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Outline

e 0: C-G-S (2011), Proposition 2.4
e 1: Stein’'s method for sums of independent rv’'s via Lipschitz
functions (C-G-S Chapter 3)
Berry-Esseen bounds, bounded case

Berry-Esseen bounds, unbounded case

e 2: Stein's method: L1 bounds.
(C-G-S Chapter 4)

Combinatorial CLT’'s (C-G-S Section 4.4
Sampling without replacement (C-G-S Section 4.5)

e 3: Stein's method: Kolmogorov/L% metric
(C-G-S Section 6.1)

Math/Stat 523 Probability, Spring, 2020, Lecture 9 1.1



0. Proposition 2.4

T he following two general identities can be exploited to yield nor-
mal approximations in the sense of comparison of expectations
for Lipschitz functions: The first of these is:

BWiW)] = E [ f(W+DR@®d+ BRIW)],  (2.76)
T he second identity is,
EWf(W) = Ef'(W+ A) (2.77)

where A = W* — W. The following proposition summarizes the
general bounds which follow from these two identities:

Math/Stat 523 Probability, Spring, 2020, Lecture 9 1.2



Proposition 2.4 Let h be an absolutely continuous function with
1A ||co < oo and F any o—field containing o[W].
(i) If (2.76) holds, then

2 _ _

|[ER(W) — En(Z)| < |IW| {\/Eu — K1|+2EK> + 3E|R|} . (2.78)
7T

where

Kq =E{/Rf((t)dt ]-“} and K2=/R\tf<(t)|dt.

(i) If (2.77) holds, then, with A = W* — W,

|[ER(W) — En(Z)| < 2||0'|| E|A. (2.79)

Proof: Here we will prove (2.79); for the proof of (2.78), see
C-G-S (2011).
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Proof of (2.79): By (2.77) we have, with A =W* - W,

E (fj,(W) = W f,(W)) |

E (f,(W) = fL(W + A))|
il B A

2||1|E|A

IER(W) — ER(Z))|

IA A

where the last inequality follows from (2.13).
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1. Stein’s method for sums of independent rv’s

This material is based on Chen, Goldstein, and Shao (2011),
Chapter 3.

With the basic facts about Stein's method in hand, we can begin
to formulate some precise bounds by using the properties of
solutions of the Stein equation given by Lemmas 3 and 4 of
Lecture 8.

Notation and assumptions: Here we assume that &¢,...,&, are
independent rv's, W = Z?’:l &;, and

n
E¢ =0, 1<i<n, and ) Var(§,) =1 (1)
1=1

The supremum, or L°°, or Kolmogorov distance between two
distribution functions F' and G is given by

IF — Glloo = sup |F(z) — G(2)| = sup | /hdF _ /th|
z€R heH

where ‘H = {hz(CIZ) = 1(_00,2] (x): z€ R}.
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One of our main goals here is to (re-prove) the Berry-Esseen
theorem: for FF'= Fyy and G = ® = P(Z <) where Z ~ N(0,1),

mn
|F - ®llo <C Y E|&]°
i=1
where C is an absolute constant.

Recall that A : R — R is a Lipschitz function if there exists a
constant K such that

lh(x) — h(y)| < K|z —y| forall z,y €R.

Equivalently, h is Lipschitz - continuous if and only if h is
absolutely continuous if and only if h is absolutely continuous
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Theorem: Let W =37 ¢; be the sum of mean zero independent
random variables &, 1 <i <n with Y7 Var(§) =1, and let h be

a Lipschitz continuous function. If E|§7;|3 < oo fori=1,...,n,
then
|[ER(W) — Eh(Z)| < 37||h'|| (2)
where
& 3
v=> El&°. (3)
1

Proof: By Lemma 2.8,

E{Wf(W)} = E{f/(W +A) with A=¢ ¢
where £ has the §;—zero bias distribution and is independent of
¢;, 7 # 14, and Lis a random index with distribution P(I = i) = E¢?
independent of all other variables. It then follows from (2.79) of
Proposition 2.4 that
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|[ER(W) — ER(Z)| < 2||F||El& — ¢
= 2||h’||ZE§%E\£f—&-|

< 2| Y (BIE2EIE)| + Bl&i|EE?)
1
— 2||h’||z( E|§z|3+E|‘£z|E§z>

< 3|¥| ZE|@~|3.
1

where we used ¢2E|X*| = 271E|X|3 (this is (2.57)) and
Liapunov’s inequality: E|&;| < (E|¢12)Y/3 and E|¢;|2 < (E|&]3)2/3.

