Statistics 522, Problem Set 4 Solutions
Wellner; 2/13/2020

1. Let X;, Xs,... be independent rv’s with each X, > 0 and FX, = 1.
Let M, = [[;_, X} for 1 <k < n with My = 1. Then {M, : n >0}
is a martingale with all E(M,,) = 1.

Solution: Let A, = o[Xj,...,X,]. Then E|M,| = E|][}_, Xi| <
[T, E|Xk| < oco. That E(M,) = 1 follows easily from independence
of the X}’s and the fact that £(X}) = 1 for each k. Furthermore, since
X411 is independent of A, and E(X,41) =1,

E{M,.1|A,} = E {Xn+1 HXk]An} = E{ X1 M| A} = My E{X,41| A}

k=1
= M, a.s.

Thus {M,, A, }n>1 is a mean 1 martingale.

2. Exercise 13.1.6, page 353, PfS Course Notes, Chapter 13. (Exercise
18.1.6, page 471, PfS, 2000.)
Find the exponential martingale that corresponds to the martingale
Poisson process M((¢) in example 1.12. Then differentiate this twice
with respect to ¢, set ¢ = 0 each time, and obtain the two martingales
given in the example.

Solution: The martingale M(t) in example 1.12 is just M(¢) = N(¢) —
At where N is a Poisson process. The natural filtration {A;}+>0 is given
by A = o[Ns) : s < t]. To get an exponential martingale, we define

exp(cM(#))

0= Besan()

(1)
Computing the denominator we find that

Eexp(cM(t)) = Eexp(eN(t) — elt) = e”ME exp(eN(t)) = e~ . A

= exp(At(ec—1—1¢)) (2)
= exp(A(t—s)(e“—1—1c)) - exp(As(e —1—¢))
= Fexp(c(Mt) — M(s)) - Eexp(cM(s)). (3)
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using independence of Mt) — M(s) and M(s) in the last line, since, if
N ~ Poisson(y), the moment generating function is

T‘

Zerk —'y/y —¢ 'yi k er—l)'

k=0

Note that E{Y.(t)} =1 < oo for all ¢ > 0. Furthermore, for 0 < s < t,
by using (3),

EY(A} = E {%Ms}

[ exple) — M)
= b { E exp(cM(

( ) (
~ exp(cM(s)) . exp(c(M(t) — M(s)))
- o i
= Y.(s)-1=Y.(s) as.

since M((¢) — M(s) is independent of A,. Thus {Y.(¢), A }+~0 is a mean
1 martingale.

Using (2) in (1) we find that
Y.(t) = exp(cM(t) — At(e® — 1 —¢)).
Differentiating Y. with respect to ¢ yields

Y/(t) = Yalt) - (M(t) — M(e° — 1)).

C

Since Yy(t) = 1 and €° = 1, evaluating Y/(¢) at ¢ = 0 yields just M(¢).
Differentiating with respect to ¢ again yields

Y1) = Yalt) - (M(£) — M(e® — 1)) + Ya(t) - (—te).

Evaluating this at ¢ = 0 yields M?(t) — At. Thus both {M(t), A; }+>0
and {M?(t) — M, A; }1>0 are martingales. This can also be verified by
direct calculation.



3. Exercise 8.9.2, page 186: In the same context as Example 9.1, turn
{S%  Aj}1<r<n into a martingale by centering it appropriately.

Solution: If Xj ~ (0,0%) are independent, then with S, = X; +--- +
X and Ay, = o[Xy, ..., X}, then I claim that {S? — Y7 02, A, }u>1
is a martingale. To see this we compute

n+1 n
E {SZH - ZaﬂAn} =L {(Xn—l-l +5,)% - 072L+1 - ZgﬂAn}
k=1

k=1
= B {XEH - Uiﬂ‘An} + 55— ZUI%
k=1

since the cross term X, 15, has zero conditional mean by independence
of X,,y1 and A,, and since F(X, ;1) =0

