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1. It6’s formula (Section 2.7)

In this section we develop several versions of Itd's formula. We
start with the basic version, and the progress to a fancier version
with a slicker (and simpler?) proof.

Theorem 7.1: Suppose that X is a continuous local martingale
and f has two continuous derivatives. Then with probability 1,
for all t > 0O,

FO) — F(X0) = [ F/OX)Xs + 4 [ (X)d(X)s

Remark: If A; is a continuous function that is locally of bounded
variation, and f has a continuous derivative then (see Exercise
7.2 below)

FCA) — f(Xo) = [ f/(A)an, (7.2)

As will be seen in the proof of (7.1), the second term comes from
the fact that local martingale paths have quadratic variation (X)¢
while the 1/2 in front of it comes from Taylor expansion.
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Proof: By stopping at Ty = inf{t : | X¢| or (X)+ > M}, it suffices
to prove the result when |X;| and (X); < M. From calculus we
know that for any a and b, there is a ¢(a,b) in between a and b
such that

f(b) = f(a) = (b—a)f'(a) + %(b — a)? " (c(a,b)). (7.3)

Let ¢ be a fixed positive number. Consider a sequence A, of
partitions 0 = t§ <t} < --- < tp, =1t with mesh [Ay| — 0. From
(7.3) it follows that

f(Xy) = f(Xo) = Z f(Xt;?fH) — f(Xup)
1

= Z (X)) Xep | = Xep) + 5 ;gm)(thH - Xm)?.

where gi*'(w) = f”(C(Xt?athH))-
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Comparing (7.4) with (7.1), it becomes clear that we want to
show

t
Zé:f/(Xt?)(Xt?_l_l — Xn) —>/O f/(Xs)dXs, and (7.5)

%;g?(w)(){t?_i_l - Xt;.”‘)Q —p %/Ot F(Xs)d(X)s (7.6)

in probability as n — co. (7.5) follows from (6.8).
To prove (7.6), we let G} = g'(w) = f”(c(th),thH) when
s € (7t ], GY = f"(X;) for s > ¢, and let

Ay = ) (Xt;fbH — Xt;?)z

n
tig1s

sO that

¢
2
;g?(w)(Xt?H — Xt?) = /o GgdAy,
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and what we want to show is
/O "Graan /O "X ) d(X)s

To accomplish this, observe that the uniform continuity of f”
implies that as n — oo we have G% — f(Xspt) uniformly in
s, while (3.8) implies that A7 converges in probability to (X)s.
By taking subsequences we can suppose that with probability 1,
A7, converges weakly to (X)sa¢. In other words, if we fix w and
regard s — A7,, and s — (X)sa¢ as distribution functions, then the
associated measures converge weakly. With these preparations
we can fix w and conclude that (7.7) holds from the following
elementary result:
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Lemma (7.8):

(i) Supose that measures un, on [0,t] converge weakly tO oo, 3
finite measure, and

(ii) gn is a sequence of functions with |gn| < M that have the
property that whenever s, € [0,t] — s we have gn(sn) — g(s).
Then, as n — oo,

/Qndﬂn — /gdﬂoo-

Proof: By letting jin(A) = un(A)/un([0,t]), we can assume that
all the u, are probability measures. The elementary Skorokhod
construction shows that there is a sequence of random variables
Xn with distribution pn so that Xy, —as. Xoo aS 1 — o0, The
convergence of g, to g implies gn(Xn) —a.s. 9(Xoo), SO the result
follows from the bounded convergence theorem. []
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Lemma 7.8 is the last part of the proof of (7.1). Tracing back
we see that (7.8) implies (7.7), which in turn finishes the proof
of (7.6). So adding (7.5) and using (7.4) yields, for each ¢,

FOD) — F(Xo) = [ FOaxs+ 2 [ F1(X)dX)s as

Since both sides of this formula are continuous functions of ¢, it
follows that with probability 1 the equality holds for all ¢t > 0O as
claimed in (7.1). ]
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2. Integration w.r.t. Semimartingales
(Section 2.8)

Definition (8.0) X is said to be a continuous semimartingale
it X3 can be written as M; + A; where M; is a continuous local
martingale and A; is a continuous adapted process that is locally
of bounded variation.

An important property of continuous semimartingales that is not
available for more general processes is the uniqueness given by
the following theorem:

Theorem (8.1): Let X; be a continuous semimartingale. If the
(continuous) processes M; and A; are chosen so that Ag = 0,
then the decomposition X; = M; + A; is unique.

Proof: If M, + A} is another decomposition, then A; — A} =
M] — M, is a continuous local martingale and locally of bounded
variation, so by (3.3) A; — A} is constant and hence = 0. O]
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Now we extend the class of integrators for our stochastic integral
from continuous local martingales to continuous semimartin-
gales. Here are three reasons for doing this.

(i) If X is a continuous local martingale and f is C?2, then It®’'s
formula shows us that f(X;) is always a semimartingale but it
is not a local martingale unless f”’(x) = 0 for all . In the
next section we will prove a generalization of Itd's formula which
implies that if X is a continuous semimartingale and f is C?2,
then f(X;) is again a semimartingale.

