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More Characteristic Function Tools

e 1: Taylor expansions and Moment Expansions
e 2: Alternative tools
e 3: Esseen’s lemma

e 4: Distributions on grids

Math/Stat 523 Probability, Spring, 2020, Lecture 6

1.1



1. Taylor expansions and Moment Expansions

First some basic facts about log(1 + z) and e~.

Lemma. (Taylor expansions of log(1l + z) and ¢e®). First, note
that logz is a many—valued function of a complex z = ret?: any
of (logr + (0 4+ 2mm) for m = 0,+1,4+2,... will work for logz.
But when we write logz = logr + 260 we will always suppose that
—7m < 6 < 7 Furthermore we donte this unique determination by
Log(z); this is the principal branch. The Taylor series expansion
of Log(1 4+ z) gives

m—1 Zk 00 Zk
‘Log(l +2)— S (D) =] Y (s
k=1 k k=m k
2™ >, 2™
< (14 12l + |27 + )gm(1_|z|)
for |z| < 1. Thus
[Log(1 4+ 2) — 2| < |22/(2(1 — 0)) for |z| <6 — 1. (1)
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From another Taylor expansion we have for all z that

CSEAR moa 12!
_gg‘z‘kg ‘_M Z '(J-I-m)'S

|Z|me\2\

m!

Lemma 9.6.2. (Taylor expansion of ) Letm >0and 0<6< 1
(and set the constant Kgg = 2 below). Then for all real t we
have

L i)k
S (k!)

k=0

1-4
02 l |m—|—5

(m+3)— (2101 +)0+8)"
o, (2)

= K,,slt
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Proof. By induction. For m = 0 we have both
e — 1] <2< 20t/2|° for |t/2] > 1,
and (since [Sie**ds = [§(icos(s) —sin(s))ds = e — 1)
| E ]
et — 1| < )/O ie’Sds| < /O ds = [t| < 2[t/2|° for |t/2| < 1;

so (2) holds for m = 0. We now assume that (2) holds for
m — 1, and we will verify that it thus holds for m. We again use
e —1 = [lie’*ds and note that

z‘mz_:l /t[(z’s)k/k!]ds — mz_:l(z'k"'l/k!) /t sFds = i(z’t)’f/k!
k=0 "0 k=0 0 1

to obtain
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_ Y i)F k| = i t{eis—ml z’skk!}ds
3. anf/m| = i e - X )k

It 14 . .
< K,,_1 5/0 S ds by the induction step
< K st
This completes the proof of (2). []

Inequality 9.6.1. (Moment expansion inequality) Suppose
E|X|™t9 < 0o for some m >0 and 0 < § < 1. Then

< Ko slt|™TOEIX|™F0 for all t.

I €1 L—
o)~ 3 W px

k=0

This follows immediately from Lemma 9.6.2 by replacing t by tX
and taking expectations.
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2. Further tools

Lemma 9.6.3. (The first product lemma) For all n > 1 suppose
that the complex numbers 3,1, ..., Bnn Satisfy

(a) 5n5§:5nk—>5 as n — oo.
k=1

b) 6, = ma 0.
() n 1§k§xn|6nk|—>

n
(¢) Mn= ) |Bukl satisfies &,Mp — 0.
k=1
Then
n
H(l—l—ﬁnk)—ﬂeﬁ as n — oo. (3)

k=1
[This should be compared with Lemma 8.1.4.]
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Proof: When 0 < é, < 1/2 (and we are on the principal branch)
(1) gives

n n n
Y Log(L 4 Buk) = D Buk| < D 1Bkl < 65 M — 0
by (¢). Thus

> Log(1+Buk) =B as n— oo.
k=1

The last display shows that

[T (A +Bux) = exp(Log [T (1 + Bri))
k=1 k=1
= exp (Z Log(1 + 6%)) — exp(),
k=1
and hence (3) holds. ]
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Lemma 9.6.4 (The second product lemma) If zq,...,2, and
w1q,...,wn denote complex numbers with modulus at most 1,
then

