kid

2
li

)
≤ C

Eδ3

n3 .

In general, if r is the number of distinct elements among j , k, l, m, then

E
(
d2
jid

2
kid

2
lid

2
mi

)
≤ C

Eδr

nr
.

From this inequality we obtain as before that

E

( ∑

j /∈A∪i

d2
ji

)4

≤ CE
(
δ4)

(
n − |A|

n

)
.
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The d3, e1 and e3 terms can be bounded as the d1 term, while the d4, e2 and e4

terms like the d2 term. Combining, we conclude

E

(

1(i /∈ A) +
∑

j /∈A∪i

4∑

k=1

(
dk
ji + ek

ji

)
)4

≤ CE
(
δ4)

(
1(i /∈ A) + n − |A|

n

)
.

As M = maxj |"jψ(X)| have EL4
i ≤ CEM8, and applying these bounds in

(4.177), along with the inequality
√

x + y ≤ √
x + √

y for nonnegative x and y,
we obtain

hi ≤ C
(
EM8)1/2(

Eδ4)1/2
(

1(i /∈ A) +
√

n − |A|
n

)
.

Substituting this bound in (4.176), we obtain

Var
(
E(TA|X)

)
≤ C

(
EM8)1/2(

Eδ4)1/2(
n − |A| +

√
n
(
n − |A|

))

≤ C
(
EM8)1/2(

Eδ4)1/2√
n(n − |A|),

completing the proof. !

4.7 Locally Dependent Random Variables

In this section we consider L1 bounds for sums of locally dependent random vari-
ables. We being by recalling that an m-dependent sequence of random variables
ξi , i ∈ N, is one with the property that, for each i, the sets of random variables
{ξj , j ≤ i} and {ξj , j > i + m} are independent. Independent random variables are
the special case of m-dependence when m = 0. Local dependence generalizes the
notion of m-dependence to collections of random variables indexed more generally.
The concept of local dependence is applicable, for example, to random variables in-
dexed by the vertices of a graph such that the collections {ξi , i ∈ I } and {ξj , j ∈ J }
are independent whenever I ∩ J = ∅ and the graph contains no edges {i, j} with
i ∈ I and j ∈ J .

Let J be a finite index set of cardinality n, and let {ξi , i ∈ J } be a random
field, that is, an indexed collection of random variables, with zero means and finite
variances. Define W = ∑

i∈J ξi , and assume that Var(W) = 1. For any A ⊂ J let

Ac = {j ∈ J : j /∈ A} and ξA = {ξi : i ∈ A}.
We introduce the following two conditions, corresponding to different degrees of
local dependence.

(LD1) For each i ∈ J there exists Ai ⊂ J such that ξi and ξAc
i

are independent.
(LD2) For each i ∈ J there exist Ai ⊂ Bi ⊂ J such that ξi is independent of ξAc

i

and ξAi is independent of ξBc
i
.
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Clearly (LD2) implies (LD1). Whenever (LD1) or (LD2) hold we set

ηi =
∑

j∈Ai

ξj and τi =
∑

j∈Bi

ξj (4.178)

respectively. Note that when {ξi , i ∈ J } are independent (LD2) holds with Ai =
Bi = {i}, in which case ηi = τi = ξi .

Theorem 4.13 Let {ξi , i ∈ J } be a random field with mean zero and Var(W) = 1
where W = ∑

i∈J ξi . If (LD1) holds then, then with ηi as in (4.178),

∥∥L(W) − L(Z)
∥∥

1 ≤
√

2
π

E

∣∣∣∣
∑

i∈J

{
ξiηi − E(ξiηi )

}∣∣∣∣ +
∑

i∈J
E

∣∣ξiη
2
i

∣∣, (4.179)

and if (LD2) holds, then with ηi and τi as in (4.178),
∥∥L(W) − L(Z)

∥∥
1 ≤ 2

∑

i∈J

(
E|ξiηiτi | +

∣∣E(ξiηi )
∣∣E|τi |

)
+

∑

i∈J
E

∣∣ξiη
2
i

∣∣. (4.180)

We remark that for independent random variables, applying Hölder’s inequality
to the bound in (4.180) yields 5

∑
i∈J E|ξi |3, somewhat larger than the constant of

1 given by Corollary 4.2.

