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Outline

e 1: Basic Limit Theorems: Gaussian and & Poisson Limits
e 2. Variations on the classical CLT

e 3: The “only if”" part of the Lindeberg - Feller CLT
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1. Basic Limit Theorems: Gaussian and Poisson

limits

In the chapter 11 notes we used Lindeberg’'s successive re-
placement argument to prove several classical theorems with
Gaussian limits. Here we study some of the same limit theorems
using characteristic functions. We will also treat at least one
interesting case with Poisson limits.

Theorem 1. (Classical CLT). Suppose that X,,1,..., X, are
i.i.d. with E(X,,1) = p and variance ¢2. Let S, = >1_1 Xy and
let X, = Sn/n. Then

Vi(Xn—p) = (Sn—np)/vVn=n"12Y (Xp;— )

j=1
—y 0Z ~ N(0,02)

where Z ~ N(0,1).
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Proof: The characteristic function of \/n(X, —
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2 n
) g(t/v/n)]

1) is given by

by Inequallty 9 6.2 with m = 2 and ¢g(t) — 0 as ¢t — 0. Let

0, = — 02t2 —|— g(t/\f) Then, by the first product lemma

Z Ok =
k=1

max |6 <
1<k<n | nk‘

Z |9nk| <
k=1
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Thus
2 42

2
[1 _ 02 —+ 7;g(t/\/ﬁ)}n — exp(—c2t?/2).

That is, with Z ~ N(0, 1),

b () = €T 12 = gy 5(1),

Thus /n(Xn — pn) —4 oZ by the Cramér - Lévy continuity
theorem. Furthermore, by the second product lemma,
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o2t2\"
X)) (1 - E)

n n 0'2752
= | I o0, mpvm® — 11 (1—2—>|
k=1 n

k=1
< 2 Py vim @ — (1 — 5 ) ‘
k=1
n t2 5
< > —g(t/Vn) = t?g(t/v/n) = 0.
k=1
But
2,2\
t
(1 ; 02_) - 6_02t2/2 — ¢0Z(t)a
mn
so the continuity theorem and uniqueness theorem complete the
proof. L]

Math/Stat 523 Probability, Spring, 2020, Lecture 7 1.5



The following useful result is the multivariate version of the
classical CLT.

Theorem (The multivariate CLT) Suppose that X,..., X, are
i.i.d. random vectors in R% with mean @ and covariance matrix

> = B[(X1 — u)(X1 — w)T] and hence necessarily E|X;|? < co.
Then

Vn(Xn — p) =4 Ng(0,3). (1)

Proof: For A € RY, Y; = M (X; — p) are i.i.d. (0,AT)) random
variables. Thus by the classical CLT

ViYn = ATVa(Xn — i) =4 N1(0,ATZ2) £ ATNy(0, 5).

Since this holds for all A € R?, it follows from the Cramér-Wold
device that (1) holds. ]
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A Poisson Limit Theorem:
Now suppose that Xn 1y, Xn,;n are independent with Xn,k ~
Bernoulli(A, ). Let Ay = 371 Ak, and let Sp = 3770 X,
Furthermore, let T, ~ Poisson(\y), and for A C N write

Pn(A) = P(Sp, € A) and Qn(A) = P(Ty, € A).
Then

2

dry (Pn, < TA2
7v (P, @n) 1.05% if Maxg<p A s < 1/4 .

Thus, if Ay = X >0 and Y% A2, — 0, then
Sn — Poisson(\) and max |X,, | —4 Bernoulli(1 — e ).

1<k<n
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Recall that
dry (P,Q) = sup |P(4) = Q(A)| =27 [ Ip — aldu

it P,Q << p with densities p = dP/du and ¢ = dQ/du, and hence

dry (Pn, Qn) = 21 Z |[P(Sn = k) — P(Th, = k).
k=1

Proof: (via Characteristic Functions).