The constant 3 can be improved to 1; see Corollary 4.2.
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The following theorem provides a bound for |Eh(W) — Eh(Z))|
in terms of the truncated second and third moments, thereby
avoiding the existence of 3rd moments,

n

B2= Y B&llpg>1 and  Bz= Y ElEPLjg <)
=1

=1

Theorem 3.2: If W = 37 ¢; is the sum of mean zero independent
random variables, 1 < ¢ < n with Y7 Var(§) = 1, then for any
Lipschitz function A

|[ER(W) — ER(Z)| < ||1'||(482 + 3083).

Proof: Use the same notation as in the previous theorem. Then
follow the proof of (2.79) in Proposition 2.4, but rather than
applying |f;, (W) — f; (W + A)| < 2||W/|||A|, we instead use

V) = FL (W 4 A0 < min {2]| 11 [IF7 1AL < 2)R/I(1 A |A])
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which holds by (2.13) where a A b = min{a,b}. Hence

|[ER(W) — En(Z)| < 2|W||E (1 A&7 — &)
2| E (1 A (€71 + 1€1D)
21K (E(L AIETD) + E(LALELD) -

IA A

Now let
1 5
f(2) = 211y + So?sign(@) 1 <1y,
so that f/(z) =1 A|z|. Hence by (2.60) and (2.51)

EQAAIE) = 3 E(1AIE]EE?
1=1

[
107

1
£ E (6‘21[|§i|>1] T §|£i|31[|§i|§1]>

= B2+ B83.

To bound E(1A|&g|), recall the fact that if g and h are increasing
functions from R to R, then Eg(§)Eh(E) < Eg(&)h(€)
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(so that Cov[g(€),h(€)] > 0). Thus, since both 1 Al|z| and z2 are
increasing functions of |x|, we see that (via (2.60))

E(IANE]D = ZE(l/\Iﬁzl)EEZ SEZ(l/\lle)rSz

1=1
2
< E {Zfi g >11 + |€z'|31[£7;<1]} = B2+ Bs.
1
Using these two bounds for the right side of (3.8) yields the

claim. []

Remarks:
(1) Note that for 6 € (0,1] we have

b2 = ;E{ﬁflngml} ;Eﬂfz "Lg>u}s and
Pz = ;E{Ki'?’l[léz-lﬁll} ; Vel 1<}
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Thus B2 + B3 < X1 E {|&[2 19},

(2) When §; = X;/on with the X;'s i.i.d. with 02 = Var(X;), then
the bound becomes E|X1/c|?T9/n%/2, so we recover the classical
Berry-Esseen rate n=1/2 when § =1 (so E|X1|3 < ).

(3) Furthermore, for any 0 < e < 1,

E{& )¢50 + ;E &1L pe, <11}
E{& 151 + ;E {€ i< | + G%JE{fz'anfm]}

B{& g >a) T e

S

Bo + B3

VA
SNERNELINE
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The smooth (Lipschitz) function bounds (3.3) or (3.6) of the
previous two theorems do not directly yield Berry-Esseen type
results with optimal rate of convergence (for the Kolmogorov
metric). But they do imply a weak L bound as follows:

Theorem 3.3: (Erickson, 1974). Suppose that there exists a §
such that for any Lipschitz function h

|[ER(W) — ER(Z)] < §||W||co. (3.11) (4)
Then
sup IP(W < 2) — d(2)| < 261/2 (3.12)
zE
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Proof: Without loss of generality we can assume that ¢ < 1/4;
if § > 1/4 the bound claimed in (3.12) is trivial. Let ¢ =
§1/2(27)1/4 and for fixed z € R define

1 it w <z,
he(w) =4 O if w>z+4c,
linear if z<w<z+4c.

Then h¢ is Lipschitz continuous with ||h/||lcc = 1/¢, and hence by
(3.11)

P(W <z) = ®(z) < Ehe(W) - FEhc(Z)+ Ehe(Z) — P(2)

0 c —1/451/2 1/2
< — = 2(2 <2 .
< c+ o (2m) /<< 26

Similarly, P(W < z) — ®(z) > —25§1/2, and thus (3.12) holds. O
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By Remark (3) above we see that if the Lindeberg condition
holds, then (B> 4+ 83 — O since € is arbitrary. By Theorems 3.2
and 3.3 it follows that

sup [P(W < 2) — (2)] < 4(52+ 53)'/2 = 0

zE
as n — oo. [ hus the forward part of the Lindeberg - Feller CLT
holds (again)!