Proof Assume (LD1) holds and let f = fh be the solution of the Stein equation
(2.4) for an absolutely continuous function h satisfying ∥h′∥ ≤ 1. By the indepen-
dence of ξi and W − ηi , and that Eξi = 0, we have

E
{
Wf (W)

}
=

∑

i∈J
Eξif (W) =

∑

i∈J
Eξi

[
f (W) − f (W − ηi )

]
.

Now adding and subtracting yields

E
{
Wf (W)

}
=

∑

i∈J
E

{
ξi

[
f (W) − f (W − ηi ) − ηif

′(W)
]}

+ E

{(∑

i∈J
ξiηi

)
f ′(W)

}
. (4.181)

Now, using again that Eξi = 0 for all i, from (LD1) it follows that

1 = EW 2 =
∑

i∈J

∑

j∈J
E{ξiξj } =

∑

i∈J
E{ξiηi},

and so

E
{
f ′(W) − Wf (W)

}
= −E

(∑

i∈J

{
ξiηi − E(ξiηi )

}
f ′(W)

)

−
∑

i∈J
E

{
ξi

[
f (W) − f (W − ηi ) − ηif

′(W)
]}

. (4.182)



4.7 Locally Dependent Random Variables 135

By (2.13), ∥f ′∥ ≤ √
2/π and ∥f ′′∥ ≤ 2. Therefore it follows from (4.182) and a

Taylor expansion that

∣∣Eh(W) − Eh(Z)
∣∣ ≤

√
2
π

E

∣∣∣∣
∑

i∈J

{
ξiηi − E(ξiηi )

}∣∣∣∣ +
∑

i∈J
E

∣∣ξiη
2
i

∣∣.

Now (4.179) follows from (4.8).
When (LD2) is satisfied, f ′(W − τi ) and ξiηi are independent for each i ∈ J .

Hence, using (4.182), we can write
∣∣Eh(W) − Eh(Z)

∣∣

≤
∣∣∣∣E

∑

i∈J

{
ξiηi − E(ξiηi )

}(
f ′(W) − f ′(W − τi )

)∣∣∣∣ +
∑

i∈J
E

∣∣ξiη
2
i

∣∣

≤ 2
∑

i∈J

(
E|ξiηiτi | +

∣∣E(ξiηi )
∣∣E|τi |

)
+

∑

i∈J
E

∣∣ξiη
2
i

∣∣,

as desired. !

We provide two examples of locally dependent random variables. We refer to
Baldi and Rinott (1989), Rinott (1994), Baldi et al. (1989), Dembo and Rinott
(1996), and Chen and Shao (2004) for more details.

Example 4.1 (Graphical dependence) Consider a set of random variables {ξi , i ∈ V }
indexed by the vertices of a graph G = (V , E ). The graph G is said to be a depen-
dency graph if, for any pair of disjoint sets 21 and 22 in V such that no edge in E
has one endpoint in 21 and the other in 22, the sets of random variables {ξi , i ∈ 21}
and {ξi , i ∈ 22} are independent. Let

Ai = {i} ∪
{
j ∈ V : {i, j} ∈ E

}

and Bi = ⋃
j∈Ai

Aj . Then {ξi , i ∈ V } satisfies (LD2). Hence (4.180) holds.

