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• 1: Basic Limit Theorems: Gaussian and & Poisson Limits

• 2. Variations on the classical CLT

• 3: The “only if” part of the Lindeberg - Feller CLT
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1. Basic Limit Theorems: Gaussian and Poisson

limits

In the chapter 11 notes we used Lindeberg’s successive re-

placement argument to prove several classical theorems with

Gaussian limits. Here we study some of the same limit theorems

using characteristic functions. We will also treat at least one

interesting case with Poisson limits.

Theorem 1. (Classical CLT). Suppose that Xn1, . . . , Xnn are

i.i.d. with E(Xn1) = µ and variance σ2. Let Sn =
∑n
j=1Xnj and

let Xn ≡ Sn/n. Then

√
n(Xn − µ) = (Sn − nµ)/

√
n = n−1/2

n∑
j=1

(Xnj − µ)

→d σZ ∼ N(0, σ2)

where Z ∼ N(0,1).
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Proof: The characteristic function of
√
n(Xn − µ) is given by

φ√n(Xn−µ)(t) =
n∏

k=1

φ(Xnk−µ)/
√
n(t)

= [φ(Xn1−µ)/
√
n(t)]n

=
[
1−

σ2

2

(
t
√
n

)2

+

(
t
√
n

)2

g(t/
√
n)
]n

by Inequality 9.6.2 with m = 2 and g(t) → 0 as t → 0. Let
θnk ≡ −σ

2t2

2n + t2

n g(t/
√
n). Then, by the first product lemma

n∑
k=1

θnk = −
σ2t2

2
+ t2g(t/

√
n)→ −

σ2t2

2
,

max
1≤k≤n

|θnk| ≤
σ2t2

2n
+ (t2/n)g(t

√
n)→ 0,

n∑
k=1

|θnk| ≤
σ2t2

2
+ t2g(t/

√
n) ≤ some M.
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Thus [
1−

σ2

2
·
t2

n
+
t2

n
g(t/
√
n)
]n
→ exp(−σ2t2/2).

That is, with Z ∼ N(0,1),

φ√n(Xn−µ)(t)→ e−σ
2t2/2 = φσZ(t).

Thus
√
n(Xn − µ) →d σZ by the Cramér - Lévy continuity

theorem. Furthermore, by the second product lemma,
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∣∣∣φ√n(Xn−µ)(t)−
(

1−
σ2t2

2n

)n ∣∣∣
=

∣∣∣∣∣
n∏

k=1

φ(Xnk−µ)/
√
n)(t)−

n∏
k=1

(
1−

σ2t2

2n

) ∣∣∣∣∣
≤

n∑
k=1

∣∣∣∣∣φ(Xnk−µ)/
√
n)(t)−

(
1−

σ2t2

2n

) ∣∣∣∣∣
≤

n∑
k=1

t2

n
g(t/
√
n) = t2g(t/

√
n)→ 0.

But (
1−

σ2t2

2n

)n
→ e−σ

2t2/2 = φσZ(t),

so the continuity theorem and uniqueness theorem complete the

proof. �
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The following useful result is the multivariate version of the

classical CLT.

Theorem (The multivariate CLT) Suppose that X1, . . . , Xn are

i.i.d. random vectors in Rd with mean µ and covariance matrix

Σ = E[(X1 − µ)(X1 − µ)T ] and hence necessarily E|X1|2 < ∞.

Then

√
n(Xn − µ)→d Nd(0,Σ). (1)

Proof: For λ ∈ Rd, Yj ≡ λT (Xj − µ) are i.i.d. (0, λTΣλ) random

variables. Thus by the classical CLT

√
nY n = λT

√
n(Xn − µ)→d N1(0, λTΣλ)

d
= λTNd(0,Σ).

Since this holds for all λ ∈ Rd, it follows from the Cramér-Wold

device that (1) holds. �

Math/Stat 523 Probability, Spring, 2020, Lecture 7 1.6



A Poisson Limit Theorem:

Now suppose that Xn,1, . . . , Xn,n are independent with Xn,k ∼
Bernoulli(λn,k). Let λn ≡

∑n
k=1 λn,k, and let Sn ≡

∑n
k=1Xn,k.

Furthermore, let Tn ∼ Poisson(λn), and for A ⊂ N write

Pn(A) ≡ P (Sn ∈ A) and Qn(A) ≡ P (Tn ∈ A).

