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Log-concavity: basic facts

A non-negative function f is log-concave if x 7→ logf(x) is

concave. Equivalently,

f(x) = exp(−ψ(x))

where ψ is convex. Note that if θ0 +θ1 = 1 and x0, x1 ∈ Rn, then

concavity of logf can be written as

θ0logf(x0) + θ1logf(x1) ≤ logf(θ0x0 + θ1x1),

or, equivalently

fθ0(x0)fθ1(x1) ≤ f(θ0x0 + θ1x1) ≡ f(xθ).

Now suppose that f0, f1 are two non-negative functions satisfying

f
θ0
0 (x0)fθ1

1 (x1) ≤ fθ(θ0x0 + θ1x1) ≡ fθ(xθ)

for all x0, x1 ∈ Rn. Then if A0, A1 are two Borel subsets of Rn,

the Prékopa - Leindler inequality says that
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(∫
A0

f0(x)dx

)θ0

·
(∫

A1

f1(x)dx

)θ1

≤
∫
Aθ
fθ(x)dx (1)

where Aθ ≡ θ0A0 + θ1A1. In the special case with fj = 1 for

j = 0,1, θ this becomes

mn(Aθ) ≥ m
θ0
n (A0)mθ1

n (A1)

where mn denotes Lebesgue measure on Rn. Thus the Prékopa

- Leindler inequality implies the classical Brunn-Minkowski in-

equality in the form:

m
1/n
n (A0 +A1) ≥ m1/n

n (A0) +m
1/n
n (A1).

Conversely, the classical Brunn-Minkowski inequality implies the

Prékopa - Leindler inequality. See Gardner (2002), section 3.
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Introduction: C. Borell

• Let c : K ⊂ Rn 7→ R where K is convex and bounded.

• Let Hc ≡ (−1/2)∆ + c(x) in K together with the Dirichlet

boundary condition 0. Here ∆ is the Laplace operator and c

is called the potential function.

• Think of c as being convex or satisfying some other shape

constraint, e.g. c is −1/2−concave; i.e. c−1/2 is concave.

More background: Let pσ,c(t, x, y) denote the fundamental

solution of the diffusion equation

∂v

∂t
=
σ2

2
∆v −

1

σ2
c(x)v, for t > 0, x ∈ K

with the Dirichlet boundary condition zero on t > 0. Write

pc(t, x, y) ≡ p1,c(t, x, y)
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Theorem: (Brascamp and Lieb, 1975 - 1976). If c is convex,

(x, y) 7→ pc(t, x, y) is log-concave for each fixed t > 0.

Theorem: (Borell, 1993) If the potential function c is −1/2-

concave, then the function

(s, x, y) 7→ slog{snpc(s2, x, y)}

is a concave function of (s, x, y) ∈ (0,∞)×K ×K.

Now suppose that the potential function c depends on the

parameter σ as well as on the position x ∈ Rn. Let 0 < α ≤ β. If

cσ(x) ≡ c(x, σ), and the function

c(x, σ)

σ
, x ∈ K, α ≤ σ ≤ β

is convex, then have the following following corollary of Borell’s

Theorem 3.2:
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Corollary: The function

(σ, x, y) 7→ σlog{σnpcσ,σ(t, x, y)}, (σ, x, y) 7→ [α, β]×K ×K

is concave for fixed t > 0.

Claim: The results of Brascamp and Lieb (1976) and of Borell

(1993) are both consequences of this corollary.
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C. Borell’s section 2: Hamilton-Jacobi-Bellman

equation

Let σ > 0 and consider the diffusion equation

∂v

∂t
=
σ2

2
∆v −

1

σ2
c(x)v, t > 0, x ∈ Rn

with the initial condition v(0, x) = f(x), x ∈ Rn where f(x) > 0
for all x ∈ Rn. The substitutions

V ≡ −σ2logv, and F ≡ −σ2logf (??)

reduce the above Cauchy problem to the Hamilton-Jacobi-
Bellman equation

∂V

∂t
+

1

2
|∇V |2 − c(x) =

σ2

2
∆V, t > 0, x ∈ Rn

with the initial condition V (0, x) = F (x), x ∈ Rn.

