Math/Stat 523, Spring 2020

Jon A. Wellher

Lecture 5

Friday April 107)



Outline

e 0O: Questions: Convergence of sums of independent rv’s.

e 1: Classical convergence in distribution;
Helly's selection theorem

e 2: Convergence of types
e 3: Characteristic functions: basic results
e 4: Uniqueness and inversion; the continuity theorem

e 5. Higher dimensions
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0. Questions: convergence in distribution of

independent rv’s

Problem 1:

Suppose that Xq,X»,... are i.i.d. F with E(X7) = 0 and
E(X%) =02 < 0.

(a) Then

o\/n o
(b) By the convergence of types theorem, for any {an}
with an > 0, if Sp/an —4 W, then W is normal or degenerate.
(c) How fast does —; occur?

yq Z ~ N(0O,1).
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Problem 2. Suppose that X,1, X,o,..., Xnn are independent
and identically distributed for each n, and let S, = >I"; X,;.

(a) If S, —4 S, what are all possible limiting distributions for S7
Answer: S is infinitely divisible: i.e. for every n there exist

x{M,., X8 iid. such that 5= ) X,

Problem 3. Suppose X,1,...,Xnn are independent, and let
Sn = > 5—q Xnj. If Sn —4 S and Supi<g<n P(|Xng| > €) — 0 for
every ¢ — 0, what are the possible limiting distributions of S§7
Answer: S is infinitely divisible!
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Problem 4. Suppose that X4,..., X, are i.i.d. and let

_2=1%

an
What is the class of all limit laws £(Y) of S, =4 Y? (Note that
E(X1) =0 and E(X?) < oo are not assumed!)
Answer: L(Y) € Stable laws.

Definition: Y has a stable law or distribution if for every
integer £ > 0 and Xj,..., X} independent with X; 4 Y there
are constants a; > 0 and b, € R such that

X144+ X, 2 a4 by (1)
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Example 1: Y ~ N(0,1). Then X; +---4+ X} ~ N(0,k) = V&Y,
so (1) holds with a; = vk and b, = 0.

Example 2: Y ~ Cauchy(0, 1) with density
flz) =711 422" L

Then X; + ---+ X;, ~ k Cauchy(0,1) = kY, so (1) holds with
ak:kand bk:O.
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1. Classical convergence in distribution;

Helly’'s selection theorem

Definition.

e (a) H is a sub-distribution function if H is right-continuous,
non-decreasing with 0 < H(x) < 1 for all . Thus for an
extended-valued random variable X, P(X = —o0) = H(—0),
P(X = +400) =1—H(c0) and H(zx) = P(—oc0 < X < z) for

—o0 < x < 0.

e (b) If F,(x) — H(x) for each =z € Cy, then we say that X,
(or I, ) converges in sub-distribution function to X (or H)
and we write X,, —».4 X (or F, —,4 H). (This allows escape
of mass to +c0.) [This is also called vague convergence by
some authors.]

e (C) F or F will denote bona-fide distribution functions of
proper (finite-valued) random variables.
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Example 1. If X, < 6,7 ~ N(0,02) with ¢2 — oo and Z ~
N(0,1), then P(Xn < ) = P(Z < z/on) = ®(x/on) — (0) =
1/2=H(x) for z € R, so X, —,4 X where

P(X = 4+00) = 1/2.

Example 2: If X,, ~ Uniform[0, ay] 4 anU with a, — oo and
U ~ Uniform[0, 1], then F,(x) = P(X, < xz) = P(U < z/ap) =
(z/an)lz<a,)F1(an.00)(x) = O forallz € R. In this case Xy, —4q X
where P(X = o0) = 1.

Example 3: If X ~ Bernoulli(p), then 1/X has sub-distribution
function H given by H(z) = 0, —-co < 2 < 1, Hzx) = p, 1 <

r < oo, and H(o0) = p, so that P(1/X = oc0) = P(X = 0) =
1— H(4oc0)=1—np.

