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1. Stein’s method, the basics

This material is based on Chen, Goldstein, and Shao (2011),
Normal Approximation by Stein’s Method.

Our goal here is to introduce Stein’s method in the context
of convergence to Gaussian limit distributions. Our starting
point is the following lemma characterizing the standard normal
distribution.

Lemma 1. If W ~ N(0,1), then

E[f'(W)] = E[W f(W)] (1)

for all absolutely continuous and piecewise differentiable func-
tions f with E|f'(Z)|] < oo. Conversely, if (1) holds for all
bounded, continuous, and piecewise differentiable functions f
with E|f'(Z)| < oo, then W ~ N(0, 1).
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Lemma 2. Fix z € R and let ®(z) = P(Z < z) be the distribution
function of a standard normal random variable Z. Then the
unique solution f = f, of

fl(w) —wf(w) = 1) — P(2) (2)
IS given by
| VERer Po(w)(1 — d(2))  ifw < z,
fo(w) = { V27e? 2 (2)(1 — d(w))  ifw> 2 (3)
= (1/p(w)){P(zAw) — P(2)P(w)}. (4)

Suppose that we want to show that some sequence of random
variables {W,} satisfies W, -4 2Z ~ N(0,1), i.e.

Fy (z) —®(z) =+ 0 for all z € R.
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But if f, satisfies (2) then

Fyy, (2) = ®(2) = E{lpy, <) — P(2)} = E{f2(Wn) — Wnf-(Wn)}

and it might be easier to show that the right side in the last
display converges to O.

Lemma 3. (Properties of the solution). Let z € R and let f;
be given by (3). Then wf,(w) is a non-decreasing function of w.
Moreover, for all real w, u, v:

lwfz(w)| <1, lwfz(w) —ufz(u)| <1,
[fL(w)] <1, [fo(w) = f2(u)] <1

0 < fz(w) < min{v/2m/4,1/|z|}

(w4 u) fo(w 4+ u) — (w4 v) fo(w +v)| < (w4 vV2r/4)(Ju| + |v]).
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Proof of Lemma 1: (Necessity) Let f be an absolutely
continuous function with E|f(Z)| < co. If W ~ N(0, 1), then

Eff(W) = F(w)e= /2 du

sl
= J%/—Om ' (w) (/_woo(—ac)e_mz/de> dw
+ \/%_W/OOO ' (w) </woo :Ize_xQ/Qd:I:> dw.
By Fubini’'s theorem this yields
Ef (W) = % /_ OOO ( /x ° f’(w)dw) (—ze—"/?)dg

+ \/%_W/OOO (/Ox f’(w)dw) (xe_xz/Q)d,:Iz
= (@) = 1(0) e D
= E[Wf(W)].
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(Sufficiency) The function f, as given in (3) is clearly continuous
and piecewise continuously differentiable. By Lemma 3, f, is
bounded. Hence if (1) holds for all bounded continuous and
continuously differentiable functions, then by (2)

0 = E[fL(W) = Wf2(W)] = B{lyy<y — P(2)} = P(W < 2) — d(2).
Thus W ~ N(0,1). O

When f is absolutely continuous and bounded, (1) follows for
W ~ N(O, 1) via integration by parts as follows:

BEIW F(W)] = \/%7 /_O:wa(w)e—wz/de
- L >C ” e—w2/2
= [T @)

L > 'Cw €—w2/2 - /
T | @) 2w = B (W),
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Proof of Lemma 2: First multiply both sides of (2) by the
integrating factor e~%°/2 to find that

a2 / 2
<€ v /Qf(w)> =e " /2{1[w§z] — ®(2)}.
Integrating both sides of this identity yields

fz(w) = /2 /w <) — ¢(Z)}€_w2/2da:
= — "2 [Ty - D)} 2,

which is equivalent to (3). Lemma 3 below shows that f,(w) is
bounded.