For the initial calculations in this section we assume that c and F

are infinitely differentiable with bounded derivatives of all orders
≥ 0. Later we follow the methods used by Fleming and Soner
(1993).
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Suppose that t > 0 is fixed and let P be Wiener measure on the

Banach space Ω of all continuous functions ω of [0, t] into Rn

with ω(0) = 0. If B(ω) = ω = (ω1(s), . . . ωn(s))0≤s≤t, ω ∈ Ω,

then B is a normalized Brownian motion in Rn relative to the

probability measure P ; that is, B is a centered Gaussian process

in Rn relative to the prob. measure P with

EP [Bi(s0)Bj(s1)] =

{
0, i 6= j
min{s0, s1}, i = j.

By setting

Bσx(s) = x+ σB(s), s ≥ 0

The Feynman-Kac formula yields

v(t, x) = EP
{

exp
(
−

1

σ2
[F (Bσx(t)) +

∫ t
0
c(Bσx(s))ds]

)}
,
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and the assumptions on c and F imply that

inf
0≤s≤t, x∈Rn

v(s, x) > 0 (2.2)

s and

sup
0≤s≤t, x∈Rn

|∇v(s, x)| <∞. (2.3)

Let u(s), 0 ≤ s ≤ t, be a bounded, progressively measurable

process (recall Durrett (1996), Section 2.1, page 36), and set

h(s) = hu(s) =
∫ s

0
u(r)dr

and

dQ(ω) = exp
(
−

1

2σ2

∫ t
0
|u(s)|2ds−

1

σ

∫ t
0
u(s)dω(s)

)
dP (ω)
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Then by Girsanov’s theorem, for any positive measurable func-

tion ϕ on Ω,∫
Ω
ϕ

(
ω +

1

σ
h

)
dQ(ω) =

∫
Ω
ϕ(ω)dP (ω)

and it follows that

v(t, x) = EP
{

exp
(
−

1

σ2

[
F (Bσx(t)) +

∫ t
0
c(Bσx(s))ds

])}
= EQ

{
exp

(
−

1

σ2

[
F (Bσx(t) + h(t)) +

∫ t
0
c(Bσx(s) + h(s))ds

])}
= EP

{
exp

(
−

1

σ2

[
F (Bσx(t) + h(t)) +

∫ t
0
c(Bσx(s) + h(s))ds

])
·exp

(
−

1

2σ2

∫ t
0
|u(s)|2ds−

1

σ

∫ t
0
u(s)dω(s)

)}
.
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We write, for short,

X(s) = Xu(s) = Bσx(s) + hu(s), 0 ≤ s ≤ t
so that

v(t, x) = EP
{

exp
(
−

1

σ2

[
F (X(t)) +

∫ t
0
c(X(s))ds

])
·exp

(
−

1

2σ2

∫ t
0
|u(s)|2ds−

1

σ

∫ t
0
u(s)dω(s)

)}
≡ EPexp

(
−

1

σ2
Yu(t)

)
.

Then it follows by Jensen’s inequality (since w 7→ −logw is
convex)

−logv(t, x) = −logEPexp
(
−

1

σ2
Yu(t)

)
≤ EP

(
1

σ2
Yu(t)

)
,

or, equivalently

logv(t, x) ≥ −
1

σ2
EPYu(t). (2.4)
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where

Yu(t) = F (X(t)) +
∫ t

0
(c(X(s)) +

1

2
|u(s)|2)ds+ σ

∫ t
0
u(s)dω(s).

Note that

EP
{∫ t

0
u(s)dω(s)

}
= 0.