Example 4.2 (The number of local maxima on a graph) Consider a graph G = (V , E )

(which is not necessary a dependency graph) and independent and identically dis-
tributed continuous random variables {Yi, i ∈ V }. For i ∈ V define the indicator vari-
able

ξi =
{

1 if Yi > Yj for all j ∈ Ni ,

0 otherwise

where Ni = {j ∈ V : {i, j} ∈ E }. Hence ξi = 1 indicates that Yi is a local maximum
and W = ∑

i∈V ξi is the total number of local maxima. Letting

Ai = {i} ∪ Ni ∪
⋃

j∈Ni

Nj and Bi =
⋃

j∈Ai

Aj

we find that {ξi , i ∈ V } satisfies (LD2), and therefore (4.180) holds. Bounds in L∞

for this problem are considered in Example 6.4.
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4.8 Smooth Function Bounds

In defining a distance ∥L(X) − L(Y )∥H through (4.1) one typically chooses H to
be a convergence determining class of functions, that is, a collection of functions
such that if {Xn}n≥0 is any sequence of random variables then

Eh(Xn) → Eh(X0) for all h ∈ H implies Xn →d X0.

A convergence determining class can consist of functions all of which are very
smooth, such as the collection of all infinity differentiable functions with compact
support.

To describe the collection of functions we consider in this section, following
E.M. Stein (1970), let L∞

m (R) be all functions h : R → R satisfying ∥h∥L∞
m (R) < ∞

where

∥h∥L∞
m (R) = max

0≤k≤m

∥∥h(k)
∥∥.

That is L∞
m (R) consists of all functions possessing m bounded derivatives. Now let

∥L(W) − L(Z)∥Hm,∞ be the distance which is obtained through (4.1) by setting

Hm,∞ =
{
h ∈ L∞

m (R): ∥h∥L∞
m (R) ≤ 1

}
. (4.183)

In the following section we show how fast rates of convergence can be obtained
under a vanishing third moment assumption when inducing our distance by H4,∞.
In Chap. 12 we prove a smooth function theorem in Rp using a multidimensional
generalization of the distances defined here, and produce bounds in that distance
for the problem of counting the number of vertices in a random graph that have
specified degree counts.

4.8.1 Fast Rates for Smooth Functions

In this section we first prove Theorem 4.14, a smooth function theorem parallel to
Theorem 4.9, for the zero bias coupling as discussed in Sect. 2.3.3. Comparing The-
orems 4.9 and 4.14, we see that the latter requires the computation of a conditional
expectation of a difference, rather than of a difference squared, and that the second,
or remainder term is of a square, rather than a cube. Lastly, Theorem 4.9 requires
the linearity condition (4.108) to be satisfied, whereas Theorem 4.14 does not. After
the proof we apply Theorem 4.14 in an independent case to show that fast rates of
convergence for smooth functions are obtained when fourth moments exist and third
moment vanishes.

Theorem 4.14 Let W be a mean zero, variance 1 random variable and suppose that
the pair (W,W ∗) is given on a joint probability space so that W ∗ has the W -zero
biased distribution. Then

∥∥L(W) − L(Z)
∥∥

H4,∞
≤ 1

3
E

∣∣E
(
W ∗ − W |W

)∣∣ + 1
8
E(W ∗ − W)2.
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Proof Let g be the solution to (2.19) for a given h ∈ H4,∞. By the bounds in
Lemma 2.6

∥∥g(3)
∥∥ ≤ 1

3
and

∥∥g(4)
∥∥ ≤ 1

4
. (4.184)

By (2.19), (2.51), and Taylor expansion,
∣∣Eh(W) − Nh

∣∣ =
∣∣E

(
g′′(W) − Wg′(W)

)∣∣

=
∣∣E

(
g′′(W ∗) − g′′(W)

)∣∣

≤
∣∣Eg(3)(W)(W ∗ − W)

∣∣ +
∣∣∣∣E

∫ W ∗

W
g(4)(t)(W ∗ − t)dt

∣∣∣∣.

Conditioning on W we may bound the first term as
∣∣E

[
g(3)(W)E

(
W ∗ − W |W

)]∣∣ ≤
∥∥g(3)

∥∥∣∣E|E
(
W ∗ − W |W

)∣∣.

