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Wellner; 2/6/2013

1. Exercise 12.4.1, page 313, PfS Course Notes, Chapter 12.
(Exercise 12.4.1, page 306, PfS, 2000.)

Solution: (5) Let T1 and T2 be (extended) stopping times. To see
that T1 + T2 is an extended stopping time in the discrete time case
(when T1, T2 ∈ N ∪ {∞}), note that

[T1 + T2 ≤ n] = ∪nk=0[T1 = k] ∩ [T2 = n− k]

where [T1 = k] ∈ Ak ⊂ An and T2 = n − k] ∈ An−k ⊂ An for
k = 0, . . . , n. Hence [T1 + T2 ≤ n] ∈ An and T1 + T2 is an (extended)
stopping time.
For the continuous case we note (from the hint) that

[T1 + T2 ≤ u] = ∩∞m=1 {∪a,b∈Q,a+b≤u[T1 ≤ a+ 1/m] ∩ [T2 ≤ b+ 1/m]}

where

[T1 ≤ a+ 1/m] ∈ Aa+1/m ⊂ Aa+b+2/m ⊂ Au+2/m,

[T2 ≤ b+ 1/m] ∈ Ab+1/m ⊂ Aa+b+2/m ⊂ Au+2/m,

for every m ≥ 1. But this implies that [T1 + T2 ≤ u] ∈ Au+ = Au.

(6) Suppose A ∈ AT1 . But then

A ∩ [T1 ≤ T2] ∩ [T2 ≤ t]

= A ∩ [T1 ≤ t] ∩ [T1 ∧ t ≤ T2 ∧ t] ∩ [T2 ≤ t]

= something in At ∩ something in At ∩ something in At
∈ At.

Hence A ∩ [T1 ≤ T2] ∈ AT2 .
To see that [T1 < T2], [T1 = T2], and [T1 > T2] are all in AT1 ∩ AT2 ,
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first note that

[T1 < T2] ∩ [T2 ≤ t]

= [T1 < t] ∩ [T2 ≤ t] ∩ [T1 ∧ t < T2 ∧ t]
= ∪∞n=1[T1 ≤ t− 1/n] ∩ [T2 ≤ t] ∩ [T1 ∧ t < T2 ∧ t]
= ∪∞n=1something in At−1/n ∪ something in At ∩ something in At
∈ At,

so that [T1 < T2] ∈ AT2 . Then by taking A = Ω in the first part of
the proof yields [T1 ≤ T2] ∈ AT2 , and hence also [T1 = T2] = [T1 <
T2]

c ∩ [T1 ≤ T2] ∈ AT2 . By symmetry we have [T1 = T2] ∈ AT1 as well.
And by symmetry again [T2 < T1] ∈ AT1 and hence also [T2 ≤ T1] =
[T2 < T1] ∪ [T2 = T1] ∈ AT1 . This yields [T1 < T2] = [T2 ≤ T1]

c ∈ AT1 .

(7) If A ∈ AT1 , then A ∩ [T2 ≤ t] = (A ∩ [T1 ≤ t]) ∩ [T2 ≤ t] ∈ At for
all t ≥ 0 since T1 ≤ T2, and hence A ∈ AT2 .
Also, for A ∈ AT1 ,

A ∩ [T1 ≤ T2] ∩ [T1 ∧ T2 ≤ t]

= A ∩ [T1 ≤ T2] ∩ ([T1 ≤ t] ∪ [T2 ≤ t])

= (A ∩ [T1 ≤ T2]) ∩ [T1 ≤ t] ∪ (A ∩ [T1 ≤ T2]) ∩ [T2 ≤ t]

= something in AT1 ∩ [T1 ≤ t] ∪ something in AT2 ∩ [T2 ≤ t]

= something in At ∪ something in At
∈ At.

for all t ≥ 0, so AT1 ∩ [T1 ≤ T2] ⊂ AT1∧T2 .
To see that AT1∧T2 = AT1 ∩ AT2 , suppose first that A ∈ AT1 ∩ AT2 .
Then

A ∩ [T1 ∧ T2 ≤ t] = [A ∩ [T1 ∧ T2 ≤ t] ∩ ([T1 ≤ T2] ∪ [T1 > T2])

= ((A ∩ [T1 ≤ T2]) ∩ [T1 ≤ t]) ∪ (A ∩ [T1 > T2]) ∩ [T2 ≤ t]

= something in AT1 ∩ [T1 ≤ t] ∪ something in AT2 ∩ [T2 ≤ t]

by using [T1 ≤ T2] ∈ AT1 and [T1 > T2] ∈ AT2
∈ something in At ∪ something in At
∈ At.

For the reverse inclusion, suppose that A ∈ AT1∧T2 . But by the first
part of the problem T1 ∧ T2 ≤ Tj for j = 1, 2, and hence AT1∧T2 ⊂ ATj
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for j = 1, 2. Thus A ∈ AT1 ∩ AT2 .

(8) Since T0 ≤ Tn for all n, it follows from (7) that AT0 ⊂ ATn
for all n and hence AT0 ⊂ ∩∞n=1ATn . To show the reverse inclusion, let
A ∈ ∩∞n=1ATn . Since A ∩ [Tn ≤ t] ∈ At for all t ≥ 0 and Tn ↘ T0, it
follows that A ∩ [T0 ≤ t] ∈ At for all t ≥ 0, and hence A ∈ AT0 .

2. Exercise 13.1.4, page 353, PfS Course Notes, Chapter 13.
(Exercise 18.1.4, page 471, PfS, 2000.)

Solution: Let X ∼ F on R, let Nt ≡ 1[X≤t], and letAt ≡ σ[Nr : r ≤ t].
First we show that for s < t we have

E{Nt|As} = 1[X≤s] + 1[X>s]
F (s, t]

1− F (s)
a.s.

where F (s, t] ≡ F (t) − F (s). To see this, note that it holds if we can
show that

E

[
1A

{
Nt −

(
1[X≤s] + 1[X>s]

F (s, t]

1− F (s)

)}]
= 0 (1)

for each set A ