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4A. Parabolic equations

This first part of Chapter 4 shows how Brownian motion can be
used to construct solutions of several of the classical differential
equations:

1
uw = —=Au
2
1
ur = EZ&u—Fg

1
ur = EZ&u—Fcu

in (0,00) x R? subject to the boundary condition: « continuous
at each point of {0} x R% and «(0,z) = f(x) for z € R%. Here

82u1 82ud

Ox% 8x§

and by a classical solution, we mean one that has enough
derivatives for the equation to make sense. That is, v € C1:2,

Ay = 4+ .+
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the functions that have one continuous derivative wrt ¢t and two
with respect to each of the x;'s. The continuity in u in the
boundary condition is needed to establish a connection between
the equation which holds in (0, ) x R? and u(0,z) = f(z) which
holds on {0} x R%. Note that the boundary condition cannot
possibly hold unless f . RY s R is continuous.

We will see that the solutions to these equations are (under
suitable assumptions) given by

Exf(Bt)
B (FB)+ [ o~ s, B)dB)

Ey (f(Bt)exp </Ot c(t — s, Bs)ds>) :

In words, the solutions can be described as follows:
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(i) To solve the heat equation, run a Brownian motion and let

(ii) To introduce a term g, add the integral of g along the path.

(iii) To introduce cu, multiply f(B;) by my = exp(J§ c(t —s, Bs)ds)
before taking expected values. Here we think of the Brownian
particle as having mass 1 and time O and changing mass
according to m., = c(t — s, Bs)ms, and when we take expected
values, we take the particle’s mass into account.
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4.1. The Heat Equation

Here we consider the basic heat equation:
(1.1a) uw e €12 and uy = (1/2)Awu in (0,00) x RY.
(1.1b) u is continuous at each point of {0} x R? and

uw(0,2) = f(x).

The name of this equation is due to the fact that if the units
of measurement are chosen suitably then the solution u(¢, x)
gives the temperature at the point z € R? at time ¢t when the
temperature profile at time 0 is given by f(xz). The first step in
solving (1.1) is to find a local martingale.

Theorem (1.2): If u satisfies (1.1a), then Mg = u(t — s, Bg) is
a local martingale on [0,¢).

Proof: Applying Itd's formula, (10.2) in Chapter 2 to u(xq,...,xg)
with

Math/Stat 523 Probability, Spring, 2020, Lecture 16 1.5



X9=1t—5, and X! = B! for 1 <i<d gives

w(t — s, Bs) — u(t, By) = /

S
. —u(t — r, By)dr + /O Vu(t —r, Br) - dBy

1 rs
=7 Au(t = r, By)dr.
-I-2/O u(t —r, Br)dr

To obtain this, we used dX? = —dr and X7 has bounded
variation, while the X' with 1 <1 < d are independent Brownian
motions, SO

i yiy ) 1<i=7<d,
(X5 X {O, otherwise.

(1.2) follows easily from the Itd formula above since —u; +
(1/2)Au = 0 and the second term on the right side is a local
martingale.

Now for a unigueness theorem.

Theorem (1.3): If there is a solution of (1.1) that is bounded
then it must be v(t,z) = Erf(By).
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Here = means that the last equation defines v. We will always
use u for a generic solution of the equation and v for our special
solution.

Proof: If we assume that u is bounded, then Mg for 0 < s < ¢,
IS @ bounded martingale. The martingale convergence theorem
implies that

M = lim Mg exists a.s.
s /'t
If uw satisfies (1.1b), this limit must be f(B;). Since M; is
uniformly integrable, it follows that

Now that (1.3) has told us what the solution must be, the next
logical step is to find conditions under which v is a solution. It
is (and always will be) easy to show that if v is smooth enough,
then it is a classical solution.
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Theorem 1.4: Suppose that f is bounded. If v € C12 then it
satisfies (1.1a).

Proof. The Markov property implies (see Exercise 2.1 in Chapter
1), that

Ex(f(B)|Fs) = Ep,(f(Bi—s)) = v(t — s, Bs).

T he left side is a martingale, so the right side is also a martingale.
If v e C12, the by repeating the calculation in the proof of (1.2)
shows that

s 1
v(t—s,B:) —v(t, Bo) = [ (-vi+5A0)(t—r By)dr
—+ a local martingale.