If we choose u in an appropriate way, it turns out that the random

variable Yu(t) is constant with probability one, which implies that

equality occurs in (2.4) for this choice of u. To find such a

process u, first define

U(s, x) ≡ −∇V (t− s, x), 0 ≤ s ≤ t.

From the assumptions on c and F we conclude that the function

U(x, s), 0 ≤ s ≤ t, x ∈ Rn is bounded and continuous and,

moreover, the bounds (2.2) and (2.3) imply that there exists

a constant C > 0 such that
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|U(s, x)− U(s, y)| ≤ C|x− y|, 0 ≤ s ≤ t, x, y ∈ Rn.

Therefore the stochastic differential equation

dX(s) = U(s,X(s))ds+ σdω(s), 0 ≤ s ≤ t

with the initial condition X(0) = x possesses a unique solution.

(For example, see Durrett (1996), Chapter 5, Theorem 2.2, page

185, and Theorem 2.9, page 190.) We set u0(s) ≡ U(s,X(s)),

0 ≤ s ≤ t, and we have

X(s) = x+ σω(s) + hu0(s) = Bσx(s) + hu0(s), 0 ≤ s ≤ t.

Moreover, we claim that the random variable Yu0(t) is constant

with probability 1. To prove this claim, consider the process

ξ(s) = V (t− s,X(s)) +
∫ s

0
(c(X(r)) +

1

2
|u0(r)|2)dr + σ

∫ s
0
u0(r)dω(r)
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defined for all 0 ≤ s ≤ t. Then, by Itô’s lemma

dξ(s) = −Vt(t− s,X(s))ds+∇V (t− s,X(s)) · (u0(s)ds+ σdω(s))

+
σ2

2
∆V (t− s,X(s))ds+ (c(X(s)) +

1

2
|u0(s)|2)ds

+ σu0(s)dω(s).

Since the function V (t, x) satisfies the Hamilton-Jacobi-Bellmann
equation (2.1), dξ(s) = 0, and we conclude that ξ is constant
with probability 1, which was to be proved.

From the above,

v(t, x) = exp

(
− inf
u∈U(t)

J(t, x, u)

)
where

J(t, x, u) =
1

σ2
EP (Yu(t))

and where U(t) denotes the class of all bounded, progressively
measurable processes u(s), 0 ≤ s ≤ t.
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In the following, let

vFσ,c(t, x) = EP
{

exp
(
−

1

σ2

[
F (Bσx(t)) +

∫ t
0
c(Bσx(s))ds

])}
and

JFσ,c(t, x, u)

=
1

σ2
EP

{
F (Bσx(t) + hu(t)) +

∫ t
0

[
c(Bσx(s) + hu(s)) +

1

2
|u(s)|2

]
ds

}
for all continuous and bounded functions F and c on Rn. Then

from the above it is straightforward to conclude that

vFσ,c(t, x) = exp

(
− inf
u∈U(t)

JFσ,c(t, x, u)

)
.

We will also use the short-hand notation

vA,Fc,σ ≡ EP
{

1A(Bσx(t))exp
(
−

1

σ2

[
F (Bσx(t)) +

∫ t
0
c(Bσx(s))ds

])}
for any Borel set A in Rn.
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C. Borell’s Section 3: Application to Diffusion

Equations

In the following θ = (θ0, θ1) ∈ R2 is fixed with θ0, θ1 > 0. If

x0, x1 ∈ Rn, let

xθ = θ0x0 + θ1x1,

and, if A0, A1 ⊂ Rn, let

Aθ = θ0A0 + θ1A1 = {xθ : x0 ∈ A0, x1 ∈ A1}.

Suppose first that σ0, σ1 > 0 and let Di, i = 0,1, be sub-domains

of Rn. Below we will often consider functions ϕj : Dj 7→ R,

j = 0,1, θ, which satisfy the inequality

1

σθ
ϕθ(xθ) ≤

θ0

σ0
ϕ0(x0) +

θ1

σ1
ϕ0(x1), x0 ∈ D0, x1 ∈ D1.

