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Theorem 5.1 (Strong Markov) Suppose that
X (82,4, P) = (Dio,00)> Pio,e0))

are adapted to right continuous A;’s. Suppose that
e X(0)=0
e X has stationary and independent increments.

e X(t+ s)— X(¢t) is independent of A; for all s >0
and for all t > 0.

e Let 7 be an extended stopping time for the A;'s.
e Suppose that P(r < o0) > 0.

e For t > 0 define

) X(r+1t) - X(r) on[r <],
Y(t)_{O on [r = oo].
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T hen:

Y i([r <oo]N€[r <oo]NA, P(:[T < o0)) = (D[0.00): P[0,00))

and

P(Y € F|[r <oo]) = P(X € F) for all F € D))
Moreover, for all F & D[O,O@) and A € A,

P([Y e FINA|[Tt < >]) = P(X € F) - P(A|[T < o0]).
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Proof. (Case 1.) Suppose that the range of 7 is a countable
subset {s1,s5,...} of [0,0). Let t1,t2,...,t;m >0, let By,...,Bm
be Borel subsets of R, and let A € A-. Then
P([Y(t1) € B1,...Y(tm) € Bn]NAN [T < o0])
= ZP(:Y(tl) € B1,...Y(tm) € Bn]NAN [T = si])
k

= > P([X(t1+s5) — X(sp) € By,...]NAN[1 = s;])
k

= > P([X(t1+ si) — X(sp) € B1,...)P(AN[1 = s])
k

P([X(t1) € B1,...]) Y P(AN[r = s;])
k

— P([X(tl) E Bla e 7X(tm) E Bm])P(Aﬂ [T < OO])7
where the third equality holds since
ANn[r=s] = (AN[r <sp]) Nr = s

is in As,, and thus independent of the other event by the
independent increments of X.
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Setting A = [Tt < o] in the last display yields

P(Y(t1) € B1,...,Y(tm) € B[t < 0])
= P([X(t1) € B1,...,X{tm) € Bml]);

Substitution of this equality into the first display of the proof
and dividing by 7 yields

P([Y(t1) € B1,...Y(tm) € Bpn] NA|]T < o0])
= P([Y(t1) € B1,...Y(tm) € B[t < o0]) - P(A|[T < =]).

Thus the last two displays hold for the class G of sets of the
form [Y(t1) € B1,...,Y(tm) € Bm] and for all sets a € A,. Since
G generates Y—l(D[O,OO)), the second display of the proof implies
(2). Since G is also closed under finite intersections (that is, it
is a m—system), the 3rd display and proposition 7.1.1 imply that
the equality in (3) holds.

Math/Stat 523 Probability, Spring, 2020, Lecture 1 1.5



Case 2: Now consider a general stopping time . For n > 1
define

k/n for(k—1)/n<st<k/n and k>1,
™m =< 1/n for r =0,
o0 for 7 = oo.

Note that m(w) \(7(w) for w € [T < ox]. For k/n<t<(k+1)/n
we have

[t < t] =[r <k/n] € Ay, C A,

so that 7, is a stopping time, and also for A € A; (so that
AT C ATn) Define

Yo(t) = X(m+t) — X(m) on [m < oo] = [1 < o],
and let it equal O elsewhere By case 1, results (b) and (c¢), both

P(Yn € Fl[Tt < x]) = P(X € F) and (4)
P([Yn € FIN Al[r < o0]) = P(Yn € F|[1T < o0]) - P(A|[T < co})
for all F € D[O,oo) and all A e A-.
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Let (r1,...,rm) denote any continuity point of the joint df of the

finite dimensional random vector (Y (t1),...,Y (tm)), and define
Gn — Yn(tl) < ’I“]_, c ooy Yn(tm) < ’rm,T < OO],
G = [Y(t1) <71, Y(tm) <rm, T < 0],
G* = [Y(t1) <7r1,-.., Y (Em) <, 7 < 09],
H = [X({1) <7r1,...,.X0Um) < rml].

By the right-continuity of the sample paths, Y,(¢t) — Y (¢) for
every t and every w € [T < oo]; thus

G C liminfGn C limsup G, C G*. (6)
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Then

P(G|T < o0) < P(limGp|T < 00) < IimP(Gp|T < 00)

by (6),then the DCT
P(H) = IimP(Gn|T < o0) by using (4) twice,
P(limGp|T < o0) < P(G*|T < o0) by the DCT and (6)

VA

P(G|T < o0) + Z P(Y (t;) = ;|7 < 00)
=1

VA

P(G|T < 00)

since (r1,...,rm) IS a continuity point.
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Corollary 0. Sums of independent independent and identically
distributed random variables are strong-Markov; see PfS, Section
8.7 page 1709.

Corollary 1. Standard Brownian motion S is a strong - Markov
process.

Corollary 2. The standard Poisson process N is a strong -
Markov process.

Corollary 3. Markov chains (see e.g. Durrett (2019), section
5.2) are strong - Markov processes.
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