The left side is a local martingale, so the integral on the right
side is also a local martingale. But the integral is continuous
and locally of bounded variation, so by (3.3) in chapter 2
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it must be = 0 almost surely. Since v+ and Awv are continuous, it
follows that —v; 4+ (1/2)Av = 0. For if it were % at some point
(t,x), then it would be %= 0 on an open neighborhood of that
point, and, hence, with positive probability the integral would
not be = 0, a contradiction. []

It is easy to give conditions that imply that v satisfies (1.1b). In
order to keep the exposition simple, we first consider the situation
when f is bounded.

Theorem (1.5): If f is bounded and continuous, then v satisfies
(1.1b).

Proof: Note that (B; — Bg) < t1/2Z where Z ~ N(0,1), so if
tn, — 0 and z,, — x, the bounded convergence implies that

v(tn, ) = Ef(zn + t5/%2) = f(x) 0

The final step in showing that v is a solution is to find conditions

that guarantee that it is smooth. In the present case, this is
relatively easy, as we now show.
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Theorem (1.6): If f is bounded, then v € C12 and hence
satisfies (1.1a).

Proof:. By definition,
v(t,2) = Eof(B) = | f()pila,y)dy

where pi(z,y) = (2rt)~H2e=|2=v1*/2t \Writing D; = 8/dx; and
Dy = 0/0t, a little calculus yields:

Dipi(x,y) = —(xi;yi)pt(w,y)
)2 g

Dzzpt(xyy) — (’:UZ 322) pt(xay)

Djjpi(z,y) = (xi_ying_yj)pt(ﬂ%y) L7
d/2 — y|?
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If f is bounded, then it is easy to see that for a =1, 23, or t,

/IDapt(m,y)f(y)Idy < 00

and is continuous in R%, so (1.6) follows from the following
lemma on differentiating under the integral sign.

Lemma (1.7): Let (S,S,m) be a o—finite measure space, and
let g : S — R be measurable. Suppose that for x € G, an open
subset of R% and some hg > 0 we have:

() u(z) = [¢ K(x,y)9(y)dm(y) where K and 0K/0x; : G x S — R
are measurable functions with:

(b) K(z* + hej,y) — K(a*,y) = [§ G2 (a* 4 e, y)do for |h| < hg
and y € S.

(€) ui(z) = [q gK(ac v)g(y)dm(y) is continuous at z*

and

h
(d) J5 /29 |55 (% + Oes, 1) g(y)|d0dm(y) < oo.
Then Ou/0x; exists at =* and equals u;(x*).
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Proof: Using the definition of v in (a), then (b) and Fubini's
theorem, which is justified for |h| < hg by (d) we have

w(a® +he) —u(@®) = [ (K" + heiy) — K", 9)g@)dm(y)
= [ 9% @ + ber, g ()dm(y)do.

Dividing by h and letting h — O the claimed result follows from
(c). ]

We will also need a result about differentiating sums. Taking
S = 7Z with § = all subsets of S, and u to be counting measure in
(1.7), then setting g = 1 and fn(x) = K(«x,n) yields the following.
Note that in (a) and (c) of (1.7) it is implicit that the integrals
exist, so here in (a) and (c) we assume that the sums converge
absolutely:
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Lemma 1.8 Suppose that for z € G, an open subset of R¢ and
some hg > 0 we have:

(@) u(x) = Y, fn(x) where f, and 0f,/0x; : G — R, n € Z, are
measurable functions with:

(b) falz* + hey) — falz*) = [L gJ;n(x* + 0e;)dd for |h| < hg and
n € 7.

(c) ui(x) =>, af”(:p) is continuous at z*

and

(d) S [, 552" + e)|db < oo

Then Ou/0x; exists at =* and equals u;(x*).

Unbounded f: For some applications, the assumption that f is
bounded is too restrictive. To see what type of unbounded f we
can allow, note that, at the bare minimum we need E;|f(B;)] < o
for all t. Since

1
Bl fBOI = [ o saae @l
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a condition that guarantees this for locally bounded f is

z%logT|f(z)] > 0 as z— oo. (%)

(Possibly relate this to an Orlicz norm condition?  What
condition on f is necessary and sufficient?)