For the second term
∣∣∣∣E

∫ W ∗

W
g(4)(t)(W ∗ − t)dt

∣∣∣∣ ≤ 1
2

∥∥g(4)
∥∥E(W ∗ − W)2.

Applying (4.184) completes the proof. !

We now apply Theorem 4.14 to the sum of independent identically distributed
variables and show how the zero bias transformation leads to an error bound for
smooth functions of order n−1, under additional moment assumptions which include
a vanishing third moment.

Corollary 4.4 Let X1,X2, . . . ,Xn be independent and identically distributed mean
zero, variance one random variables with vanishing third moment and EX4 < ∞.
Then, for W = n−1/2 ∑n

i=1 Xi ,
∥∥L(W) − L(Z)

∥∥
H4,∞

≤ 1
24n

(
11 + EX4).

Proof For i = 1, . . . , n let X∗
i have the Xi -zero biased distribution and be indepen-

dent of Xj , j = 1, . . . , n, and I a random index independent of Xi,X
∗
i , i = 1, . . . , n

with distribution

P(I = i) = 1/n.

Then, by Lemma 2.8 and the scaling property (2.59),

W ∗ = W − XI/
√

n + X∗
I /

√
n

has the W -zero biased distribution.
From substituting f (x) = x2/2 into (2.51), for every i = 1, . . . , n we have

EX∗
i = (1/2)EX3

i = 0 and therefore EX∗
I = 0. (4.185)

Next, using that X1, . . . ,Xn’s are i.i.d., and therefore exchangeable, E(XI |W) =
W/

√
n.
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Now, by the independence of X∗
I and W , and (4.185), we obtain

E(W ∗ − W |W) = n−1/2E
(
X∗

I − XI |W
)

= n−1/2(E
(
X∗

I

)
− E(XI |W)

)

= −n−1/2E(XI |W)

= −n−1W.

Therefore

E
∣∣E(W ∗ − W |W)

∣∣ = n−1E|W | ≤ 1
n
.

For the second term in Theorem 4.14, application of (2.51) with f (x) = x3/3
yields

E
(
X∗

I

)2 = E
(
X∗

i

)2 = 1
3
EX4

i .

Since XI and X∗
I are independent, and the latter variable has mean zero,

E(W ∗ − W)2 = 1
n
E

(
X∗

I − XI

)2 = 1
n

(
E

(
X∗

I

)2 + EX2
I

)
= 1

n

(
EX4

3
+ 1

)
.

Applying Theorem 4.14 now yields the claim. !

Under more special assumptions a fast rates may be obtained for distances in-
duced by classes of non-smooth functions. In particular, Klartag (2009) demon-
strates a bound of order 1/n for cases which include the sum of independent sym-
metric random variables whose density is log concave.

Appendix

Proof of Lemma 4.7 Let π be uniform on Sn and I †, J †,K†,L† be independent
of π with distribution (4.134). Constructing Y from π and Y † and Y ‡ from π† and
π‡ respectively, as in Lemma 4.6, we have

Y ∗ − Y = UY † + (1 − U)Y ‡ − Y

= U

n∑

i=1

ai,π†(i) + (1 − U)

n∑

i=1

ai,π‡(i) −
n∑

i=1

ai,π(i).

With

I =
{
I †, J †,π−1(K†),π−1(L†)}, (4.186)

we see from (4.126) in Lemma 4.5, and from π‡ = π†τI †,J † , that if m /∈ I , then
π(m) = π†(m) = π‡(m). Hence, setting V = Y ∗ − Y , we have

V =
∑

i∈I

(
Uai,π†(i) + (1 − U)ai,π‡(i) − ai,π(i)

)
. (4.187)



Appendix 139

Further, letting

R =
∣∣{π(I †),π(J †)

}
∩ {K†,L†}

∣∣

and 1k = 1(R = k), since P(R ≤ 2) = 1, we have

V = V 12 + V 11 + V 10,

and therefore E|V | ≤ E|V |12 + E|V |11 + E|V |10. (4.188)

The three terms on the right hand side of (4.188) give rise to the three components
of the bound in the theorem.

