
Statistics 522, Final Exam Solutions

Wellner; 3/19/20

1. (40 points). Let X1, X2, . . . be independent random variables such that

Xn =

{
n2 − 1, with probability n−2,
−1, with probability 1− n−2.

Let Sn ≡ X1 + · · ·+Xn.
(i) Prove that E(Xn) = 0 for all n ≥ 1 .
(ii) Show that n−1Sn →a.s. −1.
(iii) Show that Sn is a martingale and that S2

n is a sub-martingale.
(iv) Find the predictable variation process 〈Sn〉 so that S2

n − 〈Sn〉 is a sub-martingale.
(v) Find a sequence of numbers {bn} such that b−1n 〈Sn〉 →p c with c > 0.

Solution: (i) First solution:

E(Xn) = (n2 − 1) · n−2 + (−1) · (1− n−2) = 1− n−2 − 1 + n−2 = 0.

Second solution: Note that Xn
d
= (n2 − 1)Yn − (1 − Yn) = n2Yn − 1 where Yn ∼

Bernoulli(n−2). Then E(Xn) = n2E(Yn)− 1 = n2 · n−2 − 1 = 0.
(ii) Now P (Xn 6= −1) = n−2, so

∑∞
1 P (Xn 6= −1) =

∑∞
1 n−2 = π2/6 < ∞. Hence

by the first Borel-Cantelli lemma P (Xn 6= −1 i.o.) = 0. Thus for every ω ∈ A with
P (A) = 1 we have Xn = −1 for all n ≥ Nω. Thus for n ≥ Nω we have

Sn
n

=
X1 + · · ·+XNω

n
+
XNω+1 + · · ·+Xn

n

≤ 12 − 1 + · · ·+N2
ω − 1

n
+

(n−Nω)(−1)

n

=
Nω(Nω + 1)(2Nω) + 6Nω

6n
− 1

where the first term on the right side in the last display can be made arbitrarily small by
choosing n sufficiently large. On the other hand Sn/n ≥ −1 almost surely. Combining
these facts yields n−1Sn →a.s. −1.
(iii) Since the Xn’s are independent with mean 0, it follows easily that {Sn,An} is
a zero-mean martingale: E(Sn+1|An) = Sn a.s. Since g(x) = x2 is convex and the
variances of the Xk’s are finite, it also follows that {S2

n,An} is a sub-martingale.
(iv) From general theory we know that for sums of mean zero independent random
variables {Xk} the predictable variation process of Sn is 〈Sn〉 =

∑n
k=1 σ

2
k where σ2

k =
V ar(Xk). Using the binomial representation of the Xk’s given in the solution of (i) we
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see that V ar(Xk) = V ar(k2Yk) = k4 · k−2(1− k−2) = k2(1− k−2) = k2 − 1, and hence
{S2

n − 〈S〉n,An} is a martingale where

〈S〉n =
n∑
k=1

V ar(Xk) =
n(n+ 1)(2n+ 1)

6
− n.

(v) Let bn ≡ n3. Then

b−1n 〈Sn〉 =
n(n+ 1)(2n+ 1)

6n3
− n−2 → 2

6
=

1

3
> 0.

2. (40 points)
Suppose that Y1, Y2, . . . , Yn, . . . are i.i.d. random variables with E(Y1) = 0 and
V ar(Y1) = σ2. Let Xn,i ≡ an,iYi for 1 ≤ i ≤ n where {an,i : 1 ≤ i ≤ n} are
constants. Consider Sn ≡

∑n
i=1Xn,i.

(a) Compute E(Sn) and V ar(Sn) ≡ σ2
n.

(b) Show that if A2
n ≡ max1≤i≤n |ani|2/

∑n
1 a

2
ni → 0, then Sn/σn →d Z ∼ N(0, 1).

(c) Now suppose that an,i = n−1/2(i/n)α for some α ∈ R. For what values of α does
Sn →d vαZ ∼ N(0, v2α) for some v2α <∞? Compute v2α as a function of α.

Solution: (a) We compute E(Xni) = aniE(Yi) = ani · 0 = 0 while

σ2
ni = V ar(Xni) = a2niσ

2, σ2
n =

n∑
1

σ2
ni = σ2

n∑
1

a2ni.