= O—i-SfL—Zaz a.s..
k=1

4. Exercise 8.10.1, page 189. (Exercise 8.11.1, page 249, PfS, 2000.)
To complete the proof of the Hajek-Rényi inequality for martingales,
show that {7}, Ak }n<k<n is a martingale and that Var(Ty) is equal to
the second factor on the right side of (b) on page 188, namely

n N
Zk:ﬂﬂ% ‘71%
{b—2+ 2 3
n k=n+1 K

Solution: If {Sk, Ax}o<k<y is a 0O—mean martingale and X = Sy —
Sy_1 has Var(X) = 02 < oo for all 1 < k < N, then with

k
Ty = Sp/bn + Z X;/b;, for n <k <N,
Jj=n+1
{Tx, Ax}n<k<n is a martingale. To see this, note that

k+1

E{Tin| A} = E{Su/bo+ > (X;/bj) A}

Jj=n+1

k

= Sofbu+ Y (X;/b;) + E{(Xk1/brir) [ Ar}
Jj=n+1

= T, a.s.



since B(Xyi1|Ar} = E(Sky1] Ak} — Sk = 0 almost surely. Furthermore,

n N
Var(Ty) = 5;22024‘ Z (ng/b?)
k=1 j=n+1
since
N N
Var(Ty) = Var(S,/b,) + 2b,'Cov(S,, Z (X;/bj)) + Var( Z X; /b))
j=n+1 j=n+1

N
= b,°Var(S,)+0+ Var( > X;/b;)

j=n+1
n N
_ -2 2 2 /12
= b, E oy, + g a5 /b;
k=1 j=n+1

via the following additional calculations:

Var(S,) = ES?=EE{(S,_1+ X,)*| A1}
= BE{S? [ +0+ E(X2|A,_1)}
= Var(S,_1)+ Var(X,) = Var(S,_1) + o2

n
n
_ __E 2
= . = Gj’
Jj=1

while, similarly,

Va?“(i Xi/bj) = E (in/ba)

j=n+1 n+1

N-1 2 N-1
— EE (Z Xj/bj> + 265 Xy (Z Xj/bj> + XY Ay

n+1 n+1

N—1
= Var < Z Xj/b]) + 0+ byox

j=n+1

N
- .= Z g?/b?‘

j=n+1
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5. Let Y1,Y5, ... be independent random variables, and suppose that Y}
has either the density pi or ¢, with respect to some common dominat-
ing measure u. Let Xy = qu(Yr)/pr(Yy) for £ > 1, let Py denote the
probability measure on R corresponding to pg, and let P = [~ Pk
denote the resulting product measure on (R>, B,,).

(a) Relate the Xj’s above to Kakutani’s martingale as in Example
13.1.14 (PfS, page 343).

(b) Relate the X}’s above to the likelihood ratio martingale as in Ex-
ample 13.1.13 (PfS, page 343).

Solution: (a) Note that under P then X = (qr/px)(Ys) satisfy

EX), = / :(ye) Py / B pdp = / grdp = 1.
]Rplc(yk R D R

Furthermore the X}’s are independent with X, > 0. Thus with M, =
[Tiei Xi = ITiey 2 (Ya), the {My, An}n>1 can be viewed as Kakutani’s
martingale in Example 13.1.14.

(b) In the context given we can let A,, = o[Y7,...,Y,] and take (2, A)
of Example 13.1.13 to be (R*, B,,) Then let P,, @, correspond to the
densities [[,_, pr(yx) and [[,_; gx(yx) on (R™, B,,) for n > 1. With this
notation, X,, of Example 13.1.14 becomes just

d@ Gk
Y

M, = —

TL

so that {M,,, A, },>1 is a mean 1 martingale of likelihood ratios.

6. Bonus problem: Find the 3rd and 4th order martingales obtained
by differentiating the martingale Y = Y, given in Example 13.1.8 three
and four times respectively and setting ¢ = 0. (Hint: The Hermite
polynomials defined in Exercise 12.7.3, PfS page 325, (11.6.4) page
295, and (11.6.15) page 396, might be useful.)

Solution: After some calculation the two martingales turn out to be
Z3(t) =S(t)> = 3tS(t)  and  S(t)* — 6tS*(t) + 3t°.
Note that E(Z3(t)) = 0 and
E(Z,(t)) = BE(S(t)* — 6t* + 3t* = 6t> — 6t = 0.



