Statistics 522, Problem Set 2 Solutions
Wellner; 1/23/2020

1. Suppose that {X;}°°, are independent and non-negative (X, > 0).
Show that the following are equivalent:
(1) dope, X < oo almost surely;
(i) 25 {P(Xe > 1) + E(Xplx, <)} < 00
(i) T E(Xe/(1+ X)) < o0
Solution: Suppose that (i) holds. By the 3-series theorem it follows
that all three series I, = 32° P(|X;| > ¢), I, = Y2 Var(X\?) < oo
and I1I. = > " E(X (c)) < 0o where X( ) — Xi1jx,|<q- But since the
X’s are non-negative by taking ¢ = 1 this implies that I, + I11. =
2 e{ P(Xi > 1) + BE(Xplpx, <)} < 00, so (ii) holds.
Suppose that (ii) holds. Then

i Var(X\V) < i B(X] i = [II,_; < oo,
1

k=1 k=1

so all three series converge with ¢ = 1. Thus (i) holds by the three
series theorem again.

To see that (iii) is equivalent to (ii), let ¥(x) = 21j,<1) + 1jz>1] and note
that

S0(e) S T < (),

Replacing x by X, taking expectations, and then summing on k we

get
_Zm (X) <ZE(1+Xk> ;Eq/J (Xp).

The equivalence of (iii) and (ii) follows from these inequalities.

2. Suppose that {Y}}72, are independent standard Cauchy (i.e. Cauchy(0,1))
random variables.
(a) Does Y )_, 27%Y} — 4. (some 1v)S?
(b) For what sequences {ay}3>, does > 7, aiYy —4.5 (some rv) S?
(c) What is the distribution of the limits S in (a) and (b) (if they

1



exist)? Hint: You may use characteristic functions together with in-
dependence here.

Solution: (a) Let X, = 27*Y,. We will apply the 3-series theorem.
Thus for ¢ > 0 we have, since the Cauchy density is f(y) = 71 (1+y?) 2
for y € R,

o 1
P(| Xyl >¢) = PY>2’“c:2/ ——d
(X > ) = POY>2) =2 | ey
2 [ 2
< —/ Yy idy = —27F,
T Joke T
Thus
o0 2 o0
P( )< — N
SR> =2 = = <o
k=1 k=1
Now with X]gc) = Xkl[\Xk\gc] =27k Ykl[\Yk|§2kc] we have
2k
E(X") = 27 E (Yl gy <omq) 22_’“/ yf(y)dy =0
—c2
by symmetry, and
(© 2y
Var(X,? = 272*F (V21 :2—%/ —
(M”( k ( k HYHSZ’“C]) ok 77(1+y2) Yy
92k 2
< I 9wk = ZC9k
T T

Thus Y7, BE(X()) =37, 0=0and

> 20 — 2c
Var(X9y < 2§ gk = 22
2V < T = e

Thus by the three-series theorem it follows that

S —ZXk 22 kYk —a.s. ZQ kYk

(b) If 27% is replaced by ax > 0 with aj, — 0, then arguments paralleling
those in (a) yield

2
P(|Xg| > ¢) < —ay, E(X,gc)) =0 forall k>1,
e



and 5
Var(X\?) < Zay,
ar(X,”) < 7rcak

so the three series all converge if ), | ax < oo. Thus the three series
theorem yields S,, = ZZ:1 apYy —as S for Y, independent standard
Cauchy if and only if >~7, a) < cc.

(c) Note that the results of (b) make sense from the point of view of
characteristic functions: since Fexp(itYy) = exp(—|t|) for all k£ and
t € R, since the Y}’s are independent we have

n

n
E(eztsn) _ HEeztakYk _ He—|t\ak
k=1

k=1

= exp(—|t| Zak) — exp(—|[t| Zak) if A= Zak < 00
k=1 k=1 k=1

EeitAyl

This shows that S < AY; where V; ~ Cauchy(0, 1).

. PfS, Exercise 12.3.1, page 309: Let Z ~ N(0,1), let V, UM, and U®
be independent Brownian bridge processes, with Z independent of V.
Fix a > 0. Show that:

(a) B(t) = V(t) + tZ is a Brownian motion for 0 < ¢ < 1.