Replacing the bounded convergence theorem in (1.5) and (1.6)
by the dominated convergence theorem, it is not hard to prove
the following:

Theorem (1.9): If f is continuous and satisfies (x), then wv
satisfies (1.1).
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4.2: The inhomogeneous equation

Now we consider what happens when we add a function g(t, x)
to the equation we considered in the last section; i.e we now
study

(2.1a) v e CL2 and w; = %Au +g¢ in (0,00) x R?.
(2.1b) u is continuous at each point of {0} x R? and u(0,z) =
f(x).

We observed in Section 4.1 and (2.1b) cannot hold unless f is
continuous. Here g = us — (1/2)Awu so the equation in (2.1a)
cannot hold with uw € €12 unless ¢(t,z) is continuous.

T he first step in treating the new equation is to observe that if
uq IS a solution of the equation with f = fo and g = 0 which we
studied in the last section, and wuo is a solution of the equation
with f =0 and g = gg, then u; + uo is a solution of the equation
with f = fg and g = gg, SO we can restrict our attention to the
case f = 0.
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Having made this simplification, we will now study the equation
above by following the procedure used in the last section. The
first step is to find an associated local martingale.

Theorem 2.2: If u satisfies (2.1a), then
S
Mg = u(t —s,Bs) + /O g(t — r, Br)dr
is a local martingale on [0, 1t).

Proof: Applying Itd's formula as in the proof of (1.2) yields
s 1
w(t — s, Bs) — u(t, By) = /O(—ut—|—§Au)(t—r, By)dr
S
_I_ /O V'U/(t — T, Bfr) . dB'r

which proves (2.2), since —u; + 3Au = —g and the second term
on the right side is a local martingale. []

The next step is, again, a unigueness result.
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Theorem 2.3: Suppose that g is bounded. If there is a solution
of (2.1) that is bounded on [0,7] x R? for any T < oo, it must be

v(t,z) = Ex (/Otg(t — s, Bs)ds) :

Proof: Under the assumptions on g and u, Mg, 0 < s < t, defined
in (2.2) is a bounded martingale and u(0,z) = 0, so

t
leimM:/ t — $)Bad
t s 7t s 09( 8)58

and since Mg is uniformly integrable,
Again, it is relatively easy to show that if v is smooth enough it
IS a solution.

Theorem 2.4: Suppose that g is bounded and continuous. If
v e CL2 then it satisfies (2.1a) in (0, 00) x RY
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Proof: Using the Markov property (see Exercise 2.6 in Chapter

1) gives
f3>

— /Osg(t —r,Br)dr + Ep, (/Ot_sg(t — s — u, Bu)du>

= /Osg(t — 7, Br)dr + v(t — s, Bs).

The left side is a martingale, so the right side is also a martingale.
If v € C12, then repeating the calculation in the proof of (2.2)
shows that

t
Ey </O g(t —r, Br)dr

v(t — s, Bs) — v(t, By) + /Otg(t —r, B,)dr

s 1
= [ (o4 A0 +9)(t — 7. By)dr
+ a local martingale.

T he left side is a local martingale, so the integral on the right side
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IS also a local martingale. Since the integral is continuous and
locally of bounded variation, (3.3) in Chapter 2 implies it must be
= 0 almost surely. Again this implies that (—v; + %Av +g) =0,
since our assumptions imply that this quantity is continuous,
and if it were = 0 at some point (¢,z), then we would have a
contradiction. []

Theorem 2.5: If g is bounded, then v satisfies (2.1b).
Proof: If |g| < M, then as t — 0O,

t
lv(t, x)] §E;,;/O lg(t — s, Bs)|ds < Mt — 0. O]

The final step in showing that v is a solution is to check that
v € C%1. Since the calculations needed to show these properties
are quite tedious, we will content ourselves with statements of
the results and indications of their proofs. In any case the upshot
IS:
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Take home message: It is not enough to assume g is
continuous to have v € C12. We must assume g to be Hoélder
continuous locally in ¢t; that is, for any N < oo there are
constants C,a € (0,c00) which may depend on N, such that
lg(t,z) — g(t,y)| < Cle — y|* whenever t < N.

The reason for this assumption can be found in the proof of
(2.6¢) and (2.6d) below.