Then

dTV (Pn, Qn) ≤


∑n
k=1 λ

2
n,k ≤ maxk≤n λn,k

∑n
k=1 λn,k

1.05

∑n
1 λ

2
n,k∑n

1 λn,k
if maxk≤n λn,k ≤ 1/4 .

Thus, if λn → λ > 0 and
∑n

1 λ
2
n,k → 0, then

Sn → Poisson(λ) and max
1≤k≤n

|Xn,k| →d Bernoulli(1− e−λ).
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Recall that

dTV (P,Q) ≡ sup
A∈A

|P (A)−Q(A)| = 2−1
∫
|p− q|dµ

if P,Q ≺≺ µ with densities p = dP/dµ and q = dQ/dµ, and hence

dTV (Pn, Qn) = 2−1
∞∑
k=1

|P (Sn = k)− P (Tn = k)|.

Proof: (via Characteristic Functions).

Now

φn,k(t) = 1 + λn,k(eit − 1),

and hence

φSn(t) =
n∏

k=1

[1 + λn,k(eit − 1)] ≡
n∏
1

[1 + θn,k]

where . . .
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n∑
1

θn,k =
n∑
1

λn,k(eit − 1) = λn(eit − 1)→ λ(eit − 1),

max
k≤n
|θn,k| ≤ 2 max

k≤n
λn,k

= 2

{
max
k≤n

λ2
n,k

}1/2

≤ 2


n∑
1

λ2
n,k


1/2

→ 0,
n∑
1

|θn,k| ≤ 2
n∑
1

λn,k ≤ some M.

Thus by the product lemma,

φSn(t)→ exp(λ(eit − 1)) ≡ φT (t)
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where T ∼ Poisson . Moreover,

P (max
k≤n
|Xn,k| ≤ t) = P (Xn,1 ≤ t, . . . , Xn,n ≤ t)

=
n∏

k=1

(1− λn,k) for 0 ≤ t < 1

→ e−λ.

Since maxk≤nXn,k takes on only the values 0 and 1, this yields

maxk≤n →d Bernoulli(1− e−λ). �
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2. Variations on the classical CLT

Now let Xn,1, . . . , Xn,n, n ≥ 1 be row independent rv’s with means

and variances (µn,k, σ
2
n,k), γn,k ≡ E|Xn,k = µn,k|3 <∞. Let

σ2
n ≡

n∑
k=1

σ2
n,k, γn ≡

n∑
k=1

γn,k,

Zn ≡
n∑

k=1

(Xn,k − µn,k)/σn,

so that E(Zn) = 0, V ar(Zn) = 1. The distribution of Zn may be

complicated, though. Let

φn,k(t) ≡ Eeit(Xn,k−µn,k)/σn

φZn(t) =
n∏

k=1

φn,k(t), and

FZn(t) = P (Zn ≤ t).
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Theorem 10.2.1. (Rate of convergence in the CLT) With the

notation introduced above

‖FZn −Φ‖∞ ≤ 13
γn

σ3
n
.

(Recall that we proved ‖FZn − Φ‖∞ ≤ 9γn/σ3
n in Chapter 11,

Theorem 11.1.1.)

Corollary 1. (Liapunov’s CLT) If γn/σ3
n → 0, then Zn →d Z ∼

N(0,1).

Corollary 2. (Berry - Esseen theorem). If X1, . . . , Xn are i.i.d.

with γ ≡ E|X − µ|3 <∞, then

‖FZn −Φ‖∞ ≤
8γ/σ3
√
n

.

Proof: The proof relies on Esseen’s lemma.
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First we write∣∣∣φZn(t)− e−t
2/2

∣∣∣ =
∣∣∣ n∏
k=1

φn,k(t)− e−t
2/2

∣∣∣
≤ e−t

2/2

∣∣∣∣∣exp


n∑
1

Logφn,k(t)}+ t2/2

 − 1

∣∣∣∣∣
≡ e−t

2/2
∣∣∣ez − 1

∣∣∣ ≤ e−t2/2|z|e|z|
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for all z where

|z| =
∣∣∣ n∑

1

Logφn,k(t)}+ t2/2
∣∣∣

=
∣∣∣ n∑

1

Log(1 + [φn,k(t)− 1])−
i2t2σ2

n,k

2σ2
n

 ∣∣∣
≤

∣∣∣ n∑
1

{
[φnk(t)−

(
1 +

i2t2σ2
nk

2σ2
n

)
]⊕ |φnk(t)− 1|2

} ∣∣∣
provided |φnk(t)− 1| ≤ 1/2

≤
|t|3

6
·
γn

σ3
n

+
n∑

k=1

K1,1/2
|t|3/2E|Xnk|3/2

σ
3/2
n

2

, (2)