(ii) It can be argued that any ‘“reasonable integrator” is a
semimartingale. To explain this, we begin by defining an ‘“easy
integrand’ to be a process of the form

mn
H = Z Hil(Tz'aTi—l—l]
1=0

where 0 = Ty < T7 < --- < T,41 are stopping times, and the

H; € G, have |H;| < oo a.s.
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Let bl ; be the collection of bounded easy predictable processes
that vanish on (¢,00) equipped with the uniform norm:

|H||w = sup |Hs(w).
S,w

For easy integrands we define the integral as

mn
(H-X)= ) H(X1,, —X1).
i=1

Finally, let L9 be the collection of all random variables topol-
ogized by convergence in probability (which is metrized by the
metric || X|lo = E(X|/(1 + |X])). (cf. Dudley, (2002), RAP
pages 287-297).

The following result was proved independently by Bichteler and
Dellacharie:

Theorem (8.2): If H — (H - X) is continuous from blMe; — Lg
for all ¢, then X is a semimartingale.
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(iii) Last but not least, it is easy to extend the integral from
local martingales to semimartingales if we replace MN3(X) by a
slightly smaller class of integrands that does not depend on X.

Getting back to business: let Xy = M; + A; be a continuous
semimartingale. We say that H € [bll = the set of locally
bounded predictable processes, if there is a sequence of stopping
times T, /* oo so that |H(s,w)| < n for s <Ty,. If H € [bl1 we can
define

t
(H - A)y(w) = /O He(w)dAs(w)

as a Lebesgue-Stieltjes integral (which exists for a.e. w). To
integrate with respect to the local martingale M; we note that

In o 2
/O H2d(M)s < n2(M)p, < o0
and Ty, — oco. Thus bl C MN3(M), we can define (H-M ), and let

(H-X)i=(H- -M)i+ (H-A)y
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since by the unigqueness of the decomposition this is an unam-
biguous definition. This leads immediately to:

Theorem 8.3: If X is a continuous semimartingale and H € [bll,
then (H - X); is a continuous semimartingale.

The second of our abc’s is also easy. We name it in honor of
the similar relationships between addition and multiplication:

Distributive laws (8.4): suppose that X and Y are continuous
semimartingales, and H, K € [bl1. Then

(H+K)-X) (H-X)t+ (K- X)q,
(H-(X+Y)): = (H-X)t+(H-Y)
Proof:. This follows easily from the definition of the integral with
respect to a semimartingale, the result for local martingales given
in (6.4), and the fact that the results are true when X and Y

are locally of bounded variation. In proving the second result we
also need EXxercise 8.1.
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The rest of this section is devoted to defining the covariance
for semimartingales and proving the third of our abc’'s in this
setting.

Definition (8.5): If X = M+ A and X’ = M'+ A’ are continuous
semimartingales we define (X, XYy = (M, M').

To explain this definition, recall the approximate quadratic
variation QtA(X) defined in Section 2.3. This leads to the
following theorem:

Theorem 8.6: Suppose X = M 4+ A and X' = M’ 4+ A’ are
continuous semimartingales. If A, is a sequence of partitions of
[0,t] with mesh |A,| — 0, then

QA"(X, X") — (M, M'); in probability.
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Proof:. Since
QAM(X, X") = QA(M, M) + QP (A, M') + QP (X, A)

it suffices to show that if Y; is a continuous process and V; is con-
tinuous and locally of bounded variation, then QtA”(Y, V) —a.s. 0.
To prove this we observe that

Q" (Y, V) < |VItsup[Yin, | — Yinl.
1
The second term converges to O almost surely and the first term
has |V ] < oo, so the desired result follows. []

Theorem 8.7: Suppose that X* and YJ are continuous
semimartingales, H* and K’/ € IbM, X = Y™ H' - X', Y =
>_1 K7-YJ, then

t . . ) .
(X, V)= [ HIKId(X", Y 7).
1,J
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Proof: Let M* and N7 be the local martingale parts of X! and
VI, let M =™, H' M"and N g K7 . NJ. It follows from
the definition that (X,Y); = (M, N)¢, so using (6.6) and then
(M*, N7); = (X' Y7); gives the result. O
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3. Associative Law (Section 2.9)

Let X; be a continuous semimartingale. In some computations
it is fruitful to write the integral relationship

¢
Y, =/O KedXs = (K - X);
as the formal equation
dY; = Kid Xy

where the dY; and dX; are fictitious objects known as ‘'stochastic
differentials.” An example is the derivation of the following
formula, which, for obvious reasons, we call the associative law:

H. (K- -X)=(HK) - X. (%).

Proof using stochastic differentials: d(H - Y); = HdY;.
Letting V; = (K - X); and observing dY; = K:dX; yields

d(H - (K- X)) = Hid(K - X); = HiKdX; = d((HK) - X);.
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The proof written this way is not rigorous, but the computation
is useful because it tells us what the answer should be. Once we
know the answer, it is (almost) routine to verify by checking that
it holds for basic predictable processes, and then following the
extension process we used for defining the integral to conclude
that it holds in general.

Lemma 9.1: Let X be any process. If H K € 4, then (%)
holds.