For notational simplicity, the following summations in this section are performed
over all indices which appear, whether in the summands or in a (possibly empty)
collection of restrictions. In what follows, we will apply equalities and bounds such
as

∑
|ail |

[
(aik + ajl) − (ail + ajk)

]2 =
∑

|ail |
(
a2
ik + a2

j l + a2
il + a2

jk

)

≤ 4n2γ . (4.189)

Due to the form of the terms being squared on the left-hand side, if the factors in
a cross term agree in their first index, they will have differing second indices, and
likewise if their second indices agree. This gives cross terms which are zero by
virtue of (4.120), since there will be at least one unpaired index outside the absolute
value over which to sum, for instance, the index k in the term

∑ |ail |aikail . Hence
the equality. To obtain the inequality, on each of the four terms are argue as for the
first,

∑

i,j,k,l

|ai,l |a2
i,k ≤

(∑

j,k

|ail |3
)1/3(∑

j,l

|aik|3
)2/3

= n2γ . (4.190)

Generally, the power of n in such an inequality, in this case 2, will be 2 less than the
number of indices of summation, in this case 4.

Calculation on R = 2 On 12 we have {π(I †),π(J †)} = {K†,L†} and therefore
I = {I †, J †,π−1(K†),π−1(L†)} = {I †, J †}. As the intersection which gives R = 2
can occur in two different ways, we make the further decomposition

V 12 = V 12,1 + V 12,2,

where

12,1 = 1
(
π(I †) = K†, π(J †) = L†)

and 12,2 = 1
(
π(I †) = L†, π(J †) = K†).

Since π† = π on 12,1 by (4.125), following (4.187) we have
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V 12,1 =
∑

i∈{I †,J †}

(
Uai,π†(i) + (1 − U)ai,π‡(i) − ai,π(i)

)
12,1

=
[
U(aI †,π†(I †) + aJ †,π†(J †)) + (1 − U)(aI †,π‡(I †) + aJ †,π‡(J †))

− (aI †,π(I †) + aJ †,π(J †))
]
12,1

=
[
U(aI †,π(I †) + aJ †,π(J †)) + (1 − U)(aI †,π(J †) + aJ †,π(I †))

− (aI †,π(I †) + aJ †,π(J †))
]
12,1

= (1 − U)(aI †,π(J †) + aJ †,π(I †) − aI †,π(I †) − aJ †,π(J †))12,1

= (1 − U)(aI †,L† + aJ †,K† − aI †,K† − aJ †,L†)12,1. (4.191)

Due to the presence of the indicator 12,1, taking the expectation of (4.191) re-
quires a joint distribution which includes the values taken on by π at I † and J †,
say s and t , respectively. Since these images can be any two distinct values, and are
independent of I †, J †,K† and L†, we have, with p1 and p2 given in (4.122) and
(4.134), respectively,

p3(i, j, k, l, s, t) = P
((

I †, J †,K†,L†,π(I †),π(J †)
)
= (i, j, k, l, s, t)

)

= p2(i, j, k, l)p1(s, t)

= [(aik + ajl) − (ail + ajk)]2

4n3(n − 1)2σ 2 1(s ≠ t). (4.192)

Now bounding the absolute value of the first term in (4.191) using (4.189), we
obtain

E
∣∣(1 − U)aI †,L†

∣∣12,1 = 1
2

∑
|ail |1(s = k, t = l)p3(i, j, k, l, s, t)

= 1
2

∑
|ail |p3(i, j, k, l, k, l)

= 1
8n3(n − 1)2σ 2

∑
|ail |

[
(aik + ajl) − (ail + ajk)

]2

≤ γ

2n(n − 1)2σ 2 .