The general solution of (2) is given by f.(w) plus some
constant multiple, say cew2/2, of the solution to the homogeneous
equation. Hence the only bounded solution is the one with ¢ = 0.
[]
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For a given real-valued and measurable function A with
Elh(Z)| < oo, let Eh(Z) be denoted by Nh, and call

f'(w) —wf(w) = h(w) — Nh (5)

the Stein equation for h, or simply the Stein equation. Note that
(2) is the special case of (5) for h(w) = liy<z]- BY the method
of integrating factors that produced (3), it can be shown that
the unique bounded solution of (5) is given by

fo(w) = e¥’/? /_ Y (@) = NR)e /24y

— ) Am<h<x> — Nh)e " /2dg. (6)

Stein (1986) showed that when h is a bounded differentiable
function with bounded derivative h/, the solution f is twice
differentiable and satisfies

/!
[0 < 2[Ihlloc and [If lloc < 2/ ||oc. (7)
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2. Stein’s method: the zero-bias transform

The material in this section is based primarily on Goldstein’s
(2009) paper. For the detailed reference see the last page of
Lecture 8.

The zero-bias transformation: Let X be a random variable
with E(X) = 0 and Var(X) = E(X?) < co. Then X* has the
X —zero biased distribution F* satisfying

E(Xf(X)) = c?E(f'(X*)) (8)

for all absolutely continuous functions f for which these expec-
tations exist.
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Lemma 1. (Goldstein and Reinert (1997)) X* 2 X if and only
if X ~ N(0,c2).

Proof: Suppose that X ~ N(O,az). Note that the density of
X ~ N(0,02) is ¢_o(z) = ¢(x/0)/o. It satisfies

026 2(2) = ().

Then
BIXF(O] = [ ef(@)p,e(@)de = 02 [ f(2)¢)p(2)da
— 02/f’(a:)g002(a:)da:
by integration by parts. Thus (8) holds. []
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Example: Suppose that Y ~ Bernoulli(p). Then X =Y — p has
E(X) = 0 and Var(Y) = p(1 — p). Then the left side of (8)
becomes

E{Xf(X)}

E{(Y —p)f(Y —p)}
p(1 —p)f(1—-p)+ (—p)(1 —p)f(—p)
o2 {f(1—p)— f(-p)}

= o /_1_p f'(u)du = o E{f'(U)}

p

where U ~ Uniform(—p,1 —p). Thus X* = (Y — p)* < U ~
Uniform (-p,1-p) . Note that while ' = L(X) is discrete, F* =
L(X™*) is absolutely continuous. The following proposition shows
that this is a general phenomenon.
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Proposition 1: Suppose that X is a random variable with mean
zero and finite positive variance o2. Then there exists a unique
distribution for X™* such that

Ef (X*) = o? E{X f(X)}

for every absolutely continuous function f for which E|X f(X)| <
oco. Moreover, the distribution of X* is absolutely continuous
with density

p'(x) = E{X1xsyf /0% = ~E{X1[xcy} /o°.
and distribution function

G*(z) = B{X(X — 2)1[y<a}/0°.

Proof: See Chen, Goldstein, and Shao (2011), page 27.
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The characterization (8) specifies a relationship between the
moments of X and the moments of X*. Here is an interesting
example: if f(z) = (1/2)z2sign(z), then f'(z) = |z|, and we
therefore find that

c?E|X* =2"1E|X|? where ¢° = Var(X).

Thus E|X|3 < oo if and only if E|X*| < co. The most important
property of the zero-bias transform is given in the following
proposition.

Lemma 2. Let Xn,z" 1 = 1,...,n, be independent mean zero
random variables with Var(X,;) = a%)i summing to 1. Let
X', have the X, ;-zero bias distribution with Xj;,z- mutually
mdependent and X* . independent of the X, ;'s. Furthermore,
let I, be a random mdex independent of X, ;, X* Li=1,...,n,

with distribution
P(In=1) = o7
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Then
d
Wp=Wn— X1, + X515 (9)
where W has the W, —zero bias distribution.