by Inequality 9.4.1 with m = 2, δ = 1,

and again with m = 1, δ = 1/2

Math/Stat 523 Probability, Spring, 2020, Lecture 7 1.14



where the second term in the last inequality of the previous

display holds since, for |z| ≤ 1/2,∣∣∣Log(1 + [φnk(t)− 1])− (φnk(t)− 1)
∣∣∣

≤ |φnk(t)− 1|2

≤
|t|3

2a

{
1

3
+

8 · 2
9

}
=
|t|3

2a

{
3 + 16

9

}
≤
|t|4

4
on |t| ≤ (9/38)a. (3)

Here a ≡ σ3
n/γn and we have used

K1,1/2 =
(1/2)21/2

(3/2)(1/2)
=

2 · 21/2

3
, so that

K2
1,1/2 =

4 · 2
9

=
8

9
.
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Furthermore, we see that |z| ≤ 1/2 holds by our basic chf

expansion with m = 1 and δ = 1 yields

|φn,k(t)− 1| ≤ K1,1|t|2E|Znk|2 =
1

2 · 1
|t|2

σ2
nk

σ2
n
≤ 1/2 (4)

since for any fixed t this holds for all 1 ≤ k ≤ n for n large using

max
k≤n

(
σ2
nk

σ2
n

)3/2

≤
γnk
σ3
n
≤
γn

σ3
n
→ 0.

Thus for each fixed t

φZn(t)→ exp(−t2/2) and Zn →d Z ∼ N(0,1).

whenever γn/σ3
n → 0. This completes the proof of Corollary 1.

Returning to the proof of Theorem 10.2.1, consider (4) again.
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If |t| ≤ a1/3, then we see that

|φnk(t)− 1| ≤
t2

2

σ2
nk

σ2
n
≤

1

2
a2/3

(
γn

σ3
n

)2/3

≤ 1/2

on 0 ≤ |t| ≤ a1/3. Putting (3) and (4) together we have

|φZn(t)− e−t
2/2| ≤

19

18a
|t|3e−t

2/4 ≤
2

a
|t|3e−t

2/4

for |t| ≤ a1/3 when a ≥ 9. But we need to extend this to a1/3 ≤
t ≤ (3/8)a.

To make this extension, note that |φn(t)|2 is the chf of the

symmetrized rv Zsn ≡ Zn− Z′n where Zn, Z′n are independent with

the same distribution. This rv has mean 0, variance 2, and third

absolute moment bounded above by 8γn/σ3
n . . .
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(by the Cr−inequality with r = 3). Thus

|φZn(t)| ≤
[
|φn(t)|2

]1/2
≤
[
1 + 0−

2t2

2
+
|t|3

3!

8γn
σ3
n

]1/2

≤ exp

{
−t2

(
1

2
−

2|t|
3

γn

σ3
n

)}
using 1− x ≤ e−x

≤ exp(−t2/4) for |t| ≤ (3/8)a.

Combining the various pieces we have

|φZn(t)− e−t
2/2| ≤

2

a
|t|3exp(−t2/4) for 0 ≤ |t| ≤ (3/8)a.

Key chf inequality: Combining all the pieces yields

|φZn(t)− e−t
2/2| ≤ (2|t|3(γn/σ

3
n))e−t

2/4 for 0 ≤ |t| ≤ (3/8)a (5)
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Now we can apply Esseen’s lemma: we conclude that

‖FZn −Φ‖∞ ≤
∫ (3/8)a

−(3/8)a

1

π|t|
·

2|t|3

a
exp(−t2/4)dt+

24/
√

2π

πa

≤
1

a

{
2

π

∫ ∞
−∞
|t|2exp(−t2/4)dt+

c

(3/8)a

}

= (1/a)

{
8
√
π

+
8c

3

}
=̇ 12.641a−1 ≤ 13/a.

Here c = 24/(π
√

2π) =̇ 3.04769. �

In the i.i.d. case, use K1,1 = 1/2 and β = E|X|3/σ3 = γ/σ3 ≥ 1

in (2), and obtain

|z| ≤
|t|3β
6
√
n

+ n

(
t2σ2

2nσ2

)2

≤
|t|3β
6
√
n

+
t4β2

4n

≤
5

12

β
√
n
|t|3 ≤

5

12
|t|3 for all |t| ≤

√
n/β,
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with (e) necessarily valid. Then (5) can be replaced in the i.i.d.
case by

|φZn(t)− e−t
2/2| ≤

5

12

γ

σ3√n
|t|3e−t

2/12 on 0 ≤ |t| ≤
√
nσ3/γ;

this leads to 8γ/
√
nσ3 when the steps leading to (l) are repeated.