Using the triangle inequality in (4.191) and applying the same reasoning to the re-
maining three terms shows that E|V |12,1 ≤ 2γ /(n(n − 1)2σ 2). Since by symmetry
the term V 12,2 can be handled the same way, we obtain

E|V |12 ≤ 4γ

n(n − 1)2σ 2 ≤ 4γ

(n − 1)3σ 2 . (4.193)

Calculation on R = 1 As the event R = 1 can occur in four different ways, de-
pending on which element of {π(I †),π(J †)} equals an element of {K†,L†}, we
decompose 11 to yield

V 11 = V 11,1 + V 11,2 + V 11,3 + V 11,4, (4.194)

where 11,1 = 1(π(I †) = K† and π(J †) ≠ L†), specifying the remaining three indi-
cators in (4.194) similarly.
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On 11,1 we have, from (4.186), that I = {I †, J †,π−1(L†)}, and from (4.125)
that π† = πτπ−1(L†),J † and so π‡ = πτπ−1(L†),J †τJ †,I † , yielding π‡(π−1(L)) =
π†(π−1(L)) = π(J ). Now, using (4.187),

V 11,1 =
∑

i∈{I †,J †,π−1(L†)}

(
Uai,π†(i) + (1 − U)ai,π‡(i) − ai,π(i)

)
11,1

=
[
U(aI †,π†(I †) + aJ †,π†(J †) + aπ−1(L†),π†(π−1(L†)))

+ (1 − U)(aI †,π‡(I †) + aJ †,π‡(J †) + aπ−1(L†),π‡(π−1(L†)))

− (aI †,π(I †) + aJ †,π(J †) + aπ−1(L†),π(π−1(L†)))
]
11,1

=
[
U(aI †,K† + aJ †,L† + aπ−1(L†),π(J †))

+ (1 − U)(aI †,L† + aJ †,K† + aπ−1(L†),π(J †))

− (aI †,K† + aJ †,π(J †) + aπ−1(L†),L†)
]
11,1

=
[
UaJ †,L† + (1 − U)(aI †,L† + aJ †,K† − aI †,K†)

− aJ †,π(J †) − aπ−1(L†),L† + aπ−1(L†),π(J †)

]
11,1. (4.195)

For the first term in (4.195), dropping the restriction t ≠ l and summing over t to
obtain the first inequality, and then applying (4.189) with |ail | replaced by |ajl |, we
obtain

EU |aJ †,L† |11,1 = 1
2

∑
|ajl |1(s = k, t ≠ l)p3(i, j, k, l, s, t)

≤ 1
8n2(n − 1)2σ 2

∑
|ajl |

[
(aik + ajl) − (ail + ajk)

]2

≤ γ

2(n − 1)2σ 2 . (4.196)

The second, third and fourth terms in (4.195) also may be bounded by (4.196)
upon replacing |ajl | by |ail |, |ajk| and |aik|, respectively, yielding

E
∣∣UaJ †,L† + (1 − U)(aI †,L† + aJ †,K† − aI †,K†)

∣∣11,1 ≤ 2γ

(n − 1)2σ 2 . (4.197)

For the fifth term in (4.195), that is, for −aJ †,π(J †), reasoning similarly,

E|aJ †,π(J †)|11,1 =
∑

|ajt |1(s = k, t ≠ l)p3(i, j, k, l, s, t)

≤ 1
4n3(n − 1)2σ 2

∑
|ajt |

[
(aik + ajl) − (ail + ajk)

]2

≤ γ

(n − 1)2σ 2 . (4.198)

Note that for the final inequality, though the sum being bounded is not of the form
(4.189), having the index t , the same reasoning applies and that, moreover, the five
indices of summation require that n2 in (4.190) be replaced by n3.
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To handle the sixth term in (4.195), −aπ−1(L†),L† , we need the joint distribution

p4(i, j, k, l, s, t, u)

