Statistics 522, Problem Set 8 Solutions
Wellner; 3/11/2020

1. Exercise 11.6.4, page 34, Wellner, Chapter 11 notes.
Give a direct proof of the equivalence of (i) and (iv) in Proposition 2.2.
(Hint: consider the functions ¢.(z) = ¥ (z/€e) with ¢ as given on page
34.

Solution: Suppose that (iv) holds. Let z € Cr and € > 0. Suppose
that v is defined by

S, exp(—=1/(u(1-u)))du

<y <
_ fol exp(—1/(u(1—u)))du’ O0<y<lI,
Wy) =4 1 <o
0, y>1.

Consider the function f,(y) = f.(y; z,€) defined by

0, Yy > x+te,
fu(y) = ¢E,x(?/) = 1, y <z,
Uy —x)fe), x<y<ute

Then f, € C*(R) and it satisfies
]-(—oo,:c] (y) < fu(y> < 1(—oo,x+e](y>a
and hence it follows that

Fn('r) = El(—oo,z] (Xn) < Efu<Xn) < El(—oo,a:—l—e] (Xn> = Fn<x + E)? and

Therefore, since (iv) holds,

limsup F,(z) < limsup Ef,(X,) = Efu(X) < El_ooprq(X) = F(z +¢).

n n

Letting € N\, 0 and using right-continuity of F', this yields

lirnnsup F,(z) < F(x). (1)
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Similarly the function fi(y) = fi(y;z,€) = ¥((y — (x — €))/€) satisfies
fi € C*(R) and

1(700,3376](?/) < fl(y) < 1(foo,x}(y)>

and hence, since (iv) holds,

F(z —e€) < Efi(X) =lm Ef(X,) = liminf Ef;(X,,) < liminf F,(z).

Letting € N\, 0 and using z € Cr (here is where z € CF is used!), this
yields

F(z) < limninf F,(x). (2)

Combining (1) and (2) yields F,, —4 F; i.e. (i) holds.

For the reverse implication, note that (i) implies (ii) by the Helly-Bray
Theorem 3.5.1; (i.e. Ef(X,) — Ef(X) for all f € C,(R)), and since
C*(R) C Cy(R) (iv) holds. (Recall that the simplest proof of the Helly-
Bray theorem is via the elementary Skorokhod theorem 6.3.2, PfS page
110.

. Exercise 9.2.4, PfS Course Notes, page 199. (Exercise 11.8.4, page 293,

PfS 2000.)

Suppose that log X ~ N(0, 1).

(i) Show that the density of X is given by fx(x) = z~exp(—(logz)?/2)/v/2r
for x > 0 (and 0 otherwise).

(ii) For each a € [—1, 1] consider the random variable Y, with density

faly) = fx(y)(1 + asin(2rlogy)) for y > 0.
Show that EX* = EYF for all integers k > 1 and a € [—1,1].

Solution: (i) Since X L ¢7 where Z ~ N(0,1), it is clear that X > 0
with probability 1. Hence we compute, for x > 0,

Fx(r) = P(X <x) = P(e? <z) = P(Z <logx) = ®(log 7)

where ®(z) = f_zoo ¢(y)dy is the standard normal distribution func-

tion and ¢(2) = (2r) /2 exp(—22/2) is the standard normal density
function. Thus

fx(z) = Fy(z) = ¢(logz) -2~ for > 0.
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(ii) Now by changing variables to y = log x we get

EXF = / ¥z (2r) V2 exp(—(log 2)?/2)dx
0

N / T M)y where 6(z) = (2m) V22

ek2/2/ d(z — k)dz = /.

On the other hand, by the same change of variables,

EYF = / z*2 71 (2m) Y2 exp(—(log 2)?/2) (1 4 asin(2r log z)) dz
0

_ /_OO e o(y) (1 + asin(2ry)) dy

o0

= M2 /_00 oy — k) (1 + asin(27y)) dy
= M2 /_oo &(z) (1 +asin(27(z + k))) dz

= ek2/2/ o(2) (1 +asin(27z)) dz

by using

sin(27(z + k)) = sin(27z2) cos(27k) + cos(272) sin(27k)
= sin(27z) - 1 4 cos(27z) - 0

(272

= sin )
= (1 +a/ sin(27rz)¢(z)dz)
= /2 since sin is odd and ¢ is even

2
ek /2.