n n n
1] 21— 11 wi| < > o — wil.
=1 j=1 k=1

Proof: This is trivial for n = 1. We will prove that it holds for
n > 1 by induction. Now

n n n—1 n—1 n—1
T 26— TT wel < lzal| TT 2o — TT wil + |20 — wal| TT wi

n—1 n—1 n—1
< VI = 1] we|+Hlen—wal ] 1
k=1 k=1 k=1

[

n_
< Z |Zk_wk| + |Zn_’wn|
k=1

by the induction step. []
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Inequality 9.6.2 (Moment expansions of chfs) Suppose 0 <
E|X|™ < oo for some m > 0. Then, for some function g with
0 <g(t) <1, the chf ¢ of X satisfies,
m o (t)F 3
() = . — - B(XE) < — " EIX|Mg(t) (4)
k=0 . m!
where g(t) —» 0 as t — 0.

Proof: Use the real expansions for sin and cos to obtain

e = cos(tx) + isin(tz)
ol Gita)F | (ita)™

- ,EO k!
Mo (itx)k
= 2 5

k=0
Here we have 0 < |61] V |02 < 1.

_|_

{cos(O1tx) + isin(Ortx)}

(itx)™

+ {cos(O1tx) + isin(Ortx) — 1}.
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Then (4) follows from the second line in the last display since

tlirrcm) E|X"™{cos(#1tX) — 1+ isin(6:tX)}|

—

< tlir% E{|X|™|cos(61tX) — 1+ isin(6>tX)|} =0
—

by the DCT with dominating function 3|X|™. ]

Results from Fourier Analysis

Lemma 9.6.5 (Riemann - Lebesgue lemma).
If 2%, ]g9(z)|dz < oo, then

/ e'"*g(x)dr — 0 as t— oo.
— OO
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Proof: Let M\ denote Lebesgue measure on R. The class of
functions

m
vV = {’gb = Zcil(ai,bz‘] > a;, b eR, m > 1}
1

is dense in L1 (A) by Theorem 3.5.8. That is, if [23_|g(z)|dz < o0
and € > 0, then there exists ¢ € W such that [°C_|g — ¢¥|dz < e.
Thus v(t) = | /%2, e"®g(x)dx| satisfies

1) < [ 1o - vildo+| [ s

m bi
< €+Z|Ci|' / e dx
1 i

It thus suffices to show that for any a,b € R we have

b .
/emdaf;—>0 as |t| — oo
a
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But by writing e = cos(tz) + isin(tz) and noting that

/b cos(tx)dr = %/bt cos(v)dv = t‘l{sin(bt) —sin(at)} — 0

a at
and
b 1 bt 1
/ sin(tx)dxr = ;/ sin(v)dv =t~ ~{—cos(bt) + cos(at)} — O
a at
as |t| — oo. ]

Lemma 6.6: (Tail behavior of chf's).
(i) If F has density f with respect to Lebesgue measure, then

p(t)] - 0 as |t| — oo.
(ii) If F has n+ 1 integrable derivatives f, f/,.. .,f(’”> on R, then

1t|"|p(t)] — 0 as |[t| — oo.
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Proof: That |¢(t)] — 0 as [t| — oo follows from the Riemann-
Lebesgue lemma since f is integrable. Since f is absolutely
continuous and is a density, it follows that f(x) — 0 as |z| — oo.
Then note that

o) = [ f(@)dn = [ [(@)d(e"/it)
= (/i) (@)% — [ € (@)dz/(it)
- _ / et £ (2)da/(it) with F/() € Li(\)

using f(x) — 0 as |x| — oo in going from the second to third line
above. Applying the Riemann-Lebesgue lemma to the last line
yields [t||¢(t)] — O as |t| — co. To complete the proof, continue
integrating by parts and applying the Riemann-Lebesgue lemma.
]
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3: Esseen’s lemma

Suppose that:

e (7 is a fixed function on R satisfying:
G(—0) =0, G(oo) =1 .
G’ = g exists with |g(-)| < M.
Jpxg(x)dx =0

o Let ¥v(t) = Jp e g(z)dx.