The first step in showing v € C12 is to assume g is bounded and
use Fubini's theorem to conclude

o) = [ [ ot~ s, u)ps(e,v)dyds

where ps(z,y) = (2rs)~42e~1v=21°/25 The expression we have
just written for v in the last display is what Friedman (1964)
would call a volume potential and would write as

t
Vg, t) = /TO /D Z(x,t: €, 7)g(¢, T)dedT.
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To translate between notations, set 7g = 0, D = R¢,

Z($7 t, 57 T) — pt—T(xa f),
and change variables s = t—7, y = £. Because of their importance
for the parametrix method, the differentiability properties of
volume potentials are well-known. The results we will state are
just Theorems 2 and 5 in Chapter 1 of Friedman (1964), so the
reader interested in knowing the whole story can find the missing
details there.

Theorem 2.6a): If g is a bounded measurable function, then
v(t,z) is continuous on (0, c0) x RY.

Proof: Use the bounded convergence theorem. []

Theorem 2.6b): There is a constant C so that if |g| < M
iS measurable, then the partial derivatives D,y = 0v/0x; have
|D;jv| < CMt1/2, are continuous, and are given by

t
Dy = /O a DiPs(2,9)g(t — 5, y)dyds
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Proof: Using the formula for D;ps from (1.6), the right-side is

[ ] (om0 sy ays

tds i ;

Although the last formula looks suspicious because we are
integrating s—1 near 0, everything is really all right: if 9] < M,
then

Ez|(z; — BD)g(t, s, Bs)| < MEg|z; — Bl = CMs'/?,

SO we have
td .
i ® MEy|z; — BY| < 20MtY/? < 0.
S
Using our result on differentiating under the integral sign, (1.7),
it follows that the partial derivatives D;v exist, are continuous,

and have the indicated form. []
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It gets somewhat worse when we tackle the second derivatives:

Theorem 2.6C: Suppose that g is bounded and Holder contin-
uous locally in ¢. Then the partial derivatives D;;v = 621)/8:1;2-8%-
are continuous, and

t
D; jv = /O /Rd D;;ips(z,y)g(t — s,y)dyds.

Proof: Suppose for simplicity that ¢ = j. Using (1.6) giving the
formula for D;;, the right side is

t )2
/O /Rd(QT('S)_d/Q ((CUz EZ;) 5> €—|y—x|2/289(t . S,y)dyds

t (z; — BE) — s
— /OEQ;{< . >g(t—s,Bs)}ds.

However, this time Eg|(z; — BL)? — s| = sEg|(B%)? — 1], so

t
o B
0
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However, if g is HOlder continuous at x, we can overcome this
problem: the fact that E,(z; — B%)? = s allows us to write

z; — B2 — s
EK( o) >g<t—s,Bs>]

x;, — B2 — g
= b | (T om0 - g )
By using the HOlder continuity of g one an show that the quantity
in the last display is < Cs~1t2/2 so its integral from s = 0 to ¢
converges absolutely, and with a little work (2.6c¢) follows. (See
Friedman (1964), pages 10 -12, for more details.)

The last detail concerns the derivative of v(¢,x) with respect to
t:
Theorem 2.6d: Let g be as in (2.6¢c). Then 9dv/0t exists, and

D) =g+ [ [ p e )elr vy
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4.3: The Feynman - Kac formula

Now we consider what happens when we add cu to the right side
of the heat equation. That is, we will study:

(3.1a) u e C12 and w = %Au + cu in (0, 00) x RY.
(3.1b) w is continuous at each point of {0} x R? and
u(0,z) = f(x).

If ¢(t,z) < 0, then this equation describes heat flow with cooling.
That is, u(¢,z) gives the temperature at the point =z € R? at time
t, when the heat at = at time ¢ dissipates at the rate —c(¢,z).

The first step is, as usual, to find a local martingale.

Theorem 3.2: Let ¢, = [§c(t — r, Br)dr. If u satisfies (3.1a),
then

Ms = u(t — s, Bs)eXD(CZ)

is a local martingale on [0, ).
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Proof: Applying Itd’s formula with X9 = ¢t — s, X! = B! for
1<i<d, and X3! = ¢t yields

u(t — s, Bs)exp(cg) — u(t, Bp)
— /O —uy(t — r, Br)exp(ch)dr + /O exp()Vu(t — r, By) - dB(r)

+ /OS uw(t —r), Br)exp(cf,.)dcfa + %/OS Au(t —r, Br)eXD(Cfa)dT

since we have

t ifl<i=j<d

S
(X5 X {O otherwise.

