Statistics 522, Problem Set 5 Solutions
Wellner; 2/20/2013

1. Polya’s urn: At time 0, an urn contains 1 black ball and 1 white ball.
At each time 1,2,3,..., a ball is chosen at random from the urn, and
is replaced together with a new ball of the same color. Just after time
n, there are therefore n + 2 balls in the urn, of which B, + 1 are
black, where B, is the number of black balls chosen by time n. Let
M, = (B, +1)/(n + 2), the proportion of black balls in the urn just
after time n. Prove that (relative to a natural filtration which you
should specify) M, is a martingale. Prove that P(B, = k) =1/(n+1)
for 0 < k < n. What is the distribution of © = lim,, M,,” Prove that
for 0 <0 <1,

0 _ (n+1)! Bn(q1 _ g\n—Bn
N"_Bn!(n—Bn)!e (1-6)

defines a martingale N?.

Solution: Let F,, = o(By,..., B,). Note that M, = (B, +1)/(n+ 2)
is the conditional (given F,,) probability of drawing a black ball at the
n + 1st draw. Thus we compute

By +1 1
Lu:n)

EMp|F,) = FE ( E(Byt+1 + 1|F,)

n+3 :n—+3
— n_li_g{(Bn—i—1)(1—Mn)+(Bn+2)Mn}
— ni3{Bn+1—Mn+2Mn}
— n—1|-3{(n+2)Mn+Mn}:Mn a.s. .

Hence {M,, F,} is a martingale. Similarly, letting

k) = gy - 0,



the process NY = p,(B,) and

E(Ng+1|"rn) = E(pn+1(Bn+1)|]:n)

(n+2)! 9B+ (1 _ gyr1=Be (n+1—B,)

B,\(n+1-B,)! (n+2)
(n+2)! Bu+1 1B
T B mri-B, - 10
(n+1! 5 n—B,
Bt =g (L0 -0 +0)

= pu(Bp) = Ng a.s.,

so {NY F,} is a martingale. This implies that EN? = EN{ = 1 for all
6 €(0,1), or

n! B, e, | 1
e i S A

This equality clearly holds if P(B, = k) =1/(n+1) for k=0,...,n.
On the other hand, (1.1) implies, by letting @ = /(1 — ), that, with

n n

n! k 1 1 n! k
Zk!(n—k)!apk n—i—l( +a) n+1zk!(n—k)‘a ’

k=0 k=0 ’

and this yields p = 1/(n + 1) by matching coefficients.

The distribution of B, is a discrete uniform distribution on 0, ..., n for
every n, so the distribution of M,, is a discrete uniform distribution on
0<1l/(n+1)<---<(n+1)/(n+2) <1 and it is clear that M, —4
U(0,1) as n — oo; P(M,, <u) =[(n+2)ul/(n+1) 5 u=PU < u)
where U ~ Uniform(0, 1).

. Let X1, Xs,...beiidrvswith P(X =1)=p, P(X = —-1)=1-p =g,
where 0 < p < 1 and p # ¢q. Suppose that a,b are integers with
—a < 0 < b. Define

S,=X1+...+X,, T =inf{n:S, =—a,or S, =>}.

B,+1)

(n+2)



Let F, = o[Xy,...,X,], Fo = {0,9Q}. Prove that M, = (¢/p)°» and
N, = S, — n(p — q) define martingales M,, and N,,. How would you
use these martingales to deduce the values of P(Sy = —a) and E(Sr)?
[Hint: see PfS, Course Notes, pages 381-382.]

Solution: T is clearly a stopping time and, for each n
PT<n+bF)>p" " 4+¢">(pAqP=e>0

since p € (0, 1).

Thus the hypotheses of Williams PwM, E10.5, page holds with N =5
and € = (p A q)’. Thus E(T) < oo, and the third set of sufficient
conditons for Doob’s optional sampling theorem hold. Since {S,, —
n(p—q), F} and {(q/p)°", F.} are both martingales, we conclude from
Doob’s optional sampling theorem that

GGG e

But the left side of (2) equals

(3) rise=n(5) “rse=-0=(G) me (2) "aom)

Thus we can solve for p, to obtain

o= P(Sp =) = ——wp™ _ a/pr -1

(¢/p)—(g/p)~  (q/p)*+* —1°

and

(a/p)’—1 _ 1-(p/a)’
(¢/p)—(g/p)= 1—(p/q)*®

Pa=P(Sp=—a)=1—p, =

It follows that

E(Sr) = bpy+ (—a)pa
b(l— 1—(p/q)° )_ 1—(p/q)°

1= /a)) ~ “T= (/g
_ 1—(p/q)°
= b—(a+b)W.
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Since {S, — n(p — q)} = {S, — nu} is a martingale, we deduce that
E(Sy —Tp) = 0 and hence that

B(T) = %E(ST) _ % {b ~(a+ b)%} |

You should also take a look at the situation for p = ¢ = 1/2 in Section
13.7, page 381.

. Exercise 13.7.2, PfS, Course Notes page 382. Suppose that S, is Brow-
nian motion with drift: S,(t) = S(¢t) + put for t > 0. Let 7 = 7 =
inf{t >0: S,(t) = —a or b} where —a < 0 < b.

Claim 1: Sy(t), S3(t) —t, S,(t) — pt are mean 0 martingales, and, with
0 =—2p,

exp(0]S,(t) — ut] — 0%t/2) = exp(—2u[S(t) + pt])

is a mean 1 martingale.
Claim 2: If p =0, P(S(1) = —a) =b/(a +b) and ET = ab.
Claim 3: If p # 0, then

1 — e2Hb
T 1 e2ulath)

P(S(1) = —a)
and
b a+b 1—em

E(T) = l: o L 1 — e2u(atb)

Claim 4: If p < 0, then P(||SF]I§° > b) = P(suppcjco Su(t) > b) =
exp(—2|u|b) for all b > 0;i.e. ||S,||5 ~ Exponential(2|y|).
(Note the analogies with problem 2.)

Solution: Proof of claim 1: Since standard Brownian motion S has
independent increments, with A, = 0[S(s),0 < s < t] we have, for
0<s<t,

E(St)As) = E(S(t) = S(s) +5(s)|As)
= E(5(t) = S(s)|As) + E(5(s)|As)
= E(S(t)—S(s))+ S(s) =0+ S(s) = S(s) a.s.



so that {S(t), A}, is a zero - mean martingale. Since S, (t) — ut =
So(t) = S(t), it follows immediately that {S,(t) — ut, A}, is also
a 0-mean martingale. To see that {S%(t) — ¢, 4,}5%, is a zero-mean
martingale, we calculate -

E(S*(t) —t|A,) = E([S(t) = S(s) + S(s)]* = (t — 5 + )| As)
= E((S(t) = S(5))* = (t = 5)|A,)
) = 5(5))5(s)]As)

+
g
DO
N
=

|
n

= 0+0+S%*(s)—s=5%s)—s a.s.

so that the claim holds. (Note that this shows that (S)(t) = ¢ is
the predictable variation process corresponding to the sub - martingale
S2%(t).) To see that Y; = exp(0[S,.(t)—ut] —0%t/2) = exp(—2u[S(t)+ut])
is a mean 1 martingale, note that Y; = exp(6S(¢) — 6*t/2) and hence

E(YiJA,) = E(exp(0(S(t) — S(s)))]As) - E(exp(0S(s) — 0%5/2)|A,)
-exp(07(s/2 — 1/2))
= E(exp(0(S(t) — S(s)))) - exp(#*(s/2 — t/2)) - Y, a.s.
= exp(0*(t/2 — 5/2)) - exp(6*(s/2 — t/2)) - Y, a.s.
= Y,

so that Y; is a mean 1 mg. The second part of this holds simply because,
with § = —2u we have

0[S, — ut] — 0°t)2 = —2uS, + 2ut — 4Pt /2 = —2uS,(t) .

Claim 2: If u =0, P(S(7) = —a) =b/(a +b) and ET = ab.
Claim 3: If p # 0, then

1 — e

PS() = =) = 1

and
b a+b 1—e2m

E(T) = /—J/ M 1 — 62H(a+b) .




To prove claim 2, first consider the bounded stopping times 7 Ak. Then
by the basic optional sampling theorem,

0=E(S2(r Ak)—TAK). (3)

Now 7 Ak 7, so that E(t Ak) — E(7) by the monotone convergence
theorem, while So(7 A k) — So(7) with |[So(T A k)| < a Vb < oo for all
k, and hence E(S2(t A k)) — E(S2(7)) by the dominated convergence
theorem. Thus taking limits across (3) yields

E(S3(r)) = E(7),

and when p = 0, this implies that E(7) < co. By playing this game
with the martingale S, we find that E(S(t A k)) = 0, and by the
dominated convergence theorem, F(S(7)) = 0. Since S(7) takes on the
two values —a and b, we have

0= FEyS(1) = —aPy(S(1) = —a) + bPy(S(1) = b) = —a(l — py) + bpy

so that p, = a/(b+a), po =1—p, = b/(b+a). From E(S2(7)) = E(7)
it then follows that
5 b 2 @

E(1) = a? bPpy = b =ab
(1) = a’pa +b°py ab—l—a+ bt a ao,

completing the proof of Claim 2.
Proof of Claim 3. Similarly, when p # 0, the basic optional sampling
theorem yields

0=ES(tNk)— (T NEk)p). (4)

Now 7 Ak 7, s0 that E(T Ak) — E(7) by the monotone convergence
theorem, while S, (7 A k) = S,(7) with |S,(T A k)| < aVb < oo for all
k, and hence E(S,(t Ak)) = E(S,(7)) by the dominated convergence
theorem. Thus taking limits across (4) yields

E(Su(7)) = pE(r),

and this implies that E(7) < oo for p # 0. Again the basic optional
sampling theorem implies that

E(Y(0)) = 1 = Eexp(—2uS,(r A R)).
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for each k, and by the dominated convergence theorem this yields

EY(0) =1 = Eexp(=2uSu(r))
= P(Su(1) = —a)exp(2na) + P(S, (1) = b) exp(—2ub)
= Pa eXp(Qlua) + (1 - pa) eXp(_2:Ub)
= pa(exp(2ua) — exp(—2ub)) + exp(—2ub)

so that

1 — exp(—2ub) 1 —exp(2ub)
exp(2ua) — exp(—2ub) 1 —exp(2u(a +0b)°

Pa =

Then, finally, since E(S,(7)) = u,

B(r) - E(SZ(T))
_ %{—apa—i—b(l—pa)}
1 " 1 — exp(2ub)
a u{b ( +b)1—exp(2u(a+b)} '

Note that when p < 0 we have

P(||S:[||8° >b) = P(sup S,(t) >b) = lim P(1, < o0)

0<t<oco a—r00

= lim P(S,(7w) = b)
a—ro0
= exp(—2[ub)
so that [|S;F]|5° ~ Exponential(2|ul).

. Redo problem 6 from Problem Set #4 for yourself, not relying on the
solution set, and doing it under the assumption that {Sy} is a martin-
gale with E(X,f) < oo for each k£ with X, = 5, — S;,_;. The X;’s need
not be independent!

Solution: If {Sk, Ax}o<k<y is a 0O—mean martingale and X = Sg —
Sk_1 has Var(Xy) = 07 < oo for all 1 <k < N, then with

k
Ty = Su/bn+ > X;/bj, for n<k<N,

Jj=n+1



{Ty, A }n<k<n is a martingale. To see this, note that

k+1

E{Tin| A} = E{Su/bn+ > (X;/bj)Ax}

Jj=n+1

k

= Sofbu+ Y (X;/b;) + E{(Xis1/brir) [ Ar}
Jj=n+1

= T, a.s.

since B(Xyi1|Ar} = E(Sky1] Ak} — Sk = 0 almost surely. Furthermore,

n N
Var(Ty) = 65220’34_ Z (U?/b?)
k=1 j=n+1

since

Var(Ty) = Var(Sa/bn) + 2b,' Cov(Sn, > (X;/b;) + Var( Y X;/b;)

N
= b,°Var(S,)+ 0+ Var( > X;/b;)

j=n+1
n N
—2 2 2 /12
b, g oy, + E o5 /b;
k=1 j=n+1

via the following additional calculations:

Var(S,) = ES2=FEE{(S,.1+ X,)* A1}
= E{S._,+0+ E(X.|A,-1)}
= Var(S,_1) + Var(X,) = Var(S, 1) + o2

n
n
_ _E 2
— “ e — aj?
j=1



while, similarly,

V(IT( i Xj/b]) = F (i)(}/[%)

j=n+1 n+1

N-1 2 N-1
— EE (Z Xj/bj> + 265 Xy (Z Xj/bj> + X3 Ay
n+1 n+1
N-1
= Var( Y X;/b;) +0+by0%

j=n+1

N
- .= Z 0]2/5?‘

j=n+1