(b) We are in the triangular array framework of the Lindeberg-Feller CLT. It remains
only to verify the Lindeberg-Feller condition. We compute

LFn(ε) =
1

σ2
n

n∑
i=1

E{X2
ni1[|Xni|≥εσn]} =

1

σ2
n

n∑
i=1

a2niE{Y 2
i 1[|Yi|≥εσn/|ani|]}

≤ 1

σ2
n

n∑
i=1

a2niE{Y 2
i 1[|Yi|≥εσn/max1≤i≤n |ani|]} =

1

σ2
n

n∑
i=1

a2niE{Y 2
1 1[|Y1|≥εσn/max1≤i≤n |ani|]}

since the Y ′i s are i.i.d.

=
1

σ2
E{Y 2

1 1[|Y1|≥εσn/max1≤i≤n |ani|]} → 0 as n→∞

by the dominated convergence theorem since E(Y 2
1 ) < ∞ and An =

max1≤i≤n |ani|/
√∑n

1 a
2
ni → 0. It follows from the Lindeberg - Feller CLT that

Sn/σn → Z ∼ N(0, 1) with σ2
n = σ2

∑n
1 a

2
ni.

(c) When ani = n−1/2(i/n)α we have

n∑
i=1

a2ni = n−1
n∑
1

(i/n)α →
{ ∫ 1

0
t2αdt <∞, if α > −1/2,

∞, if α ≤ −1/2;
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Note that for α > −1/2 we then have

A2
n =

max1≤i≤n n
−1(i/n)2α

n−1
∑n

1 (i/n)2α
→ 0

since the denominator converges to
∫ 1

0
t2αdt <∞ while the numerator satisfies

max
1≤i≤n

n−1(i/n)2α =

{
n−1, if α ≥ 0,
n−1−2α

→ 0 if α > −1/2.

Thus for α > −1/2 we have

Sn →d vαZ ∼ N(0, v2α)

where v2α = σ2
∫ 1

0
t2αdt = σ2/(2α + 1).
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3. (40) points Let f be a bounded continuous function on [0,∞). The Laplace transform
of f is the function L on (0,∞) defined by

L(λ) ≡
∫ ∞
0

e−λxf(x)dx. (1)

Let X1, X2, . . . be independent random variables each with the exponential distribution
with rate λ, so P (X > x) = e−λx, E(X) = 1/λ, V ar(X) = 1/λ2. Let Sn ≡ X1 + · · ·+
Xn.
(a) What is the distribution of Sn?
(b) Show that

Eλf(Sn) = (−1)n−1
λnL(n−1)(λ)

(n− 1)!

where L(n−1) denotes the (n− 1)st derivative of L.

(c) Show that En/yf(Sn) = En/yf
(
nSn/y
n/y

)
= E1f

(
ySn

n

)
.

(d) Show that f may be recovered from L as follows: for y > 0,

f(y) = lim
n↑∞

(−1)n−1
(n/y)nL(n−1)(n/y)

(n− 1)!
.

Hint: For (b) use (a). For (d), use the strong law (or weak law) of large numbers.

Solution: (a) Sn ∼ Gamma(n, λ); see PfS, Appendix A, pages 427 - 428.
(b) It follows from (a) that

Eλf(Sn) =

∫ ∞
0

f(x)
λnxn−1

Γ(n)
e−λxdx.

But with L as defined in (1) we have

L(1)(λ) =

∫ ∞
0

f(x)λ(−x)e−λxdx,

L(2)(λ) =

∫ ∞
0

f(x)λ(−x)2e−λxdx,

... =
...

L(n−1)(λ) =

∫ ∞
0

f(x)λ(−x)(n−1)e−λxdx,

and hence

Eλf(Sn) = (−1)n−1
λnL(n−1)(λ)

(n− 1)!
. (2)
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Note that if X ∼ exp(λ), then λX ∼ exp(1). Then, replacing λ by n/y in the last
display we see that

En/yf(Sn) = (−1)n−1
(n/y)nL(n−1)(n/y)

(n− 1)!
(3)

where the left side can be written as

En/yf

(
(n/y)Sn
n/y

)
= E1f

(
ySn
n

)
.

But with λ = 1, Sn/n → 1 almost surely (or in probability) by the strong (or weak)
law of large numbers, and hence the left side of (3) converges to f(y) as n→∞.