Let F denote a general d.f. having mean 0O, and let ¢ denote the
characteristic function of g. Our goal is to bound ||F — G||ec =
SUP_socz<oo |F () —G(x)| in terms of the distance between ¢ and

Y.
Inequality 9.7.1. (Esseen’s lemma). Let F' and G be as above.
For any a > 0 the following uniform bound holds:

1 o ¢(t) —(t) 24||q||
HF—Q@S;LJ 2t + .

wa
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Proof:. The key to the method is to smooth by convolving F' and
G with the d.f. H, with density hg and characteristic function ~4
given by

1- COSQ(M) on R and ~q(t) = (1 — [t[/a)1|_, 4 (%)

ho(x) =

mTax

The density hq is that of V/a where V has the de la Vallée -
Poussin density. Let F, and G4 denote the convolutions of F
and G with H, for a large. We will now show that

||F — GHOO < 2||Fa — GaHoo + 24||9||OO/(7TCL)-

Let A=F —-G. Then A(z) = Ai(x)and A_(zx) exist for all x.
Thus there exists xg such that either D = ||F — G||lc = |A(xp)]
or D = |A_(xzg)|. without loss of generality, we suppose that
D = |A(xg)|; if not replace X,Y by —X,—Y. Note Figure 7.1.
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PfS, Figure 7.1: Bounds for Esseen’s lemma
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Without loss of generality, we act below as though A(xzg) > O,
and we let zg > xg. (If A(xg) < 0, then let zg < xg. Since F is
tand g is bounded by M, it follows that for |x| < e

A(zg — x)

F(zg—x) — G(z9 — x)

> F(zp—€) — G(zp) — (G(20 — z) — G(x0)) ,
SinCe zg —x > zp — €
20—
> Fa0) ~ G(zo) — | gly)dy since 2z — ¢ = ao
L0
> D — (20 —z—z0)llgllec since A(zg) =D, [gllocc =M,

D/2 4+ xM since zog —xg=€¢= D/(2M).
Since D is the supremum,
A(zg—x) > —D for |z|>e.

Thus with Ay = Fy — G4, using the inequalities in the last two
displays we find that
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[Fa=Gall > Aa(z0) = [ A0 —2)ha(a)da

— 00
by the convolution formula

_EG[D/Q + Mz)ho(z)dz — D /[ ha(z)dz

[z[>e]
(p/2)11 - [

[[z]>€]
since zhq(x) is odd

(D/2) — (3D/2) /[ o ha(@) e > (D/2) — 120 (ra)

= [[F' = Glleo/2 = (12M/7a),

AV,

ha(z)dz] + M -0 — D /[|:U|>e] ha(z)dz

since

/ ha(x)dx < 2/00(2/7ra:132)d:1: = 4/(mwae) = 8M/(maD).
[ >€] z
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We now bound ||Fy — Gal|loo, By the Fourier inversion formula, Fy
and G, have bounded continuous ‘“densities” that satisfy

fu@) = gal@) = o [ @) — v @llaDdt. ()

Formal integration of this identity over (—oo,z] leads us to
conjecture that
_itg P(t) — ()

Aa@) =5 [ — @ (6)

That the integrand is a continuous function that equalsOatt =20
(this follows from Inequality 9.6.1 since F' and G have 0 “means”
makes the right side well-defined and we may differentiate under
the integral sign by the DCT (with dominating function ~4(t))
to recover the identity (5). Thus Aq(x) can differ from the right
side by at most a constant.
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But this constant is O since Ag(x) — 0 as |z| — oo while the
same is true for the right side by the Riemann-Lebesgue lemma.
But now (6) yields

for all <.

[Aq(z)| < —/ \¢(t) w(t)|dt
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