Now
Gr (1) = 1+ A (e — 1),
and hence
b5, = T[ 11+ A ple — 1)) = fz[[l + 0]
where ... -
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n n . o .
S Our = D Ar(e® —1) = Ap(e” — 1) = A" - 1),
1 1

max |0, x| < 2maxA,

k<n ’ o k<n
1/2 n 1/2
= Q{max)\%k} SQ{ZA%/&}
kgn ’ 1 )
0,

n mn
Z |‘9n,k| < QZAn,k < some M.
1 1

Thus by the product lemma,

b5, (t) = exp(A(e" — 1)) = ¢p(t)
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where T' ~ Poisson . Moreover,

P(rl?<ax |Xn,k| < t) — P(X’n,l <t,... 7Xn,n < t)
<n

n

= JJ@—-X,x) for 0<t<1
k=1

— e M

Since maXy<, X, takes on only the values O and 1, this yields
Maxg<, —q Bernoulli(l —e™*). O
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2. Variations on the classical CLT

Now let X, 1,..., Xnn, n > 1 be row independent rv's with means
and variances (pn k,02 ;) Yak = Bl Xp g = ppil3 < oo. Let

n 5 n
Z Onk In = Z Tn.k>

n
Zn = Z (Xn,k - :u'n,k>/(7na
k=1

2
n

o

so that E(Z,) =0, Var(Z,) = 1. The distribution of Z,, may be
complicated, though. Let

¢n,k(t) = Eeit(Xn,k_/“Ln,k:)/Un

¢Zn(t) — ﬁ ¢n,k(t)a and
k=1
FZn(t) — P(Zn < t)-
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Theorem 10.2.1. (Rate of convergence in the CLT) With the
notation introduced above

|Fy, — Plloc < 1372,

n

(Recall that we proved ||Fy; — ®|cc < 9yn/op in Chapter 11,
Theorem 11.1.1.)

Corollary 1. (Liapunov's CLT) If v,/03 — 0, then Z, —; Z ~
N(0,1).

Corollary 2. (Berry - Esseen theorem). If Xq,...,X, are i.i.d.
with v = E|X — pu|3 < oo, then

Proof: The proof relies on Esseen’s lemma.
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First we write

67,8 — e 2 = | T] dni() — 17
k=1

< et/2 exp {iLoggbn’k(t)}—HQ/Q} — 1‘
1

42 _ 42
e t /262_1‘§6 t /2|z|€|z|
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for all z where

n

> Loge, ()} +t2/2|

1

2]

, 2262
Log(1 4 [¢k(t) = 1) = — 5 1 |

7\

:
:

< [l — (14— 2E 1@ () — 11|
provided ¢, (t) — 1| < 1/2
i3 N, D 13/2E|X, ,[3/2 2
< M 004 S [y g B (2)
6 oy o

by Inequality 9.4.1 with m =2, = 1,
and again with m=1, §=1/2
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where the second term in the last inequality of the previous

display holds since, for |z| < 1/2,

Log(1 + [bi(t) — 1) — ($ni(t) — 1)
< or(t) — 117

|3 8.2\ _ [t]? (3416
= QCALL{ + }_ 2a { 9 }
% on |t| < (9/38)a.

VAN

Here a = 63 /~, and we have used

(1/2)21/2  2.21/2

T emam T
4.2

Kl 1/2 o) 9

soO that
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Furthermore, we see that |z| < 1/2 holds by our basic chf

expansion with m =1 and § = 1 vields

——|¢]enk < 1/2 4
s sy (4)
since for any fixed t this holds for all 1 < k <n for n large using

2\ 3/2
max M < M <
k<n (T% 0% o

|¢n,k(t) — 1] < K171|t|2E|an|2 —

— 0.

n
Thus for each fixed ¢

¢z (1) = exp(—t2/2) and Zn —q Z ~ N(0,1).

whenever ~,/c3 — 0. This completes the proof of Corollary 1.

Returning to the proof of Theorem 10.2.1, consider (4) again.
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If [t| < al/3, then we see that

202 1 23 2/3
t) —1| < —L < — < 1/2
|¢nk( ) | > O_n 2 (gg) = /
on 0 < [¢| < al/3. Putting (3) and (4) together we have
_ 2 19 . _ 42
67,(8) — e 2 < S B < SpyPete

for |¢| < al/3 when a > 9. But we need to extend this to al/3 <
t < (3/8)a.