Math/Stat 523 Probability, Spring, 2020, Lecture 5 1.7



Definition:

e (a) A family of distributions P on R (or a family of distribution
functions F on R is called tight if for each ¢ > 0 there is a
compact set K¢ (a closed and bounded set) with P(K.) =
P(X € K¢) > 1—¢ for all P € P. (Equivalently, K¢ = |[a,b]
such that P(X € [a,b]) = F(b) — F(a—) > 1 —¢€ for all ' € F.

e (b) A sequence of random variables { X} is called asymptot-
ically tight if

M — o0
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The following two theorems are familiar to us from Math/Stat
521 and 522:

Theorem (Helly - Bray) If F,, — F and g is bounded and
continuous a.s. F', then

FEg(Xp) = /ngn — /ng = Fqg(X).

Theorem (Mann-Wald, Continuous Mapping) Suppose that
Xn —4 X and that ¢ is continuous a.s. F = PX. Then Y, =
g(Xn) —q9(X) =Y.

Proof: Let ¢ € C,(R). Then 3 o g is bounded and continuous
a.s. F', so

Ey(Yn) = E¢(g(Xn)) — Ev(g(X)) by Helly - Bray
= Ey(Y).
Hence Y, = g(Xn) —4 9(X) =Y by the Helly-Bray converse. [
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A theorem that clarifies the role of tightness in conjunction with
—q 1S Helly's selection theorem.

Theorem (Helly's selection theorem) Let Fy,F5,... be any
sequence of distribution functions. Then there necessarily exists
a subsequence {F,/} and a sub-distribution function H for which
F.r—¢q H. If the subsequence of d.f.'s is tight, then the limit H
is necessarily a bona-fide (proper) distribution function.

Corollary Let Fq, F>,... be any sequence of distribution func-
tions. Let H be a fixed sub - distribution function. Suppose
every sd—convergent subsequence {F,,} satisfies F,, —¢4 to this
same H. Then the whole sequence satisfies F),, —,4 H.
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Proof: Let rq{,75,... be a sequence dense in R (e.g. an
enumeration of the rationals). Using the Bolzano-Weierstrass
theorem, choose a subsequence nq; such that

Fny (r1) — some ag;

a further subsequence also satisfies Fp, (r2) — some ap.
Continue in this fashion. The diagonal subsequence nj i has

Fr, (r;) = a; forall i>1.

Define Hy on the r;'s via Hg(r;) = a;, and then define H on R by

H(x) =inf{Hg(r;) : r; > x}.

This H is clearly non-decreasing and takes values in [0,1]. We
now verify that H is right-continuous and that Fy, . —;q H. Let
nj; = n'. The monotonicity of Hg trivially gives inf,\ , H(y) >
H(x). Furthermore
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H(x) > Ho(rg,)—e€ for some x < rg_close to z
> H(y)—e forany z <y <rg,

and this yields inf,\ , H(y) < H(z). Hence inf~\ , H(y) = H(z),
and H is right-continuous.

We next show that F,,(z) = Fpn,;;(z) — H(z) for any z € Cpg.
First note that

F(ry) < F (x) < F,(r) forall rp <z <.
Passing to the limit gives
Ho(rg) <limF,,(xz) < F,y(xz) < Ho(rp)
for all rp, < x <r;. Now let r, ~x and r; \(x to get
Iinrp F i(x) = H(zx) for all z e Cy;

I.e. Fn’ —sd H. []
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Proof of the Corollary:

Fact 1: Any bounded sequence of real numbers {an} contains a
convergent subsequence.

Fact 2: A sequence of real numbers {a,} converges if and only
if all subsequential limits are the same. [Or, if every subsequence
{a,/} contains a further subsequence {a,»} that converges to one
fixed number ag, then a, — ag.]

The proof of Helly's theorem shows that every subsequence
{F,/} contains a further subsequence {F,»} for which F »(z) —
the same H(x) for each x € Cy. Thus the whole sequence has
Fn(x) — H(x) for x € Cy. So Fp, —¢4 H. ]
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2. Convergence of types

Definition: (Type) When Y 4 (X —b)/a for some a # 0, we say
that X and Y are of the same type.