Note that the inequality in the last display holds in the following

cases:
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Case 1: σ0 = σ1, θ0 + θ1 = 1 and

ϕθ(xθ) ≤ θ0ϕ0(x0) + θ1ϕ1(x1), x0 ∈ D0, x1 ∈ D1.

Case 2: ϕj(x) = ψ2
j (x), j = 0,1, θ, where the ψj are nonnegative

and

ψθ(xθ) ≤ θ0ψ0(x0) + θ1ψ1(x1), x0 ∈ D0, x1 ∈ D1.

Case 3: ϕj(x) = σ4
j /ψ

2
j (x), j = 0,1, θ, where the ψj are positive

and

ψθ(xθ) ≥ θ0ψ0(x0) + θ1ψ1(x1), x0 ∈ D0, x1 ∈ D1.

In connection with the last two cases it is useful to know that
the function

γα(λ, σ) =
λα+1

σα
, λ ≥ 0, σ > 0

is convex and positively homogeneous of degree one for α = 1
and α = 2 respectively.
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(Convexity of γ follows from the fact the perspective of a convex

(or concave) function preserves convexity (or concavity). If ϕ(x)

is convex then (x, λ) 7→ λϕ(x/λ) is convex. See e.g. VdV & W,

Electronic Journal of Statistics 5 (2011).)

Math/Stat 523 Probability, Spring, 2020, Lecture 17 1.18



Discrete log-concavity: Klartag - Lehec

Klartag and Lehec (2019) reformulate the results of Borell

(2000) as follows:

Let γn be the standard Nn(0, I) Gaussian measure on Rn. Let

(Bt)t≥0 be a standard n−dimensional Brownian motion, and let

f : Rn → R.

Theorem: (Borell (2000) reformulated) The following stochas-

tic variational formula holds:

log
(∫

Rn
efdγn

)
= sup

u∈U

{
E

[
f

(
B1 +

∫ 1

0
usds

)
−

1

2

∫ 1

0
|us|2ds

]}
where the supremum is taken over all bounded stochastic

processes u which are adapted to the Brownian filtration; i.e.

ut is measurable with respect to the σ−field generated by {Bs :

s ≤ t} for all t ∈ [0,1].
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Now we state one of the main results of Klartag and Lehec

(2019):

• Let T > 0 be a fixed number, and let N be a Poisson point

process on [0, T ] × R+ ⊂ R2 with intensity measure equal to

the Lebesgue measure λ. In particular N(A) is a Poisson

random variable with parameter λ(A) for any Borel set A ⊂
[0, T ]× [0, T ]× R+.

• For a Borel subset B ⊂ [0, T ]×R+ we write FB for the σ−field

generated by the random variables

{N(C) : C ∈ B2, C ⊂ B}.

• For t ∈ [0, T ] we set Ft = F[0,t]×R+. This defines a filtration

of Ω.

• Recall that (λt)0≤t≤T is predictable if, as a function of t ∈
[0, T ] and ω ∈ Ω, it is measurable with respect to the σ−field
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P generated by the sets

{(s, t]×A : s ≤ t ≤ T, A ∈ Fs}.

It is a standard fact that if a process (λt)0≤t≤T is left-
continuous and adapted, then it is predictable.

• Given a predictable, bounded, non-negative stochastic pro-
cess (λt)0≤t≤T we define the associated counting process
(Xλ

t )0≤t≤T via

Xλ
t = N({(s, u) ∈ [0, T ]× R+; s < t, u ≤ λs}).

• Note that for every non-negative predictable process (Ht)0≤t≤T
we have

E

[∫ T
0
HtdX

λ(t)

]
= E

[∫ T
0
Htλtdt

]
,

where the integral on the left-side is a Riemann-Stieltjes
integral.
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Let πT denote the Poisson measure with parameter T ; i.e.

πT (n) =
Tn

n!
e−T for n ∈ N = {0,1,2, . . .}.
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