= P
((

I †, J †,K†,L†,π(I †),π(J †),π−1(L†)
)
= (i, j, k, l, s, t, u)

)
,

accounting for the value u taken on by π−1(L†). If l equals s or t , then u is already
fixed at i or j , respectively; otherwise, π−1(L†) is free to take any of the remaining
available n − 2 values, with equal probability. Hence, with p3 given by (4.192), we
deduce that

p4(i, j, k, l, s, t, u) =

⎧
⎨

⎩

p3(i, j, k, l, s, t), if (l, u) ∈ {(s, i), (t, j)},
p3(i, j, k, l, s, t) 1

n−2 , if l /∈ {s, t} and u /∈ {i, j},
0, otherwise.

Note, for example, that on 11,1, where π(I †) = K† and π(J †) ≠ L†, the value u of
π−1(L†) is neither I † nor J †, so the second case above is the relevant one and the
vanishing of the first sum on the third line of the following display is to be expected.

Now, applying the density p4 we may bound the sixth term in (4.195) as follows,

E|aπ−1(L†),L† |11,1

=
∑

|aul |1(s = k, t ≠ l)p4(i, j, k, l, s, t, u)

=
∑

t≠l

|aul |p4(i, j, k, l, k, t, u)

=
∑

|aik|p3(i, j, k, k, k, t) + 1
n − 2

∑

l /∈{k,t},u/∈{i,j}
|aul |p3(i, j, k, l, k, t)

= 1
n − 2

∑

l≠t,u/∈{i,j}
|aul |p2(i, j, k, l)p1(k, t)

= 1
(n)3

∑

t /∈{l,k}, u/∈{i,j}
|aul |p2(i, j, k, l) (4.199)

= 1
(n)2

∑

u/∈{i,j}
|aul |p2(i, j, k, l)

≤ 1
4n3(n − 1)2σ 2

∑
|aul |

[
(aik + ajl) − (ail + ajk)

]2

≤ γ

(n − 1)2σ 2 , (4.200)

where the final inequality is achieved using (4.189) in the same way as for (4.198).
The computation for the seventh term in (4.195) begins as that for the sixth,

yielding (4.199) with aut replacing aul , so that

E|aπ−1(L†),π(J †)|11,1 = 1
(n)3

∑

t /∈{l,k},u/∈{i,j}
|aut |p2(i, j, k, l)

≤ 1
4(n)3n2(n − 1)σ 2

∑
|aut |

[
(aik + ajl) − (ail + ajk)

]2
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≤ n2γ

(n)3(n − 1)σ 2

≤ 3γ

(n − 1)2σ 2 , (4.201)

where we have applied reasoning as in (4.189), replaced n2 by n4 in (4.190) due to
the sum over six indices, and recalled our assumption that n ≥ 3.

Returning to (4.195) and adding the contribution (4.197) from the first four terms
together with (4.198), (4.200) and (4.201) from the fifth, sixth and seventh, respec-
tively, we obtain E|V |11,1 ≤ 7γ /((n − 1)2σ 2). Since, by symmetry, all four terms
on the right-hand side of (4.194) can be handled in the same way as the first, we
obtain the following bound on the event R = 1:

E|V |11 ≤ 28γ

(n − 1)2σ 2 . (4.202)

Calculation on R = 0 We may write the indicator of the event that R = 0 as

10 = 1
(
π(I †) /∈ {K†,L†},π(J †) /∈ {K†,L†}

)
,

and we see from (4.186) that I = {I †, J †,π−1(K†),π−1(L†)}, a set of size 4, on
R = 0. Hence, from (4.187),

V 10 =
∑

i∈{I †,J †,π−1(K†),π−1(L†)}

(
Uai,π†(i) + (1 − U)ai,π‡(i) − ai,π(i)

