Statistics 522, Problem Set 1 Solutions
Wellner; 1/11/2017

1. P1S, Exercise 8.4.17, page 168:
(a) Let X, X, 1,..., X, beiid. with the distribution function F. Let
F have finite mean p = E(X). We know M,, = max<p<y | Xnx|/n —p
0 by the WLLN. Trivially E(M,) < E|X|. Show that E(M,) =
E(maxi<g<n | Xnxl/n) — 0.
(b) Let Xy, Xs,... be iid. Show that E|X| < oo if and only if
M, —1 0.

Solution: (a) Note that M, < n™ 'Y\ | |X,x| = Y, where Y, —,
E|X| and where E(Y,) = E|X]| satisfies limsup,, F(Y,,) = E|X|. Thus
by Vitali’s theorem {Y,,} is uniformly integrable. Since M, <Y, we
conclude that { M, } is uniformly integrable: E(M,1,>x) < E(Ynliy,>x)
and hence

lim sup £(M, 1, >x) < limsup E(Y, 1y, >y) — 0

as A — oo. Since M,, —+, 0 and is uniformly integrable, Vitali’s theorem
yields E(M,) — 0; i.e. M,, =1 0.

(b) Now M,, = n~! max;<x<, | Xi| where the X;’s are i.i.d. If B|X;| <
oo, then, as in (a) M, <n 'Y, |Xi| =Y, where Y,, =, E|X|and
where E(Y,,) = E|X| satisfies limsup,, £(Y,,) = E|X|. Thus by Vitali’s
theorem {Y,,} is uniformly integrable. Since M,, <Y, we conclude that
{M,} is uniformly integrable: E (M1, >xy) < E(Ynlpy,>y) and hence

lim sup E(M, 11, >x) < limsup E(Y, 1y, >y) — 0

n—oo n—oo

as A — oo. Since M, —,, 0 and is uniformly integrable, Vitali’s
theorem yields F(M,) — 0; i.e. M,, — 0.
Now suppose that M,, —; 0. Suppose that E|X;| = co. Then

EmaxﬁzE{M}:E{@}:oo
1<i<n N n n

But since the left side is converging to 0, this is a contradiction. Hence



2. PfS, Exercise 8.5.2, page 174: (Monte Carlo estimation)
Let h: [0,1] — [0, 1] be continuous.
(i) Let X) = 1{h(£k) > O} where £1,&, ..., ©1,0,,... are i.i.d.
Uniform(0, 1) rv’s. Show that the Sample average X, Is a strongly
consistent estimator of the integral fo t)dt; i.e. X s fo
(ii) Let Yy, = h(&). Show that Y, —,.. fo
(iii) Evaluate Var(X,) and Var(Y,) and Compare them.

Solution: (i) Now

1 1 1
EXy = Elpe)zen = /0 (/0 1[h(v>zu1dU> dv = /0 h(v)dv < oo

since 0 < h < 1. Thus the SLLN yields X, —as BEX, = fo v)
(ii) Here EY; = Fh(&) = fol h(v)dv and the SLLN again yields 7

1) = [, h(t)dt

(iii) Var(X,) = n"'Var(X,) and Var(y,) = n~*Var(y,) where

Var(X)) = B(X2)— (E(X)))? = /O 1 /0 12,y dud — ( /0 1 h(t)dt)
= /01 h(t)dt — (/01 h(t)dt)2 =h(1—h)

where h = fo t)dt € [0,1]. Furthermore,

2

2

Var(vi) = B07) — (B0 = [ i ( [ uoar)
where fo h2(t)dt < fo t)dt since 0 < h(t) <1 for all € [O 1]. Thus

Var(Y;) < Var(Xl) and Y, yields an estimator of fo t)dt with
smaller variance than X

3. P1S, Exercise 8.8.1, page 182: Suppose that X, X, ... are i.i.d. with
P(X, = 0) = P(X), = 2) = 1/2. Show that S, = >;_, Xi/3" =
some S, and determine the mean, variance, and the name of the d.f.
FS of S.



Solution: Note that

oy = 3E 13

Var(S,) = Zn:V‘W—(Xk): i%il: 1/9 L

Thus by the two-series theorem it follows that S, — S =7 X;/3".
To see that Fg(x) = P(S < x) is the Cantor singular distribution F
given in Example 6.1.1, page 105, PfS, note that by the discussion there
we know that F' satisfies,

> 2ay > ay .
F (Z ?> = Z o for all {ax}7q;
k=1 k=1
where all a5, € {0,1}. Or, equivalently,
-1 - ag \ . 2ay,
4 (Z ﬂ) =2 (1)

k=1

But if U ~ Uniform[0, 1], we may write

() Yk
k=1

Thus by (1)
2Y; X
-1 j : k d j : k
F (l/) — 3_P, - y = S.
k=1 k=1

It follows from the inverse transformation theorem 6.3.1 that the dis-
tribution function Fg of S is the Cantor singular distribution function
F.

. PfS, Exercise 8.8.3, page 182: Suppose that X, Xo,... are arbitrary
random variables with all X; > 0 a.s. Let ¢ > 0 be arbitrary. Then
Yoo  E(Xg A ) < oo implies that > ;| X —4, (somerv S). The
converse holds for independent random variables.

3



Solution: (a) Note that:
(1) Since all Xk Z 0, maxnngN Z;n:n Xk S Z]kvzn Xk
(2) Forany ¢ > 0, [Xy > ¢] C[X Ac>(].
From (2) it follows that
E(Xi A
P(Xy>c) < P(XpNc>c) < M,
c

and hence Y 72 P(Xy > ¢) <c¢ ' Y72 E(Xy Ac) < co. Thus
P(X) > ci.0.) =0 by the first Borel-Cantelli lemma. Thus {X}} and
{X klix,<g = X ]gc)} are Khinchine equivalent, and it suffices to show

that >°p_, X,EC) —q.s. some S, But by (1) with X} replaced by X,Ec),

m N
(c) _ (c)
P(nlgr#?%(N 2 X, >e€) = P(;Xk > €)

N N

< e_lE(ZX,iC)) < e_le’(Xk/\c)
k=n k=n

< e_le(Xk/\c)—)O

k=n
as n — oo.

(b) Suppose that S, = > 7| Xj —a.s S where Xj, Xo, ... are indepen-
dent. By the three-series theorem (Theorem 8.3, PfS, page 181), the
three series I. = Y2 P(|1Xy| > ¢), [I. =35 1, Var(X,gc)), and I11, =
S EXY all converge for every ¢ > 0 where X\? = X, 1x,<q. But
since X > 0,

Xi, Xp<c

Xk/\cz{c, X >c

Taking expectations across this identity and summing on k yields
Y BEXAe = Y {EX,EC) +eP(X) > c)} = [II, +cIl, < o
k=

1 k=1

for every ¢ > 0.