Using dcl. = c(t—r, Br)dr and rearranging, the right side becomes
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— / (—ut + cu + %Au) (t — r, Br)exp(ct)dr
4+ /OS exp(cf,)Vu(t — 17, By) - dB(r),

which proves (3.2), since —u; + cu + 3Au = 0 and the second
term is a local martingale. []
The next step is, once again, a uniqueness result.

Theorem 3.3: Suppose that ¢ is bounded. If there is a solution
of (3.1) that is bounded on [0,7T] x R? for any T < oo, it must be

v(t,z) = Ex{f(Bt)exp(cg)}.

Proof: Under our assumptions on ¢ and u, Mg, 0 < s < t,
is a bounded martingale and M; = f(By)exp(cl). Since M; is
uniformly integrable it follows that

u(t,z) = ExMg = ExM; = v(t,x). ]
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As before, it is relatively easy to show that if v is smooth enough
it is a solution.

Theorem 3.4: Suppose f is bounded and that ¢ is bounded and
continuous. If v € C12, then it satisfies (3.1a).

Proof: The Markov property implies, see Exercise 2.7 in Chapter
1 and take h(r,z) = c¢(t — r,x), that

Eu(f(By)exp(c))|Fs) = exp(cy)Ep,(f(Bi—s)exp(c;,*))
= exp(c)v(t — s, Bs).

The left side is a martingale, so the right side is also a martingale.
If v € C%1, then repeating the calculation in the proof of (3.2)
shows that

v(t — s, Bs)exp(cg) —v(t, Bg)

t 1
= /O (—vr 4+ cv+ EA’U)(t — 7, Br)exp(cl)dr
+ a local martingale.
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The left side is a local martingale, so the integral on the right
side is also a local martingale. Since the integral is continuous
and locally of bounded variation, (3.3) in Chapter 2 implies that
it must be = 0 almost surely. Again this implies that (—v; + cv +
%Av)(t—fr, Br)exp(ct) = 0 for our assumptions imply this quantity
is continuous and if it were #= 0 as some point we would have a
contradiction. []

The next step is to give a condition that guarantees that v
satisfies (3.1b). As before, we first consider the case in which
everything is bounded.

Theorem 3.5: If cis bounded and f is bounded and continuous,
then v satisfies (3.1b).

Proof: If |c| < M, then e=M! < exp(cl) < eM?, so exp(cl) — 1 as
t — 0. This implies that

| Erexp(ch) f(By) — Exf(By)| < || fllooBalexp(ch) — 1| — 0.
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(1.5) implies that (¢t,z) — Exf(B;) is continuous at each point
of {0} x R4, and the claim follows. O

This brings us to the problem of determining when v is smooth
enough to be a solution.

Theorem 3.6: Suppose that f is bounded and HOlder contin-
uous. If ¢ is bounded and HOlder continuous locally in t, then
v € C12 and, hence, satisfies (3.1a).

Proof: To solve the problem in this case, we proceed by reducing
the current case to the previous case. First note that

+ S
Ce = /O c(t —r, Byr)dr

IS continuous and locally of bounded variation. So Itdo's formula,
(10.2) in Chapter 2, implies that if h € C1, then

h(d) — h(ch) = /O "W (ct)det.
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Taking h(z) = e~% we have
t
exp(—ct) — 1 = —/O exp(—ct)e(t — s, Bs)ds.

Multiplying by —exp(ct) gives

t
exp(ch) —1 = /O c(t — s, Bs)exp(ck — ct)ds.

Substitution of the definitions of ¢! and ¢, we have

exp (/Ot c(t —r, Br)dr) =14+ /Ot c(t — s, Bs)exp (/St c(t —r, Bﬂdr) ds.

Multiplying by f(B;), taking expected values, and using Fubini’s
theorem, which is justified since everything is bounded, gives

o(t,z) = Exf(Bt)—l—/OtEx {c(t—s,Bs)exp (/:c(t—r, Bf,«)dr> f(Bt)}ds.
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Conditioning on Fs, noticing that c¢(t — s, Bs) € Fs, and using the
Markov property as in Exercise 2.7 of Chapter 1,

B, (c(t _ s, By)exp ( /S et — Br)dr) £(By)

Taking the expected value of the last equation and plugging it
into the previous one yields

]—"3> = c(t — s, Bs)v(t — s, Bs).

o(t,z) = Exf(Bt)—I—/OtEa;{c(t—s,Bs)v(t—s,BS)ds
= v1(t,z) + vo(t, ). (%)

The first term on the right, v1(t, z), is CH2 by (1.6). The second
term, vo(t,x), is of the form considered in the previous section
with g(r,z) = c(r,z)v(r, ).
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4.9: Laplace Transforms & Arcsine Laws

Example 9.3: Kac's (1951) derivation of Lévy’'s arcsine law.
Let Hy = [§110.00)(Bs)ds for t > 0. If 6 € [0, 1], then

r = garcsin(\/@).