Proof: For simplicity, we drop the n in the double indexing of
the triangular array(s). First note that we can write

n n
X7 = Z 1[I=i]X’i and X}k = Z ].[I:Z]AX;l<
=1 1=1

Thus it is clear that

mn n
LX) =Y L£(X)e?, and LX) = L(X})o?.
=1 =1

Now suppose that W* has the W —zero bias distribution. Then
for all absolutely continuous functions f for which the following
expectations exist,
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n

E{f'(W")} = E{WfW)}= ) E{X;f(W)}

=1

EIX; f(W - X; + X;)]

[

<
|
=

2 E{f' (W — X; + X})}

|
-

= Y E{f/(W—-X;+ X)1=y
i=1
= E{f/(W—-Xr+ XD}

Thus W* £ W — X; 4+ X7. m
The swapping identity (9) suggests that the CLT should hold

when the random variables X, ; and X/ , are both small
asymptotically, since then the distributions of W,, and W} are
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close, and then W,, becomes an approximate fixed point of the
zero-bias transformation. The following theorem makes this
heuristic argument precise.

Theorem 1: Suppose that {Xn,z' : 1 <4< n}isatriangular array
of row-independent random variables satisfying the hypotheses
of Lemma 2: (Thus they satisfy “Condition 1.1" of Goldstein
(2009).) Then the small zero-bias condition

X;;,In —p 0 (10)

IS equivalent to the Lindeberg condition: for every € > 0

n

Ln(e) = Y E{X7 1|x,1>q} = O

=1

Note: This is Goldstein’s Theorem 1.1.
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Goldstein’s proof of this theorem proceeds by showing that the
small zero-bias condition (10) implies that

anln —>p O,

and hence

Theorem 2: Suppose that {XW- : 1 <4< n}isatriangular array
of row-independent random variables satisfying the hypotheses
of Lemma 2; thus they satisfy “Condition 1.1" of Goldstein.
Suppose that the small zero bias condition (10) holds. Then
Wn —4 2 ~N(0,1).

Thus the Lindeberg condition (or, equivalently, the small zero
bias condition) is sufficient for convergence to Z, but it is
not necessary without some "“uan condition” to insure that the
individual Xnﬂ;’s are "uniformly asymptotically negligible”. Here
is the resulting (partial) converse of Theorem 2.
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Theorem 3: Suppose that {Xn,i 1 < i < n}is a triangular
array satisfying “Condition 1.1" and

mp = Max 0'7%,2' — 0.

1<i<n
Then W, —, Z implies that X;‘L’In —5 0.
Here is an outline of the proof of Theorem 3:
e First show that W,, —;4 Z implies that W} —, Z.
e Next, show that W —,; Z and my, — O implies Xn.1, —p 0.

e Then it follows that Wpn, 4+ X | = Wy + X, 1, =4 Z.

e Finally, Wn —4 Z and Wp + X | —q Z imply X7 ; —p 0.
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Proof of Theorem 1: Since the random index I,, is independent
of the X,,;'s and the X .'s,

Ef(Xp,1,) = Z 05 Ef(Xp) and Ef(Xp;) = Z o5 Ef(Xp  X11)

Let ¢ > 0 and set

f@) =@+ )lacq 0 Ljzjcq + @ = )lpxg

and note that

zf(z) = (532 - 656)1[:1:26] T (332 - €|33|)1[—a:26]'

The function f is absolutely continuous with f/(z) = L{|z[>€]
almost everywhere. Hence, using the definition of the zero bias
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transform in the second equality

2 PUX5l>e) = of EBf (X5,)
= Bl(X3; — el XniD1x, >4
< BI(XR; + el XniD1yx, 4]
< 2B[X71x, 1>q)
Summing over 1 = 1,...,n and applying (11) for the indicator

function 1, >, vields

P(| X, |>e€)= Z o2 JPUX5 i > €) < 2Ln(e)