4. (40 points).
Suppose that Z1, Z2, . . . are i.i.d. N(0, 1) rv’s. Let Sn ≡

∑n
k=1 Zk, and define

Yn ≡ exp(aSn − bn) .

(a) For r ≥ 1, prove that Yn →r 0 if and only if r < 2b/a2.
(b) When b = a2/2, show that Yn =

∏n
j=1Xj where the Xj’s are i.i.d. with mean 1.

(c) Use the theory for Kakutani’s martingale to show that when b = a2/2 it follows
that Yn →a.s. 0.

Solution: (a) Now write Yn =
∏n

i=1Xi where Xi ≡ eaZi−b are i.i.d. with

EXr
i = E exp(raZi) exp(−rb) = er

2a2/2−rb ≡ µr .

Note that µr < 1 if and only if r < 2b/a2. Since Y r
n =

∏n
i=1X

r
i , it follows by from the

Xi’s being i.i.d. that

EY r
n = {µr}n → 0

if and only if r < 2b/a2.
(b) From (a) EXi = µ1 = ea

2/2−b = e0 = 1 when b = a2/2. Thus Yn ≡
∏n

i=1Xi is a
mean 1 martingale:

E(Yn+1|X1, . . . , Xn) = E(Xn+1

n∏
i=1

Xi|X1, . . . , Xn) =
n∏
i=1

XiE(Xn+1|X1, . . . , Xn)

= Yn · E(Xn+1) = Yn · 1 = Yn a.s.

(c) To apply Kakutani’s theorem we compute

an ≡ E(X1/2
n ) = µ1/2 = exp((1/4)a2/2− (1/2)a2/2) = exp(−a2/8).

Thus
∏N

n=1 an = exp(−Na2/8) → 0 as N → ∞; that is,
∏∞

n=1 an = 0. By Kakutani’s
theorem the martingale Yn is not closed. Moreover Yn →a.s. 0 as n→∞.
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A second proof of this shows that Yn →a.s. 0 if and only if b > 0. This proceeds via
the SLLN as follows: To prove that Yn →a.s. 0 if and only if b > 0, first suppose that
b > 0. Then, by the SLLN,

a
Sn
n
− b→a.s. a · 0− b < 0 ,

so that aSn − bn →a.s. −∞, and hence by the continuous mapping theorem, Yn =
exp(aSn − bn)→a.s. 0.
Now suppose that Yn →a.s. 0. Then we have log(Yn) = aSn− bn→a.s. −∞; i.e. for any
large M > 0, there is an N = NM(ω) such that for all ω in a set A with probability 1,
there is an N = NM(ω) so that for n ≥ N we have

aSn(ω)− bn ≤ −M for n ≥ NM(ω) ;

i.e.

a
Sn(ω)

n
− b ≤ −M

n
< 0, n ≥ NM(ω) .

Since we know that Sn/n →a.s. 0, with probability one we can also make aSn(ω)/n
arbitrarily small for n >some N ′(ω). Combining these two facts, it is clear that the
above inequality can hold only −b < 0; i.e. b > 0. (Alternatively: since Sn ∼ N(0, n),
if b ≤ 0 it follows that

P (Yn ≥ 1) = P (aSn − bn ≥ 0) = P (aSn ≥ bn) ≥ P (Sn ≥ 0) = 1/2 ,

and hence Yn 6→a.s. 0.)
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5. (40 points)
(a) Suppose that Y is a random variable with values in [−c, c] and with E(Y ) = 0.
Show that for θ ∈ R

EeθY ≤ cosh(θc) ≤ exp

(
θ2c2

2

)
.

(b) Suppose that {Mn}n≥0 is a martingale with M0 = 0 and that for some constants
cn > 0 we have |Mn −Mn−1| ≤ cn for all n ≥ 1. Show that

P (sup
k≤n

Mk ≥ x) ≤ exp

(
− x2

2
∑n

k=1 c
2
k

)
. (4)

Hints: (a) Let fθ(z) ≡ exp(θz) for z ∈ [−c, c]. Since f is convex

fθ(y) ≤ c− y
2c

fθ(−c) +
c+ y

2c
fθ(c).

(b) Recall the proof of an exponential bound in PfS, 8.10.2 (and lecture).

Solution: (a) As noted in the hint, since fθ(y) = eθy is convex,

fθ(y) ≤ c− y
2c

fθ(−c) +
c+ y

2c
fθ(−c).