Po<Htset>=7lr/09W11_ ar=

Remark: The reader should note that by scaling the distribution
of H:;/t does not depend on t.

To prove the claimed formula, we begin with the following
lemma:

Lemma 9.3: Let ¢(x) = —Oé—ﬁl[o,oo)(fﬂ) with o, 8 > 0. Suppose
that v is bounded, C1, and satisfies

1
EAU—I—UU: —1

for all x # 0. Then
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@)
v(z) = _/O e E e PHt g,

Proof: Our assumptions about v imply that

V() = —2(1 + c(z)v(z))

in the sense of distribution. So two results from Chapter 2, the
Meyer-Tanaka formula, (11.4) and (11.7) imply

t t
v(By) — v(Bg) = /Ov’(BS)dBS—/O(l—|—c(BS)v(BS))ds.

Letting ¢; = fé c(Bs)ds and using the integration by parts formula
(10.1) in Chapter 2, with Xy = v(By) and Y; = exp(c¢t), which is
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locally of bounded variation, we have
t
v(By)exp(cr) — v(By) = /O exp(cs)v'(Bs)dBs
_ /O " exp(cs){1 + e(Bs)v(Bs)}ds
+ [ o(Boexp(es)d
OU s p(cs)des.

Thus we find that M; = v(By)exp(ct) + [Eexp(cs)ds is a local
martingale. Since v is bounded and ¢; < 0, M; is bounded. As
t — 0o, exp(c) < e ™ — 0, so, using the martingale and bounded
convergence theorems gives

oo

Plugging in the definition of c¢(x) and using Fubini’'s theorem
leads to the formula given above. []
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(9.3) tells us that we want to find a bounded C! function v with

1

(a+ B)v = Ev”-I-l, x>0
1

av = EU”—I_L x < 0.

To solve the equation vv = %v” + 1 we write v = vg + v1 where
v1(z) = 1/~ and note that

1

v = —v]+1
2

g = lv”
> 0

so we have vg(x) = Cexp(+xz+/27v). Choosing the signs to keep
v bounded vyields

Ae TV 2(a+p) -+ QL x>0
Bexm -+ 1 x <0
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To find A and B we note that we want v € C1, so this vields

1 1
At =5 = B+,

~Ay/2(a + ) = BV2a.

Solving these equantions for A and B yields

Va B —
= , B=-A/« —I— 5
(a4 B)Va
The quantity of interest for our problem is
1 1
v(0) = A+ =

a+5—\/o¢(a—|—ﬁ) |

Now we will work backwards to the promised result. First note
the identity

Oooe vt _/ \/ﬂe—wz/zd:c_\/i W
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This implies

—a 1 e Ps
/ t / \/S(t_s)dsdt
e—(at+pBs)
s ;/8:() /t:() 1[S§t] \/S(t - S) dtds

1 roo o0 e—(OH‘ﬁ)S e—a(t—s)

3 Vvt — S8
1 roo e (Oé-|—5)8 e—a(t— s)
— ; s=0 (/— 1[8<t] vVt — S8 )
00 —(Oé-l-ﬁ)s 0o p—a(t—s)
— 1 © © dt | ds
w Js=0 \/g s vVt — S8
o0 —(a+pB)s o0 T
= 1 € (/ € dr) ds = 1 .
mJs=0 /s 0 VT \/(a + 8)a
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By the uniqueness of Laplace transforms it follows that

t —Bs
Eopexp(—BH;) = 1/0 \/ e(t )ds.
™ s(t — s

By uniqueness of Laplace transforms again we concluded that
H; has density

1 1

7T\/s(t—:s)
and hence Hy ~ Beta(l/2,1/2), with distribution function
F1(u) = (2/M)arcsin(y/u)

fi(s) = Lio.4)(s),
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