=1
Thus the Lindeberg condition implies the small zero-bias condi-
tion X7 ; —p 0.
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For the argument in the other direction, first note that for all z,

€
221 popg < 2 (2 = o) Lapsesa)

See Figure 1. This vields
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0.15-
0.10 -

0.05 -

Figure 1: Truncated quadratic (blue) and bound (magenta)
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n

> E{Xg,il[\Xn,i\Ze]}

1=1
n 5 €
230 B(X25= S1Xndl) 1x, j2e/2
>
1 - . )
= 2% o2, (IX50 2 5)
1=1

= 2P (1x; 12 5)

and hence the small zero-bias condition implies the Lindeberg
condition. []

Ln(€)

VAN

In preparation for the forward part of the Lindeberg-Feller CLT,
we need the following two lemmas:

Lemma 1. (This is Lemma 4.1 of Goldstein (2009).) Suppose
that {X,,; : 1 < ¢ < n} satisfies Condition 1.1 and let m, =
MaX;<n oy, ;- Then mpy — 0 implies that X,, ;. — 0.
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Lemma 2. (This is Lemma 4.2 of Goldstein (2009).) Suppose
that {X,,; : 1 <1 < n} satisfies Condition 1.1. If the small zero
bias condition X/ ; —p 0 holds, then X,, ; —p O.

Proof of Lemmma 1: From (11) with f(xz) = x we find that
EX, 1, =0, and hence Var(X, 1,) = EX? 1, By (11) again but

now with with f(z) = 22 yields

mn
Var(X, 1,) = Z ai’i.
i=1
But now note that for all « < n, 04- < 02 max1<]<n02j =
02 M. Hence for any ¢ > O, Chebyshevs inequality and

Cdndition 1.1 give

Var(X,1.) = mn &
P(| X 1| > €) “nuln) T~ 2
¢ =1
1
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and hence X,, 1 —p 0. ]

Proof of Lemma 2: Forn>1,1<:<mn, and € > 0,

> _ 2 2
oni = EX51x, 1<) T EX5 11X, 1>d)
< €2+ Ln(e).

It follows that

2 2
mn, = MaX o5 . < € Ln(e).

Since {X,; : 1 <1i < n} satisfies the small zero bias condition,
theorem 1 implies that

limsupmy, < 62,
n—oo

and hence my, — 0. Thus the claim follows from Lemma 1. [
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Proof of Theorem 1.2 Let h € g%, the set of all functions with
compact support which integrate to zero and have derivatives of
all orders, since é)f()) C C, the set of all bounded and continuous
functions on R, and let f = f; be the solution to the Stein
equation for h given by (6). Taking w = W, in (5), taking
expectations, and using (8) we obtain

E[f'(Wn) — f'(W;)] (12)

with W} given by (9). Since
Wy —Wn = X;;,In — X I,
the small zero bias condition and Lemma 2 imply that
W, — Wp —p 0.

By (7) f’ is bounded with a bounded derivative f”, hence its
global modulus of continuity

n(6) = sup s f'(y) — f(2)]

ly—z|<
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is bounded and satisfies limg\ on(6) = 0. Now by (13)

n(|Wy — Whal) —p O, (13)
and by (12) and the triangle inequality
[ECf (W) = f/(W)]

E|f'(Wn) — f/(W;)|
E77(|Wn — W;D

|[Eh(Wy) — Eh(Z)]

IA A

T herefore

Eh(Wyp) — ER(Z) — 0O (14)

by (13) and the bounded convergence theorem. Thus an
application of the Helly-Bray theorem completes the proof. []
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Now our goal is to prove the converse half of the Lindeberg-Feller
theorem. To do this we need two lemmas as follows:

Lemma 5.1. Let U, and V, be two sequences of random
variables such that U,, and V,, are independent for every n. Then

Lemma 5.2. Let Y and Y,, be mean zero random variables with
finite non-zero variances ¢2 = Var(Y) and o2 = Var(Yy,). If
Y, =4 Y and 02 — 02, then Y,* -, Y*.