)
10

=
[
U(aI †,K† + aJ †,L†) + (1 − U)(aI †,L† + aJ †,K†)

+ aπ−1(K†),π(I †) + aπ−1(L†),π(J †)

− (aI †,π(I †) + aJ †,π(J †) + aπ−1(K†),K† + aπ−1(L†),L†)
]
10. (4.203)

Since the first four terms in (4.203) have the same distribution, we bound their
contribution to E|V |10, using (4.189), by

4EU |aI †,K† |10 ≤ 4EU |aI †,K† | = 2
∑

|aik|p2(i, j, k, l)

= 1
2n2(n − 1)σ 2

∑
|aik|

[
(aik + ajl) − (ail + ajk)

]2

≤ 2γ

(n − 1)σ 2 . (4.204)

The sum of the contributions from the fifth and sixth terms of (4.203) can be
bounded as

2E|aπ−1(L†),π(J †)|10

= 2
∑

s /∈{k,l},t /∈{k,l}
|aut |p4(i, j, k, l, s, t, u)
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= 2
n − 2

∑

s /∈{k,l},t /∈{k,l},u/∈{i,j},s≠t

|aut |p3(i, j, k, l, s, t)

≤ n − 3
2(n − 2)n3(n − 1)2σ 2

∑
|aut |

[
(aik + ajl) − (ail + ajk)

]2 (4.205)

≤ 2n(n − 3)γ

(n − 2)(n − 1)2σ 2

≤ 2γ

(n − 1)σ 2 , (4.206)

where the second equality follows from the form of p4 and that l /∈ {s, t} implies
(l, u) /∈ {(s, i), (t, j)}, inequality (4.205) is obtained by summing over the n − 3
choices of s and dropping the remaining restrictions, and the next inequality by
following the reasoning of (4.189).

Similarly, for the sum of the contributions from the seventh and eighth terms
of (4.203), summing over the n − 3 choices of t and then dropping the remaining
restrictions to obtain the first inequality, we have

2E|aI †,π(I †)|10 = 2
∑

s /∈{k,l},t /∈{k,l}
|ais |p3(i, j, k, l, s, t)

= 1
2n3(n − 1)2σ 2

∑

s /∈{k,l},t /∈{k,l},s≠t

|ais |
[
(aik + ajl) − (ail + ajk)

]2

≤ n − 3
2n3(n − 1)2σ 2

∑
|ais |

[
(aik + ajl) − (ail + ajk)

]2

≤ 2(n − 3)γ

(n − 1)2σ 2

≤ 2γ

(n − 1)σ 2 . (4.207)

The total contribution of the ninth and tenth terms together can be bounded like
the sum of the fifth and sixth, yielding (4.205) with |aul | replacing |aut |, and then
summing over the n choices of t to give

2E|aπ−1(L†),L† |10 ≤ n − 3
2(n − 2)n2(n − 1)2σ 2

∑
|aul |

[
(aik + ajl) − (ail + ajk)

]2

≤ 2n(n − 3)γ

(n − 2)(n − 1)2σ 2

≤ 2γ

(n − 1)σ 2 . (4.208)

Adding up the bounds for the first four terms (4.204), the fifth and sixth terms
(4.206), the seventh and eighth terms (4.207) and the ninth through tenth terms
(4.208) yields

E|V |10 ≤ 8γ

(n − 1)σ 2 . (4.209)
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Now, from (4.188), adding up the contributions from (4.193), (4.202) and (4.209)
from R = 2,R = 1, and R = 0, respectively, for this coupling of Y ∗ and Y we find
that

E|Y ∗ − Y | ≤ γ

(n − 1)σ 2

(
8 + 28

(n − 1)
+ 4

(n − 1)2

)
.

The proof of the lemma may now be completed by noting that E|Y ∗ − Y | is
an upper bound on the L1 norm ∥L(Y ∗) − L(Y )∥1, by the dual form of the L1

norm 4.6.
!