Thus the distribution function F' in (i) is not uniquely determined by
its moments. The moments {p }x>1 do determine a unique distribution
function if either limsupy_,o |px|*/k < 0o or S50, puart™ /(2k)! < oo
for some interval of ¢’s.

. Exercise 11.6.7, page 34, Wellner, Chapter 11 notes. (This asks for a
version of the Lindeberg replacement inequality in the case of random
vectors X, Y, and W with values in R*.)
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Solution: First the needed multivariate Taylor’s theorem with re-
mainder. (Thanks to Mathias Hudoba de Badyn for pointing out a
nice source for this, namely G. Folland’s course notes for Math 425:
https://www.math.washington.edu/ folland /Math425/taylor2.pdf.) Sup-
pose that f: R¥ — R with f € C3(R*). Then for z,y € R*

) = F(@) + 5"V (@) + 2" H @)y + Rea(y)

2
where
T
V() = ({f_xfl’ e g—i) = the gradient of f at z,
°f \"
H(z) = Vif(x) = (3$¢3Ij>m:1 = the Hessian of f at z,
o y
R.2(y) = Z 0% f(x + Gy)a for some 0 <0 <1,
|a|=3

and where, for a = (aq,...,q;) € N¥,

k k
|| EZaj, a!:Haj!,
=1 =1

2 =22t for x € RF,
olel f

a1 a9 ap
0x{'0x5? - - - Oy,

0°f(x) = 07 05° - Ot f =

Thus if |03 f(x)| < M for all x € RF (and all a with |a| = 3), it follows
from the multinomial formula

m!
(@1 + oot o) = e

|a|=m
with m = 3, that
M s
Sl

where [|y|; = Z?zl |ly;| is the ¢; norm of y.

| Ra2(y)| <



Now back to the problem at hand. From the Taylor expansion we find,
using the independence of X and Y and then the hypothesized equality
of first and second moments, that

Ef(X+Y) = Ef(X)+E[Y'Vf(X)]+ %E [YTH(X)Y]| + E[Rx(Y)]
= Ef(X)+E[YT]|EVf(X)+ %E [YYT]- EH(X)] + E[Rx(Y)]
= Ef(X)+E[WT']EVf(X)+ %E (WWT']- EH(X)] + E[Rx2(Y)]
= Ef(X+ W)= E[Rx2(W)]+ E[Rx2(Y)].

The second equality above is based on a computation via the trace
operation as follows: with H = H(X) and using the fact that equal
means and covariance (matrices) for Y and W holds if and only if

Y and W have equal means and equal second moment matrices (so
EYYT)= E(WWT)),

E[YTH(X)Y]
= E[tr(YTHY)| =E[tr(YY" - H)]
r (B [y - 1))
tr ( [YYT] E(H ) by independence of Y and X
= [W H(X } by the same argument as for Yabove.

This yields

BfX+Y) = Bf(X +W)| < ElRyxa(Y)|+ BlRxa(W)
M
= {BIY I+ B}

IN

as claimed. Note that this can be formulated in terms of the usual
Euclidean norm |v|y = {Ej L v2}/2 since the £, norms on R* are re-
lated by |v], < |v|y < EVP=VPy], if 1 < p/ < p. In particular,
o]y < K2 o],

. Exercise 11.6.9, page 35, Wellner, Chapter 11 notes. Use the Cramér

- Wold device to prove the multivariate CLT from the classical (one-
dimensional) CLT.



Solution: Suppose that X,..., X, are i.id with E(X) = p and
E(X—p)(X—p)" = 3. Let a € RF and consider Y,, = a”/n(X,, — ).
Then since

we see that

n1/2 Z 7, = n1/27n

i=1

where Z; = a® (X,

; — ) are i.i.d. with mean 0 and variance

Var(Z)) = Var(a" (X, — p))
QTE{(Xi - /j) (X, — H)T}Q

= a'Ya.

Thus the one-dimensional (Lindeberg) CLT yields

4

Y, —=aY ~ Ni(0,a"Sa) = a"V

where V. ~ Ni(0,%). That is, a’V, —4 a’V for every a € R*. By the
Cramér-Wold device this implies that V., —4 V. ~ N (0, ).