Remark: The hypotheses of Lemma 5.2 also imply that
Ws(Fy, F') — 0 where d> denotes the Wasserstein metric of order
2 given by
d%(F, G) = inf {E|X — Y|2 :all joint laws of (X,Y)
with marginals F and G}

/O YL — )2,
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S

Proof of Lemma 5.2: Let f € C2 and F(y) = [Y f(t)dt.
Since Y and Y,, both have mean zero and finite variances, their
zero bias distributions exists; in particular

c2Ef(Y)) = E[YnF(Yn)} for all n.
By the Helly-Bray theorem, since yF'(y) € C} it follows that
02|i75n Ef(Yy) = limEf(Yy)
= lim E[YoF(Yp)] = E[YF(Y)] = cPEf(Y™).
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Hence Ef(Y,;) — Ef(Y*) for all f € C23, so Y,y —4 Y* by
Theorem 2.1. (Appendix) ]

Now we are ready for the proof of Theorem 1.3.

Proof of Theorem 1.3: Since W, — Z and Var(W,) —
Var(Z) = 1 (where the sequence of variances and the limit are

both identically 1), Lemma 5.2 implies W} —,4 Z* 4 Z. But Z is
a fixed point of the zero bias transformation, hence W} —, Z.

Since mp — 0, Lemma 4.1 shows that X,, ; —p 0, and Slutsky’s
lemma implies that

Wn—l-X,nI —W*—I-X*I —q 4.
Hence
Wn—qZ and Wp+ X; 1 —qZ.

Since Wy is a function of the X,, ;'s which is independent of I,
and {X*.: 1 <4 < n} and therefore is independent of X*

Lemma 5.1 yields X ; —p 0.

n,lyp’
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3. More on Stein’s method: exchangeable pairs

Now suppose that W is an arbitrary random variable, not
necessarily a sum. Several variants of Stein's method depend
on introduction of an auxiliary random variable coupled to W
possessing certain properties. The exchangeable pair approach
introduced by Stein (1972, 1986) involves another random
variable W’ on the same probability space as W in such a
way that (W, W') is an exchangeable pair: that is, such that

(W, W") 4 (W/,W). The exchangeable pair approach then
exploits the easy fact that if (W, W’) is an exchangeable pair,
then

E{g(W, W)} =0 (15)

for all antisymmetric measurable functions ¢g(xz,y) such that the
expected value exists. [Recall that g : R? — R is antisymmetric if
g(v,u) = —g(u,v). Thus if (W, W’) is exchangeable, Eqg(W,W') =
E{—g(W' W)} = —Eg(W',W) = —Eg(W,W').]
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Definition: If the pair (W, W’) is exchangeable and satisfies the
“linear regression condition”

E(WNW)=1-\W (16)

with A € (0,1), then we call (W,W’) a A\—Stein pair, or simply a
Stein pair.

This is analogous to the conditional expectation property that
holds for the bivariate normal distribution, namely if (Z,2) ~
NQ(E,Z), then

7 _
E(Z'1Z) = p1 + o1p < NQ)

g2

where 07,03 are the variances of Z’ and Z respectively and p is
the correlation coefficient. When the means are zero and the
variances are equal this becomes
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E(Z''Z) =01 -)N)Z

with A = 1 — p. Here is a key lemma concerning exchangeable
pairs:
Lemma 2.7 Let (W, W’) be a Stein pair and A =W — W'. Then
EW =0 and EA?=2)\E(W?) if E(W?) < cc. (17)
Furthermore, when EW? < oo, for every absolutely continuous function f
satisfying |f(w)| < C(1 + |w|), we have
EWfW)] = 2—1AE{(W—W’)(f(W)—f(W’))}, (18)

EWW)] = B { / Yo+ t)f«t)dt} (19)

and
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B (W) — EQV (7))
= Bron (1-50)+B [ o0 - rav+Re (20

where
_ A
K(t) = 2—>\ {1[—A§t§0] - 1[O<t§—A]} (21)
satisfies
0 AQ
K(t)dt = —. 22
/_ Ry =75 (22)

Proof: Taking the expectation in (16) yields, by exchangeability,
EW = EW'=(1-X)EW, so EW = 0. Moreover, since

E(WW) =FE {E(W’W|W)} —F {WE(W’|W)} = (1 - NEW?Z2,
we have
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EW' —W)? =2EW? — 2EW'W = 20AEW?.