To make this extension, note that |¢n(t)|2 is the chf of the
symmetrized rv Z3 = Z, — Z], where Z,, Z! are independent with
the same distribution. This rv has mean O, variance 2, and third
absolute moment bounded above by 8y, /03
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(by the Cr—inequality with r = 3). Thus

1/2 2t2 t38 11/2
62,01 < [lon (] < [1 40— 20 4 L8773/

1 2|t
e><p{—t2 (——Jlrb)} using 1 —x <e—=x

< exp(—t?/4) for |t| < (3/8)a.

IA

Combining the various pieces we have

2
by (£) — e /2] < ZjtBexp(—t2/4) for 0 < |t| < (3/8)a.
a
Key chf inequality: Combining all the pieces yields

bz, (£) — e /2] < (2P (yn/o2))e /4 for 0 < |t| < (3/8)a (5)
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Now we can apply Esseen’s lemma: we conclude that

(3/8)a 1 2|t3 5 24 /27
_ o < . _
1Pz, = @loe < [0 T exe(—t /e =

1 2 o0 2 2 C

< )= _

T a {77 /—oo tl7exp(—t7/4)dt + (3/8)&}

3 8c| . 1

= = : < :

(1/a){ﬁ—|— 3} 12.641a™ - < 13/a
Here ¢ = 24/(m/27) = 3.04760. [

In the i.i.d. case, use K11 =1/2 and 8 = E|X]3/03 =~/03 > 1
in (2), and obtain

o < 1178 t202\" 118 t462
= 6+/1 2no? _6f
< 152ﬁ| 13 < 2|t|3 for all [t| < v/n/B,
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with (e) necessarily valid. Then (5) can be replaced in the i.i.d.
case by

22y < 3,—1%/12 3.
62,(8) = e 21 < g ltle on 0 <t < vnod/y;
this leads to 8v/y/no> when the steps leading to (1) are repeated.
This completes the proof of Corollary 2. []

This brings us to a very important theorem concerning row -
independent triangular arrays. We write Z,,;. = (X, — Unk)/on
for ke {1,...,n}.

Theorem. (Lindeberg - Feller). The following are equivalent:
A. Zn —4 7% ~ N(0,1) and for every € > 0,

1TI?<X P(| X,k — tnkl|/on > €) — O for every € > 0.

B. For every € > 0O,

Lu(e) = Y. E{|Zu 1)z, 5q} — O (6)
k=1
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Proof. (Sufficiency; Lindeberg). The moment expansion 9.6.1

gives
02 t2
¢nk(t) =1+ an(t) =1- 2n(l)<:_2 + Bnk(t)
Moreover,
¢z, (t) = H b (t) = H 1+ 0,,(2)]
; ?mtg 1
= |] |1 — 2=+ Bu(t)
k=1 o
and
n t2 n 02 n
On(t) = D () =— = > 254> Bui(t)
k=1 2 p=1 n 1

L
1
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Now we have

n n 0.2 t2
D8] = | Xleun() —1 -0+ ]|
1 1 On
< ‘E {eZnk — (1 + it Zyy, + 27 H(itZy)?) } \
noo 1
< ;{Eg[ltznk|31[|znk|3d]
+ E[%E“Z 21 } }
5 nk [| Z,5|>€]
3 2 n
< E% + %;E{|an‘21[|an|>e]}
elt|3
—> = dS n — OQ.

Thus asymptotic normality holds. Note that maxy<, |0,%(t)] — O
as required by the product lemma, since we can use Inequality
9.6.1 on the 6,,'s to claim that [0,,(t)| < (t?/2)(02,/02) and
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then use (6) on the second term below to see that

2
Tnk 2 2
% < B ZalP1z,,<q] + E|1Znkl*1)2,, 154

On

< 2+ kzl E[|an|21[|an|>e]}

< €24 0(1) <e for n>some Ne.

Note that this also implies that the second part of A holds as
well:

2

1/4 —~1/2 Onk
max P(|X, . — Onp > € € max —2
max ([ Xnk — tnkl/on ) MaX 2

< /2 for n > N..