(at)/v/a, 0 <t < oo is a Brownian motion.

Solution: (a) It suffices to show that B has mean 0 and covariance
sAtfor0<s,t<1. But

EB(t) = EV(t)+tE(Z)=0+1t-0=0 for each t € [0,1],
and, since Z is independent of V

EB(s)B(t)) = E{V(s)+sZ)(V(t)+t2)} = E{V(s)V(t)} + stE(Z?)
= SsAt—st+st=sAt.



(b) Note that E{B(at)/\/a} = a~/?EB(at) = a~*/?-0 =0 and
B(as) B(at)
25
(c) Let W(t) = B(a+t) —B(a) for t > 0 and a > 0. Then EW(t) =
EB(a+t) —B(a)) = EB(a+1t) — EB(a) =0—0=0 and

}:éﬁHBmQBMQ}:%(MQAﬁnD:sAt

E{W(s)W(t)} = E{(B(a+s)—B(a))(Bla+1) —B(a))}
= E{B(a+s)(B(a+1t)—B(a))}
by independence of B(a +t) — B(a) and B(a)
= E{B(a+s)B(a+1t)} — E{B(a+ s)B(a)}
= (a+s)A(a+t)—(a+3)ANa
= a+s—a=s if s<t;

that is E{W(s)W(t)} = s A t.
(d) Let V() = /1 —aU® £ /aU®. Then EV(t) = 0 by linearity of
expectation. By independence of UM and U® we find that

E{V(s)V(t)} = Cov(v/1—aUW(s)=£aU?(s),v1—aUW(t) & /aU?(t))
= (1 —a)Cov(UW(s), UV (1)) + aCov(UP(s), U (1))
(I1—a)(sANt—st)+a(sNt—st)=sNt— st

(e) By linearity of expectation, EZ(t) = 0. Furthermore, by indepen-
dence of UM and U® we find that for 0 < s,¢ < 1/2

E{Z(s)Z(t)} = Cov(Z(s),Z(t))
= Cov(UW(s) + UD(1 - 5)}/vV2, UV (1) + UD(1 — 1)} /V2)
= 27HCou(UW(s), UM (1)) 4+ Cov(UP(s), U (¢))}
= 27 sAt—st+(1—s)A(1—t)—(1—s)(1—1)}
= 27 s—st+(1—t)—((1—t)—s(1—-t)} if 0<s<t<1/2
= s(1-1);

Thus E{Z(s)Z(t)} = s ANt — st for 0 < s,t < 1/2.

. (a) In our proof of the existence of Brownian motion as a continuous
process on [0,1] we used that fact that the family of Haar functions



{gnj : 0<j7<2"—1,n> 0} is a complete orthonormal system for
L5(0,1). Prove the orthonormality part of this assertion. (The com-
pleteness will follow easily from martingale theory, so we will address
this later.)

(b) In our proof of the existence of Brownian motion as a continuous
process on [0, 1] we claimed that the integrations and expectations can
be interchanged in the computation of the covariance E{U(s)U(¢)}.
Justify this interchange.

Solution: (a) Recall that g,;(t) = 2"/2gg(2"t—j) for j € {0,1,2,...,2"—
1} and n > 1 where goo(t) = 21j9,1/9)(t) — 1. Since ggo is non-zero only
for ¢t € [0, 1], gn; is non-zero only for j/2" <t < (j+1)/2", and hence
Gnj(t)gnj (t) = 0 a.e. with respect to Lebesgue measure for any j' # j.
Furthermore, we compute

1 1 (G+1)/2"
/ gnj(t) = / 22 goo (2"t — 5)dt = 2"* / goo(2"t — j)dt
i .

0 j/2m

1/27 1
272 [ gua(2rs)ds =2 | guowpdu = 22172 1/2) =0,
0 0

1 ) 1 ) (G+1)/2" )
/ gnj<t) = / 2n900(2nt - j)dt = 2n/ 900<2nt - j)dt
0 0 j/en

1/27 1
=2 [ @ = [ ghudu={1/241/2) =1
0 0

Since gn;(t)gnj (t) = 0 a.e. Lebesgue for j' # j, we have

1
/ Inj (t>gnj’ (t)dt =0 for j/ 7& j.
0

Furthermore if n’ # n and j' # j, we assume (without loss) that n’ > n
and j* > j. Then the product g,;(t)gs;(t) = 0 a.e. Lebesgue unless
jj2n < g2 < (5 +1)/2% < (j+1)/2", and then

1 1
[ Ot = U2 [ = 0 iy () = 0.