This completes the proof of Corollary 2. �

This brings us to a very important theorem concerning row -
independent triangular arrays. We write Znk ≡ (Xnk − µnk)/σn
for k ∈ {1, . . . , n}.

Theorem. (Lindeberg - Feller). The following are equivalent:
A. Zn →d Z ∼ N(0,1) and for every ε > 0,

max
1≤k≤n

P (|Xnk − µnk|/σn > ε)→ 0 for every ε > 0.

B. For every ε > 0,

Ln(ε) ≡
n∑

k=1

E
{
|Znk|21[|Znk|>ε]

}
→ 0. (6)
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Proof. (Sufficiency; Lindeberg). The moment expansion 9.6.1

gives

φnk(t) ≡ 1 + θnk(t) ≡ 1−
σ2
nkt

2

2σ2
n

+ βnk(t).

Moreover,

φZn(t) =
n∏

k=1

φnk(t) =
n∏

k=1

[1 + θnk(t)]

=
n∏

k=1

[
1−

σ2
nk

σ2
n

t2

2
+ βnk(t)

]
.

and

θn(t) =
n∑

k=1

θnk(t) = −
t2

2

n∑
k=1

σ2
nk

σ2
n

+
n∑
1

βnk(t)

= −
t2

2
+

n∑
1

βnk(t).
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Now we have∣∣∣ n∑
1

βnk(t)
∣∣∣ =

∣∣∣ n∑
1

[φnk(t)− 1− 0 +
σ2
nk

σ2
n

t2

2
]
∣∣∣

≤
∣∣∣E {eitZnk − (1 + itZnk + 2−1(itZnk)2

)} ∣∣∣
≤

n∑
1

{
E

1

6

[
|tZnk|31[|Znk|≤ε]

]

+ E

[
|t|2

2
E
[
|Znk|21[|Znk|>ε]

]]}

≤ ε
|t|3

6
+

t2

2

n∑
1

E
{
|Znk|21[|Znk|>ε]

}

→
ε|t|3

6
as n→∞.

Thus asymptotic normality holds. Note that maxk≤n |θnk(t)| → 0
as required by the product lemma, since we can use Inequality
9.6.1 on the θnk’s to claim that |θnk(t)| ≤ (t2/2)(σ2

nk/σ
2
n) and
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then use (6) on the second term below to see that

σ2
nk

σ2
n
≤ E

[
|Znk|21[|Znk|≤ε]

]
+ E

[
|Znk|21[|Znk|>ε]

]
≤ ε2 +

n∑
k=1

E
[
|Znk|21[|Znk|>ε]

]
≤ ε2 + o(1) ≤ ε for n ≥ some Nε.

Note that this also implies that the second part of A holds as

well:

max
1≤k≤n

P (|Xnk − µnk|/σn > ε1/4) ≤ ε−1/2 max
1≤k≤n

σ2
nk

σ2
n

≤ ε1/2 for n ≥ Ñε.

This completes the proof of suficiency; that is, B implies A. �
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Proof: (Necessity in the Lindeberg-Feller CLT) Now suppose
that

Zn →d N(0,1) and max
k≤n

P (|Xnk − µnk|/σn > ε)→ 0

for every ε > 0. Applying Inequality 9.6.2 implies via PfS Exercise
10.2.1 that the terms znk ≡ φnk(t) − 1 converge uniformly to 0
on any finite interval, and hence∣∣∣ n∑

1

Logφnk(t)−
n∑
1

[φnk(t)− 1]
∣∣∣ ≤ n∑

k=1

|φnk(t)− 1|2

≤ [ max
1≤k≤n

|φnk(t)− 1| · (t2/2)[
n∑

k=1

σ2
nk/σ

2
n] by (9.6.5)

≤ o(1) · (t2/2) · 1→ 0 using A via Exercise 10.2.1.