IA

This completes the proof of suficiency; that is, B implies A. [
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Proof: (Necessity in the Lindeberg-Feller CLT) Now suppose
that

Zn —4¢ N(0,1) and rl?<a><P(|Xnk — nkl/on >¢€) — 0

for every e > 0. Applying Inequality 9.6.2 implies via PfS Exercise
10.2.1 that the terms z,. = ¢,,.(t) — 1 converge uniformly to O
on any finite interval, and hence

‘Z Lqubnk(t) Z[¢nk(t) - 1]‘ < |¢nkz(t) — 1|2

k 1
< [max [¢nk(t) =1 t2/2>[k§105k/a%] by (9.6.5)

IA

o(1) - (¢t?/2)-1 — 0 using A via Exercise 10.2.1.
We thus have (for any finite m)

Log ﬁ Opi(t) = zn:[gbnk(t) — 1]+ 0o(1) uniformly on any |[t| < M.
k= 1
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But we also know that Log][[,_; ¢nk(t) — —t2/2, since we have assumed
asymptotic normality. [Recall that a = b@c means that |a—b| < ¢.] Combining
the last two facts shows that for every tiny ¢ > 0 and every huge M > 0 we
have

—t?/2 = Real(—t?/2) = Real{} [¢n(t) — 1]} @€ for [t <M
1
for all large n; that is, for n > (some N, ;) we have
t?/2 = E{l —cos(tYnz)} @ e on [t| < M.
1

Define Y, = 0,2,,. We also define I, = 1{|Y,i| < eon} and I, = 1{|Yx| >
eon}. Note that

0 < 1—cos(ty/on) < (t2y?/202). (7)

Thus for all |t| < M we have, for all n > N,
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(t%/2) Y- B{I5 (V3 /om)} = (17/2) (1 - E{Ink(ynk/o'n)z})
k=1 k=1

n

= (t?/2) — Y E{Iu(t?Y,%,/202)}
k=1

< (t%/2) = Y E{I(1 — cos(tY,/on))}
k=1

= Y E{I5.(1 —cos(tYyi/on))} @ e
k=1

< 2) E{I;;}+e
k=1

n
= 2N P(Zy|>e)+e < 2 ?+e
k=1
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On the other hand we also have
n n
23 B{IS, )} + e < (2/2) Y B{IGY5/00} +e

< (2/62) + e.

Choosing t2 = M2 = 4/(0e2) for any fixed 0 < 6 < 1 yields, for
n > Ne,g,
1 2 >
-2 2 Bz, pqt
n k=1

= [(2/e)° + € - 27120 = 0(1 + ¢/2) < 26.
Thus the Lindeberg condition B holds.

Ly (€)
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Remark: (i) If Lindeberg’s condition fails, it may still be true

that
o2

Sn/on —g4 N(O, a’) with a® <1 and max ”zk—>0.
k<n o3

Let Y7,Y5,... bei.i.d. (0,1) random variables so that \/nY, —
N(0,1) by the CLT. Now let the rv's Ui be independent (0, ¢?)
with U, taking the values —ck, 0, and ck with probabilities
1/(2k%), 1 —1/k?, 1/(2k?). Since S P(|Ug| > €) = X2 k2 <
oo, the Borel-Cantelli lemma shows that for a.e. w the sequence
{U,} satisfies Uy #% 0 only finitely often. Thus vkU, —4.5. 0. For
n>1set X, =Y,+4+U, and let S,, = X1 +--- 4+ Xyn. Note that
02 = Var(Sp) = (1 4+ ¢?)n, so by Slutsky's theorem

Sn/o'n — (\/ﬁ?n)/\/l+02+(\/ﬁﬁn)/\/1+02

g Z/\J14c®~ N(0,1/(1+ %))
= N(0,a°) with a®°=1/(1+4¢?) < 1.
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Note that maxk<na /a — 0. However, the Lindeberg condition
fails:

Ln(€) % Z E{|Xnk|21[|Xnk|>e\/ﬁ/a]}

2 ke 2
" k:ck>e\/n/a
e | c2
; 5 > 1 — : 5 > 0;
T con kick>ey/n/a T
the non-zero contribution shown in the last step is due to the
U,'s, whereas we know already that their contribution to the

limit distribution is o(1).

(ii) Note that if X,,; ~ N(O,pn) for some 0 <p <1, X, =0 for
2 <k<|pn], and X, ~ N(0,1) for pn < k < n for independent
rv's X, then S, /on —4 N(0O,1) while Lindeberg’s condition fails
and Maxy<, 02, /02 — p.

S
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