Thus the family of Haar functions {g,; : 0 < j < 2" —1,n > 0} is
orthonormal. Is it (together with the constant function 1) complete?
To show this we need to show that for any f € L]0, 1] we have, with

Cm,j(f fo t)gm.;(t)dt,

n 2Mm-—1

chm] gm] _>2f()

m=0 j5=0

i.e. fol(fn(t) — f(t))%dt — 0. Several different proofs are possible, but I
will postpone the proof for now since it will follow easily via martingale
convergence theorems.

(b) Consider U(t,w) = >~ V,(t,w) where

2" —1

@) = 3 Xuyl)h

h,; are the Schauder functions, and X,,; are i.i.d. N(0,1). By Fubini’s
theorem, the claim that EU(t) = 0 will be justified if we show that

E {Z ]Vn(t)|} < 00

Now E|X, ;| = E|Z| = \/2/n for all n and j € {0,...,2" — 1}. Thus
the expectation in the last display is bounded by

[e's) 2" —1 co 2"—1
DB Xl (] = D0 Bl Xulha b))
n=0 7=0 n=0 j=0
S Z 2/71_27n/2271 — (271_)71/2 Z 2711/2
n=0 n=0
1 1
= (2m) 12 = < 00

I=27 " RV 1)

It follows by Fubini’s theorem that

EU(t) = i E(V,(t) = f:o =0



To see that the interchanges can be made in the covariance calculation,
note first that by the Cauchy-Schwarz inequality it suffices to show that
EU?(t) < oo for each t € [0,1], since then we have (E|U(s)U(¢)])? <
E{U%(s)}E{U?%(t)} < oo. Thus it suffices to show that

<Z ’Vn(t)l) < 00

But by Tonelli’s theorem and independence of the X, ;s the left side
in the last display equals

E {i V()] i |Vm(t)|} (1)
= {ZZIV )NV } ZZE{IV NV ()1}

n=0 m=0 n=0 m=0

= D EIV.OP + Y E{V.0)IVa(t)]}

m#n

ZEW (Z E{|V,(t )2 (2)

where, as in our first calculation above,

IA

1
ZE{W }_\F(f )<oo

and
0o o) 2" —1 2n—1
YEVLHP = > E ( anhnj(t)> (Z an/hnj/(t)>
n=0 n=0 j=0 §/=0
oo 2"—1 o)
= Y Y <) @) =2"<o0
n=0 ;=0 n=0

It follows that the right side of (2) is finite, and hence EU?(t) < occ.



5. PfS, Exercise 3.2.3, page 42 (page 44, 2017): Consider a measure space
(Q, A, p). Let pg = p|a, for a sub o—field Ay of A. Starting with in-
dicator functions, show that [ Xdu = [ Xdy, for any Ay—measurable
function X.

Solution: (a) Suppose first that X = 1p« where D* € Ay. Then since
D* e Ao

/ Lp-dp = p(D*) = po(D") = / Lp-dpio.
Thus the claimed identity holds for indicator functions.

(b) Suppose that X = >7'" a;lp, for a; € R and D; € Ay for
7=1,....,m. Then

/Xd,u = /Zalede:Zaj/ledﬂ
j=1 J=1
— Zaj/lpjd,uo by part (a)
j=1

= / Z ajlp,dug by linearity of the integral

7=1
(c) If X > 0is Ag—measurable, then there exist simple functions X,,,

X which are also Ayp—measurable. Then, by the monotone convergence
theorem,

/Xdu = lim/de,u = lim/de,uo by part (b)
= / Xduy by monotone convergence again.

(d) If X is a general Ay measurable function, then write X = X+ — X~
where X and X~ are non-negative. Then by linearity of the integral



and (c) it follows that
/Xdu - /(X+ ~ X7 )dp = /X*d,u— /X‘du
— [ xtau— [Xaw by (o
= /(XJr — X7 )dpo = /Xd,uo.