Now we can use (15) with the antisymmetric function g(z,y) =
(x—y)(f(y)+ f(z)), noting that Eg(W, W') exists because of the
growth condition on f. Then (15) yields
0 = E{(W-W)(FW)+ f(W))}

= E{(W = W)(f(W") = F(W))} + 2B{f(W)(W — W")}

= E{(W = W)(F(W) = fFW))} + 2E{f (W)E(W — W'|W)}

= E{(W -W)([FW') = fF(W))} 4+ 22E{W f(W)}

where the last equality holds by the linear regression condition
(16). Rearranging this equality yields (18), and then
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1

EWIW)] = S E{W-W)(FW) - f(W))]

1
= B AU - a)
_ 2_1/\E/_A Af (W + t)dt
— B /_ TPV + HR (Dt (23)

This proves (19). Note that integrating (21) yields (22); so to
prove (20) we just need to note that

2 00 R
Ef(W) = E{f’(W) (1 —ﬁ—/\)} B { [~ fonk@a)

and combine this with (23). ]

Math/Stat 523 Probability, Spring, 2020, Lecture 8 1.36



Example 1: (Independent random variables). Let {¢;, 1 <i < n}
be independent rv's with O means and Z?Eﬁf = 1. Let W =
> 1&. Let {¢, i =1,...,n} be an independent copy of {¢;, i =
1,...,n}, and let I have a uniform distribution on {1,...,n},
independent of {§;,¢ 1 i =1,...,n}. Define W =W —¢&;4¢&).
Then (W,W') is an exchangeable pair, and a straight-forward
computation yields

1
E(W'W) = (1 — —) W.
n
Thus (16) holds with A = 1/n.

Example 2: (Exchangeable pair by substitution). Let W =
g(&1,...,&n) and let & have the conditional distribution of ¢;
given §;, 1 < j # i < n. Let I be a random index uniformly
distributed over {1,...,n}, independent of {§;,&/ : i =1,...,n}.
Define W' = g(gl,...,51_1,§’I,§I+1,...,§n) . Then W, W') is an
exchangeable pair. We note that unlike Example 1, the linear
regression condition (16) is not satisfied automatically.
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Example 3: (Combinatorial CLT) Let {a;}1<;j<n D€ a given
array of real numbers, and let = = «/ be a random permutation
of {1,...,n}. Then let

Y/ — Z ai,w’(i)' (24)
1=1

Here we assume that =« has a uniform distribution on the
symmetric group S,,. Let

,7=1
Since =« is uniformly distributed, it follows easily that EY’ =
a.. =7y ;a; = Zj a.;, and therefore

n
l Z a;j, and a. Zaz] (25)

1=1

3
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Y/ — EY/ — .;(aiﬂr(i) — a..) — .Z:l(ai’”m — Q5. — a,m(i) —+ a,..).(26)

Since our goal is to derive bounds for convergence of the
distribution of the standardized variable (Y' — E(Y’))/\/Va,r(Y’)
to a Gaussian limit law, with loss of generality we may replace
a; ; by a; ; —a;. —a.; 4+ a.. and assume

a;..

Y

=a.;=a.,. = 0.