We thus have (for any finite m)

Log
n∏

k=1

φnk(t) =
n∑
1

[φnk(t)− 1] + o(1) uniformly on any |t| ≤M.
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But we also know that Log
∏n
k=1 φnk(t) → − t2/2, since we have assumed

asymptotic normality. [Recall that a = b⊕c means that |a−b| ≤ c.] Combining
the last two facts shows that for every tiny ε > 0 and every huge M > 0 we
have

−t2/2 = Real(−t2/2) = Real{
n∑
1

[φnk(t)− 1]} ⊕ ε for |t| ≤M

for all large n; that is, for n ≥ (some Nε,M) we have

t2/2 =
n∑
1

E{1− cos(tYnk)} ⊕ ε on |t| ≤M.

Define Ynk ≡ σnZnk. We also define Ink ≡ 1{|Ynk| < εσn} and Icnk ≡ 1{|Ynk| ≥
εσn}. Note that

0 ≤ 1− cos(ty/σn) ≤ (t2y2/2σ2
n). (7)

Thus for all |t| ≤M we have, for all n ≥ Nε,M ,
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(t2/2)
n∑

k=1

E{Icnk(Y 2
nk/σ

2
n)} = (t2/2)

1−
n∑

k=1

E{Ink(Ynk/σn)2}


= (t2/2) −

n∑
k=1

E{Ink(t2Y 2
nk/2σ2

n)}

≤ (t2/2)−
n∑

k=1

E{Ink(1− cos(tYnk/σn))}

=
n∑

k=1

E{Icnk(1− cos(tYnk/σn))} ⊕ ε

≤ 2
n∑

k=1

E{Icnk}+ ε

= 2
n∑

k=1

P (|Znk| ≥ ε) + ε ≤ 2ε−2 + ε.
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On the other hand we also have

2
n∑

k=1

E{Icn,k} + ε ≤ (2/ε2)
n∑

k=1

E{IcnkY
2
nk/σ

2
n}+ ε

≤ (2/ε2) + ε.

Choosing t2 = M2 = 4/(θε2) for any fixed 0 < θ < 1 yields, for

n ≥ Nε,θ,

Ln(ε) =
1

σ2
n

n∑
k=1

E{Z2
nk1[|Znk|2>ε]}

= [(2/ε)2 + ε] · 2−1ε2θ = θ(1 + ε/2) ≤ 2θ.

Thus the Lindeberg condition B holds.
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Remark: (i) If Lindeberg’s condition fails, it may still be true
that

Sn/σn →d N(0, a2) with a2 < 1 and max
k≤n

σ2
nk

σ2
n
→ 0.

Let Y1, Y2, . . . be i.i.d. (0,1) random variables so that
√
nY n →d

N(0,1) by the CLT. Now let the rv’s Uk be independent (0, c2)
with Uk taking the values −ck, 0, and ck with probabilities
1/(2k2), 1− 1/k2, 1/(2k2). Since

∑∞
1 P (|Uk| ≥ ε) =

∑∞
k=1 k

−2 <

∞, the Borel-Cantelli lemma shows that for a.e. ω the sequence
{Uk} satisfies Uk 6= 0 only finitely often. Thus

√
kUk →a.s. 0. For

n ≥ 1 set Xn = Yn + Un and let Sn ≡ X1 + · · ·+ Xn. Note that
σ2
n = V ar(Sn) = (1 + c2)n, so by Slutsky’s theorem

Sn/σn = (
√
nY n)/

√
1 + c2 + (

√
nUn)/

√
1 + c2

→d Z/
√

1 + c2 ∼ N(0,1/(1 + c2))

= N(0, a2) with a2 = 1/(1 + c2) < 1.
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Note that maxk≤n σ
2
nk/σ

2
n → 0. However, the Lindeberg condition

fails:

Ln(ε) =
a2

n

n∑
k=1

E{|Xnk|21[|Xnk|>ε
√
n/a]}

∼
a2

n

∑
k:ck≥ε

√
n/a

(kc)2

k2
+ o(1)

∼
c2

1 + c2
1

n

∑
k:ck≥ε

√
n/a

1→
c2

1 + c2
> 0;

the non-zero contribution shown in the last step is due to the
Uk’s, whereas we know already that their contribution to the
limit distribution is o(1).

(ii) Note that if Xn1 ∼ N(0, pn) for some 0 < p < 1, Xnk ≡ 0 for
2 ≤ k ≤ [pn], and Xnk ∼ N(0,1) for pn < k ≤ n for independent
rv’s Xnk, then Sn/σn →d N(0,1) while Lindeberg’s condition fails
and maxk≤n σ

2
nk/σ

2
n → p.
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