This follows by noting that y = λc + (1 − λ)(−c) if λ = (c + y)/(2c) and 1 − λ =
(c− y)/(2c). Thus if if Y has E(Y ) = 0 and P (|Y | ≤ c) = 1, then

Efθ(Y ) = EeθY ≤ E

(
c+ Y

2c

)
fθ(−c) + E

(
c− Y

2c

)
fθ(c)

=
1

2
fθ(c) +

1

2
fθ(−c)

= cosh(θc) ≤ eθ
2c2/2

where the last inequality follows by comparing the series expansions of the two sides.
Alternatively, the last inequality holds if and only if g(x) ≡ x2/2 − log(cosh(x)) ≥ 0.
But this is easily proved by noting that g(0) = 0, while g′(x) = x − tanh(x) and
g′′(x) = (tanh(x)2 ≥ 0.
(b) Now let Xk ≡ Mk −Mk−1 for k = 1, . . . , n. Then, since {eθMk ,Ak}nk=1 is a sub-
martingale and |Xk| ≤ ck almost surely,

P (max
k≤n

Mk > c) = P ( max
1≤k≤n

k∑
j=1

Xj > x)

= P

(
exp

(
θ

k∑
j=1

Xj

)
> eθx for some k ≤ n

)
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≤
E exp

(
θ
∑n

j=1Xj

)
eθx

=
EE{exp(θ

∑n
j=1Xj)|An−1}
eθx

=
E
{

exp(θ
∑n−1

j=1 Xj)E{exp(θXn)|An−1}
}

eθx

≤
E
{

exp(θ2c2n/2) · E exp{θ
∑n−1

j=1 Xj}
}

eθx

by (a) applied conditionally given An−1

= · · · =
exp(θ2

∑n
j=1 c

2
j/2)

eθx
≡ exp(θ2C2

n/2)

eθx

where C2
n ≡

∑n
j=1 c

2
j . Minimizing this bound with respect to θ by choosing θ =

x/C2
n yields the claimed inequality (4). This is Azuma’s martingale generalization of

Hoeffding’s inequality.

6. (40 points).
Let X1, . . . , Xn be i.i.d. Poisson(1) random variables, set Sn = X1 + . . . + Xn, and
Zn ≡ (Sn − n)/

√
n. Prove Stirling’s formula, n! ∼

√
2πn(n/e)n, by showing that each

of the following steps is valid. (As usual, an ∼ bn for real sequences {an} and {bn} if
and only if an/bn → 1 as n→∞.)
(a) What is the distribution of Sn?
(b) Show that

EZ−n = E

(
Sn − n√

n

)−
=

n∑
k=0

n− k√
n
· e−n · n

k

k!
=
nn+1/2e−n

n!
.

(c) Show that Zn →d Z ∼ N(0, 1).
You may appeal to one of our central limit theorems.

(d) Use (c) and a uniform integrability argument to show that

EZ−n → EZ− = 1/
√

2π.

(e) Now show that n! ∼
√

2πnn+1/2e−n =
√

2πn(n/e)n.

Solution: (a) First, Sn = X1 + · · ·+Xn ∼ Poisson(n), and hence we can compute

E

(
Sn − n√

n

)−
=

n∑
k=0

(
n− k√

n

)
nke−n

k!

=
e−n√
n

{
n

0!
+

n∑
k=1

(
nk+1

k!
− nk

(k − 1)!

)}
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=
e−n√
n

nn+1

n!
since the sum telescopes

=
√
ne−n

nn

n!
.

(b) Since E(X1) = 1, V ar(X1) = 1, the Lindeberg(- Lévy) CLT yields

Zn ≡
Sn − n√

n
=
√
n(Xn − 1)→d N(0, 1) .

(c) Note that E(Z2
n) = 1 for all n, so {Z−n } is uniformly integrable and it follows that

EZ−n → EZ− = E(Z+) =

∫ ∞
0

z
1√
2π
e−z

2/2dz =
1√
2π

.

(d) It follows from (d) and (c) that

n1/2(n/e)n

n!
= E(Z−n )→ E(Z−) =

1√
2π

.

This is equivalent to √
2πn(n/e)n

n!
→ 1 ,

i.e. n! ∼
√

2πn(n/e)n.
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