Let 7; ; which transposes i and j, — 7T/’7'7;,j, and let Y be given
by (24) with «n’ replaced by «”. Since n"(k) = «n'(k) for k & {i, 5}
while 7" (i) = #'(j), and #"(5) = #'(i), we have

Y"—Y" = (b(3, 4, 7(2), m(5)),
where b(i,j, k, 1) = a;; + a; 1, — (a;, + ajp).
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Now take (I,J) to be independent of «/ with the uniform
distribution over all pairs satisfying 1 < I #*= J < n, the
permutations 7/ and 7" = T]’Jﬂ'/ are exchangeable, and hence
so are Y and Y.

To prove that the linear regression property (16) is satisfied, note
that
Y” — Y/ — (al,w’(J) —|— a’J,’]T/(I)) — (CL[,W/([) —|— CLJ,W/(J)). (27)

Taking the conditional expectation given #«/ and using (27), we
find
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NN - o 1 Ny
EY"-Y|r) = 2 ( Zlaz,w’(z) + n(n—1) z%j azﬂf’(]))

1 n
= -2 ( > (i) n(n— 1) 221 az’,w’(j))

1= =

= Y’

Since the right side is measurable with respect to Y/, we conclude
that

2
EXY"Y = (1 — —1) Y/,

so Y/, Y"is a 2/(n— 1)-Stein pair.
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A Special Case: If a;; = bjc; where by,...,bp are any real

numbers and c; € {0, 1} satisfy Z;?le c; = m, then Y represents

the sum in simple random sampling (without replacement) with
sample size m from a population consisting of {b1,...,bn}.

Return to Example 1: (Sums of independent rv's again).
Suppose that &1,...,&, are independent rv's with E¢ = 0 and
SR EE2 =1. Let

Wn=> ¢, and WO =w_g,
1

and define

Ki(t) = B{&i(1o<i<e] — Lig<i<o])}- (28)
Note that K;(t) > 0 for all t € R and that

| Kidt=EE?) and [ Ki(Hdt=27""EBlGR (29)

— 00
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Now let h be a measurable function with F|h(Z)| < oo and let
f = fn be the corresponding solution of the Stein equation. The
goal is to estimate (or bound, or show convergence of)

Eh(W) — Eh(Z) = E{f'(W) = W f(W)}.
The following argument is key to the K—function approach.

Since &; and w(@) are independent for each 1 <1 < n, it follows
that

n

EWfW)] = En: Elgf(W)] = Y B{&LF(W) — f(W)]}
i=1

i=1
where the second equality follows because E¢; = 0. Writing the
last expression in integral form vyields
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n é—i '
s = Sp{e [ 1o +oul
i=1 0
= B {/ F'W + 0)€(Loci<e) — 1[@<t<0])dt}
i=1 —o0

= zn:/oo E {f’(W“) + t)} Ki(t)dt, (30)
=17~

from the definition of K; and again using independence. But from

zn:/oo K;(t)dt = Zn:ng =1, (31)
i=1Y i=1

it follows that

Brav) =Y [ Bk (32)
i=1Y
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Combining (30) and (32) yields
E[f'(W) =W f(W)]

= Zn: /OO E {f’(W) — W@ + t)} K;(t)dt (33)
i=1"Y —°

Since K;(t) is non-negative and [, K;(t)dt = E¢?, the ratio K;(t)/E(&?) = gi(t)
can be regarded as a probability density function. Let ¢, ¢+ = 1,...,n be
independent rv's, independent of 532 for j %= ¢ with density g; for each 7. Let

I be a random index, independent of {&,& @ ¢« = 1,...,n} with distribution
P(I =1i) = E£2. Then (30) can be written as

EWfW)] = Eff(W" +¢7)
and (33) can be written as

Bl (W) = WiW)] = E{f (W) = (WD +¢n}.
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Further results: (Sections in Chen, Goldstein, and Shao).
e Section 2.2, Multivariate Stein equation
e Section 2.3.2, last two paragraphs
e Section 4.4, Combinatorial CLTs
e Section 4.5, Simple random sampling

e Section 6.1, Combinatorial CLTs .
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