A further beautiful result in C-G-S section 3.5 is the following
result of Hall and Barbour (1984):
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Theorem 3.8: Suppose that &1,...,&, are independent random
variables with zero means and finite variances E¢? = o2, 1 <

i < n, satisfying X% ;0?2 =1, and let W = Y% ,&. Then there
exists an absolute constant ' < 43 such that for all e > 0

(1 — 6_62/4) Z E{f?1[|£l|>e]}

=1

< C (sulg IP(W <z)—d(2)]+ En: af) : (3.44)
i=1

zZE

Recall that Y% o} < maxj<ij<p o2, -1 — 0 is the “uan” condition
in the if and only if formulation of the Lindeberg-Feller CLT.

s This inequality implies the converse part of the Lindeberg-
Feller theorem .... and indeed goes a considerable way toward
quantifying it. (It is interesting that C-G-S (2011) do not
reference Goldstein (2009), while Goldstein (2009) does not
reference Hall and Barbour (1984).
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2. Stein’s method: L bounds. C-G-S chapter 4

In this chapter the focus is on L1 bounds. Let
L={h:R—R| |h(y) —h(=z)| < |y — =[}.
Recall that
IF=Gli = [ IF@2)=G(@)|da

inf{E:|X — Y|}
sup | Eph(X) — Egh(X))]
hel

= E|F_1(U) — G_l(U)| where U ~ Uniform(0, 1)

and where the infimum in the second equality is over all joint
laws with marginals F' and G respectively. See pages 63 - 65 of
C-G-S for a discussion.

Suppose that {q;;: 1 <i< N, 1 <35 <N} isan array of real
numbers, and define
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N

Y = Z:l aim(i). (4.104)

Elementary calculations show that p = E(Y) = Na.. where we
write

@ =72 Z_ Qi s, :N;aw “,J:N;aw
1,7=1 J=1 1=1
Moreover,
1

VCLT'(Y) — Z(a’r&a] o CLi,. o a'aj + a’.’.>2

1 2 2 2 2

o N—l%(ai’j_air—a j T as)

1

- AN2(N — 1) zl; l[(ai,k +a;) — (a;; + aj,k)]z. (4.105)
?’7]7 Y
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and

N
y=Eya= Y e —ap —aj+a.]>  (4.107)
ij=1
Theorem 4.8: For N > 3, let {a;;}],_; be the components
of a matrix A € RVXYN |et © be random permutation uniformly

distributed over Sy, and let Y be given by (4.104). Then with

o2 as given above and ~ given in

Y 56 3
1w = 0l < y5os (164 5oy + a9z

Remark: When the elements of A are all of comparable order,
o2 is of order N, and ~ is of order N2, and hence the bound is
of order N—1/2,
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3. Stein’s method: L°° bounds. C-G-S chapter
5)

Theorem 6.1: Let {ai,j}?jzl be an array of real numbers and
let # be a random permutation with uniform distribution over
Sn. Then with Y as before and W = (Y — u) /o,

sup |[P(W < z)—®(z)| <16.3C/oc for n > 3,
z€R

where = E(Y) and ¢2 = Var(Y) are given by (4.105) and

C= max l|a;; —a;. —a.;+ a.l.
1§z',j§n| bl ’9 |
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Theorem 6.2: (Bolthausen, 1984) Let {ai,j}?]‘:l be an array of
real numbers and let m be a random permutation with uniform
distribution over S,. Then with Y as before and W = (Y — pu) /o,
there exists a constant ¢ such that

sup |[P(W < z) — ®(2)| < eya/(no3) for n> 2,

z€R
and 4 is as before.
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Now suppose that a;; = b;c; where {by1,...,byn} and {cn1,---,cNN}
are real numbers. Suppose that # = (&1,...,7) IS uniformly
distributed on the N! permutations of {1,...,N}. Then the
statistic Y becomes

N

N
Y = YN — Z bN’iCNWZ' — Z b’icw(i)‘

We easily find that E(Yy) = N - byey and
Var(Yy) = B%C% /(N — 1) where

N N
By = Y (byi—by)?, and Cy = > (en; —en)?.
i=1 i=1

The following theorem is due to Hajek (1961).
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Theorem: (Hajek, 1961). Suppose that

bar — b . _C
max o N|—>O, and  max on CN|—>O.
1<i<N By 1<i<N Cn
Then the sequence (Yy — E(Yy))/o(Yy) —4 Z ~ N(0,1) if and

only if

— 0

5 by — b |?|en; — enl?

_ B2 (2
(,3):VN|by;—bn|-|cni—en|>eBNCn N™N

for every € > 0.

Also see Proposition A.5.3, van der Vaart & W, page 458. Note
that Hajek (1961) is not cited by C-G-S (2011).
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Questions:

Is there a corresponding upper bound version of the Hall-
Barbour theorem?

Is there an analogue of the Lindeberg-Feller CLT for Y based
on a general array {a; ;}?

Is there an analogue of the Hall - Barbour theorem for Y
based on a general array {a; ;}7

Is there an analogue of the Lindeberg - Feller CLT for Y in the
case of simple random sampling? That is, when a;; = bz-cj

where n of the cj'S are 1 and N —n are Q's?

Is there an analogue of the Hall - Barbour theorem for Y in
the case of simple random sampling? That is, when a; ; =

bic; where n of the ¢;'s are 1 and N —n are 0's?
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