Theorem 9.1.5 (convergence of types) Suppose that (X, —
bn)/an —g X ~ F, and (Xn — Bn)/an — Y ~ G where ap > 0,
an > 0.and both X and Y are non-degenerate. Then there exists
a> 0 and b € R such that

an n — bn
— —some a >0, and 6—
On an

— some real b

and Y 2 (X — b)/a (or, equivalently, G(z) = F(az + b) for all
xr € R).

Proof: For a detailed proof of Theorem 9.1.5 see Billingsley
(1986), Probability and Measure, Theorem 14.2, page 195. O
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3. Characteristic functions: basic results

Elementary Facts

Definition 9.3.1 (Characteristic Function) Let X be an arbitrary
rv, and let F' denote its d.f. The characteristic function of X, or
chf, is defined for all t € R by

6(1) = by(t) = EeltX = /_ O:O Ty () = / T et p(2)

— 00

- /_ ' cos(tz)dF(z) + i / ™ sin(tz)dF(z).

— OO
With dF' replaced by hdu, we call this the Fourier transform of
the signed measure hdup. (We note that the chf ¢ (t) exists for
—oo <t < oo for all rv's X, since |eitX(w)| <1 for all t and all w.)
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Proposition 9.3.1. (Elementary properties) Let ¢ denote an
arbitrary chf.

(@) $(0)=1 and |6(t)]<1 forall teR.

(b) ¢axip(t) = epx(at) for all teR.

(c) ¢Z?X¢<t) =[1"_; ¢x,(t) when Xq,..., Xy, are independent.
(d) ox(t) = ¢d_x(t) = Ecos(tX) —iEsin(tX) for all teR.
(e) ¢ is real-valued if and only if X 4 _x

(f) |¢(:)|? is a chf [of therv X=X — X', with X and X’
i.i.d. with chf ¢].

(g9) ¢ is uniformly continuous on R.
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Proof: (a), (b), (¢), and (d) are trivial. (e) If X 4 — X, then
dx = dx; SO ¢x is real.

If oy isreal, then oy = dxy = ¢d_x; SO X 4 _x by the uniqueness
theorem below.

(f) If X and X’ are independent with characteristic function ¢,

then ¢y _x1 = dxd_x = ¢ = |¢|°.
(g) Note that for all ¢,

Bt +h) = 6()] = ‘ [lexp(i(t + h)z) — €™)dF ()

< /|eim||eihx — 1|dF(z) < /|eihx — 1|dF(z) — 0

as h — 0 by the dominated convergence theorem with dominating
function 2.

The converse of (c¢) is false. Let X7 = X5 and X3 by two i.i.d
Cauchy(0,1) rv's. We will see below that ¢cgycny(t) = exp(—[t]),

SO ¢ox, () = dx, 4 x,(t) = dx, 4+ x,(t) for all t. O
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T f(z) = (1 = cos(z))/(rz?)

¢(t) = (1 — [t)1[—q1,17(¥)
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Math/Stat 523 Probability, Spring, 2020, Lecture 5 1.20



4. Characteristic functions: uniqueness and

inversion

Before proving the main theorems we need the notion of
complementary pairs of densities and characteristic functions.

Complementary pairs
Suppose U and W are rv's as follows:

U ~ FU with denSity fU7
W ~ Fy with density fiy,

fu(t) = cop(—t) for all real t.

Then U and W are called a complementary pair. Here are some
examples:

U ~ Fy W ~ Fyy
U=27Z~N(0,1) W=27Z~N(0,1) c—l/\/—
U=1T ~ triangular W =2D c=1

U=D W =T c=1/(2n)

where
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fr(z) = (1 —|z)1_1 1y(x) with ¢p(t) = 2(1 — cos(t))/t?,
fp(z) = (1 — cos(z))/(rz?),z € R, with ¢p(t) =1 — [t

Theorem 9.4.1: (Uniqueness theorem) Every distribution
function on R has a unique characteristic function.