Proof: Note that the formula is linear in H and K separately,
SO we can, without loss of generality, suppose that H = 1., ,,C
and K = 1., 4D and further that either (i) b < c or (ii) a =c,
b= d. In case (i) , both sides of the equation are identically O
and hence equal. In case (ii),

0, 0<t<a,
(K- X)t=q D(X¢— Xa), a<t<hb,
D(X, — Xa), b<t< oo
SO
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0 0<t<a,

(H-(K-X))t=q CD(X;t — Xa), a<t<,
CD(X, — Xa), b<t< oo
and it follows that H- (K - X) = (HK) - X. ]

Now extend to H, K € lN»(X) as follows:

Lemma 9.3: Let X be a continuous local martingale. If H € bl'4
and K € N»(X), then (%) holds.

Lemma 9.4: Let X be a continuous local martingale. If H &
Pi>(K - X) and K € N»(X), then (%) holds.

Lemma 9.5: Let X be a continuous local martingale. If H €
MN3(K - X) and K € MN3(X), then (%) holds.

Lemma 9.6: Suppose that X is a continuous semimartingale.
If H, K € [bl, then (%) holds.
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4. Functions of several martingales
(Section 2.10)

Our goal in this section is to prove a version of Itd's formula for
functions of several semimartingales. The key to the proof is the
following basic lemma:

Lemma 10.1: If X and Y are continuous semimartingales, then
t ¢
XY — XYy = /O YedXs + /O XodYs + (X, Y ).

Proof: Let A, = {t}'} be a sequence of subdivisions of [0, t] with
mesh |Ay,| going to 0. We can write

X4y — XoYp = Z(Xt?_'_l — Xt?)(y;f?_l_l — Yin)
i
+ 2 (Xpn, = X))V + 3 Xn (Y, | — Vi)
i i

(8.6) implies that
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%:(Xt?_i_l = Xyn)(Yin | = Yin) = (X, Yy
in probability, while application of (6.7) to each of the last two
sums implies that they converge to [§YsdXs and [§ XsdYs. []

When Y; is locally of bounded variation then (X, Y); = 0, and this
reduces to the ordinary integration by parts formula of Lebesgue-
Stieltjes integration:

t t
/O YedXs = X;Y; — XoYp — /O XdYs.

Note that the right side of this equation can be understood in a
path by path sense.

Here is our generalization of (7.1):
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Ito’'s formula (10.2): Let f : R? - R and 0 < ¢ < d. If

x}, ..., X% are continuous semimartingales and X¢T1 ... x4 are
locally of bounded variation, then

d 1 ¢ S
FOX) - (X)) = 3 [ Dif(Xaxi+S 3 [ Dyf(Xod(xXh X7),
=170 2 1<ij<e”®
provided the derivatives D,f, 1 < j < d and D;;f, 1 <1i,j <c
exist and are continuous.

Proof: By stopping, it suffices to prove the result when |X}|,
(X", < M for all i,t. Since any function f satisfying the
hypotheses can be approximated by polynomials g, in such a
way that gn, Dign, 1 <i <d and D;;gn, 1 <14,j < c converge to
f, D;f, and D;;f uniformly on [—M, M]¢, it suffices to prove the
result when f is a polynomial. For then (6.8) and Exercise 7.2
allow us to pass from the result for g, to that for f.
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To prove the result for a polynomial, it suffices by linearity
to prove the result when f is a monomial zFizk2...zkn where
ki,kp,...,kn € {1,...,d}. [Note that kq,...,kn, are superscripts,
not powers, e.g. our monomial might be zlz%zlz122]

If n=1 and k1 = k, then (10.2) says that

t
Xk xk =/O 1dx*

which is trivially true. To prove the result for a general monomial,
we use induction. Let Y; = [[” _4 Xf(m) be a monomial for which
(10.2) holds, and let

Ty = Xf(""'l). Applying(10.1) gives
t t
YiZ, — YoZo = /O ZsdYs + /O YedZs + (Y, Z);.
Applying (10.2) to Y gives
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n t n .
v = 3w )axe

=170 m=1m%1
L s e
g <m0 \m=1,msi,j

so using the associative law (9.6),

n—+1 _
/OtZSdYS = Z/t( 11 Xf(m)) dxk®

0

1<n m=1,m=*i
1 t n+1 . | .
1,J SN, MFL,] m=1,m#1,j
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By definition

/ot YodZs = /t ( H Xf(m)> de(”+1),

0 m=1
To evaluate the third term (Y, Z)+, we observe that by (10.3) and
the forumla for the covarinance of stochastic integrals, (8.7),

t n :

i<n’O \m=1m=#i
Adding the last three equalities gives
YiZi —YoZo = 3 / ( 11 X§(m)) ax k@
i<n4+1 0 m=1,m=*1
n+1 " n+1 ‘ .
+ Z ( H X§(W)> d<Xk(Z>,Xk(])>s-
ij<nt1,m##i "0 \m=1,mzi;j
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Note that for each ¢ in the sum for (Y, Z);, there are two terms
1=1t,9=n-+1, and i =n-+ 1,5 =1 in the last sum.
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