Theorem 9.4.2: (Inversion theorem) If X has d.f. Fyx and
characteristic function ¢y, we can always write

r2
Fx(ro) — Fx(ry) = lim fa(t)dt for all ri <rpe Cp,.
a\O (A
where f, is the density of X 4+ aU = X4 —4 X as a \( 0, and
where
©.@) .
fa(y) = / e "oy (w)efiy(av)dv for all y e R.

— 0
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Theorem 9.4.3: (Inversion formula for densities) If a random
variable X has a chf ¢x that satisfies

[ lex®ldt < oo (2)

then X has a uniformly continuous density fx given by

fx@ == [7 ety (3)

Remark: The uniqueness theorem can be rephrased as follows:
the set of complex exponentials G = {g:(z) = €% : t € R} is
a determining class. That is, knowing all values of ¢x(t) =
Eel'X = Eg(X) allows the d.f. F to be determined via the
inversion formula.
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Proof: By the convolution formula and X, = X + aU,
fow) = 7 gy () arx@)
/OO Sow (x — ) dFx(x) since fy(t) = copy(—t)

/ / cl(r— y)’w/af (w)dwdFx (x)
_Zyw/ “fw (w) /_ e Py () dw

—zyw/afW(w) /OO eixw/a’dFX(:C)d’w by Fubini
—zyw/% x(w/a) fiy (w)dw

_Zy%x(v)fw(av)dv (4)

|
o

Qloloclo
\\\\
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Since X, — X, at continuity points r; < r» of F we have (with
Xa Y Fa)

Fx(ro) — Fx(r1) J@O{Fa(rz) — Fu(r1)}

.

= lim [ " fa(w)dy, (5)
This completes the proofs of Theorems 9.4.1 and 9.4.2. Now
suppose that the integrability hypothesis (2) on |¢x]| holds.
Then by the dominated convergence theorem (with dominating
function ||fiv|le - |¢x(t)|) we conclude that

faly) = F() = [efw (O] [ ™9 (v)dv

since fy is bounded and continuous. For the uniform continuity
of f, note that
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o0 —i(y+h)v —iyv
fy+h) = FWI = efw(©)] [ (T —e)g()ar
oo .
< efw(©) [l = 1] |¢x (v)|dv — O
—O0
as h =+ 0
by the DCT with dominating function 2||fir||lcc|®x(v)]. Uniform
convergence of f, to f on any bounded interval just involves a

term |fi(0) — fiy(av)| under the integral. Applying this uniform
convergence to (5) yields

Fx(r) = Fx(r) = [ [y

The conclusion (3) holds since we may take U = W = Z ~
N(0,1), so that cfyy(0) = 1/(2w) (which always holds for
conjugate pairs). (]
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Review of some complex analysis

A function f is called analytic on a region (a connected open
subset of the complex plane) if it has a derivative at each point
of the region; if it does, then it necessarily has derivatives of all
orders at each point in the region. If zg is an isolated singularity
of fand f(z) = Y22 g(2—20)"+>X" 1 bn(z—20) ", then k = (the
residue of f at zg) = by. Thus if f has a pole of order m at zg
(that is, b, = 0 for n > m in the expansion above), then g(z) =
(2= 20)™f(2) = bm + -+ b1(z — 20)™" 1 + 30 g an(z — 20)™ "
has by = g(m_l)(z())/(m — 1)!. Thus

by = k = (residue of f at zg)
{= Jlim (z—20)f(2) for a simple pole at zo}.
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A smooth arc is described via z = ¢(t) and y = (t) fora <t <b
and when ¢’ and 1/ are continuous and not simultaneously zero.
A contour is a continuous chain of a finite number of smooth
arcs that do not cross the same point twice. Closed means that
the starting and ending points are identical.

Lemma 3.1. (Residue theorem) If f is analytic on a region
containing a closed contour C except for a finite number of
singularities z1,...,zm interior to C at which f has residues
ki,...,kn, then (for counterclockwise integration over C),

A ] =0 if f is analytic,
/Cf(Z)dz B QWngl “ { 2mi(z — z0) f(zg) for one simple pole at z.
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The Continuity Theorem

Theorem 9.5.1 (Continuity theorem for chfs: Cramér - Lévy)
(i) If ¢, — ¢ (pointwise) where ¢ is continuous at 0, then ¢ is
the chf of a bona fide d.f. F' and F,, —4 F'.

(i) I —4 F implies ¢, — ¢ uniformly on any finite interval
it < T.

Inequality 9.5.1 (Chf bound on the tails of a d.f.) For any rv
X with d.f. F' we have

1/A
P(IX| > A) < 7/\/O (1 — Re(¢(t)))dt forall A>0.  (6)

Math/Stat 523 Probability, Spring, 2020, Lecture 5 1.29



Proof: Note that
/\/01/A (1 — Re((t))) dt = A/Ol//\ /_0;(1 _ cos(tz))dF (z)dt
— /OO /\/1“(1 _ cos(tz))dtdF (z)
— 00 0]

N (o 1/
- [ (o)

dF'(x)
_ /OO (1_Sin(az/)\)> AF ()

0
—00 (x/N)
sin(x/\)
- /[lscl//\zﬂ (1_ (z/\) )dF(x)

= it (1 § S‘”;”) P(IX| > %) = [1 - sin(D)]P(X] = )

= (.1585..)P(|X|>X) > P(|X|>X)/7.
Thus (6) holds. ]
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1.2}
1.0}
0.8:—
0.6:—

0.4

0.2

The function (1 — %)

Proof of Theorem 9.5.1: (i) By the uniqueness theorem, the
collection G of complex exponentials form a determining class and
the expectations of these are hypothesized to converge. Thus
by the Helly-Bray theorem it suffices to show that {F,} is tight.
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But by Lemma 9.5.1 we have
. _ 1/X
M P Xn| > A) < Iimn7>\/o [1 — Regn(t)]dt

— 7\ /01“[1 — Reg(t)]dt

by the DCT with dominating function 2
— 0 as A—

since ¢ is continuous at 0. (Note that

1/)
lim A [1 — Reg(t)]dt

A— 00 0
= limn! /O"[l - Reg(t)] = lim[1 — Reg(n)] = 0

by L'Hopital’s rule.) Thus {F,} is tight.
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(ii) Since X, —4 X, there exist rv's Y, 4 Xn and Y 4 X such
that Y, —a.s. Y, it follows that

on(t) — ()] < Ele™n — Y]
< Esup |etn=Y) _q
t|<T
— 0 by the DCT with dominating function 2
since sup{|it(Yn —Y)|: [t| <T} <T|Yn—=Y| —=as. O. ]
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5. Higher dimensions

If X = (X1,...,Xy) is a random vector with values in R%, then
the characteristic function ¢x(t) is given by

. ~d oy
ox(t) = Be'X = pel 25=1%%i for t e RY. (7)

The uniqueness theorem ({g+ = il ;¢ ¢ R4} is a determining
class), and the Cramér - Lévy continuity theorem still holds with
minor modifications of the previous proofs.

But we now develop an important tool (or device) for proving
convergence in distribution in higher dimension d > 1. For A €
R? the characteristic function of the (one-dimensional !) linear
combination )M X is

oy x(t) = Eexp(itA’X) for ¢eR.

Comparison of this with (7) shows that knowing the joint chf
¢x(t) for all t € RY is equivalent to knowing the one-dimensional
chf ¢y x(¢) for all t € R and A for which |[A| = 1. This leads to:
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Theorem 9.5.3 ( Cramér - Wold device) If X,, = (X,,1,...,X,,q)
satisfy

Py x,(t) =d Pyx(t) (8)

for all t € R and for each X € R%, then X, —,; X. It suffices to
show (8) for all unit vectors A. Thus it also suffices to show that
NX, —4 NX for all such .

G. Walther (1997) has given a proof of the Cramér - Wold device

which avoids characteristic functions completely; see Pollard
(2002).
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Theorem 9.5.3. The random variables X1,..., X, are indepen-
dent if and only if the joint chfs satisfy

d
ox () = [] éx,(t:) forall t=(t,...,tq) € R™
i=1
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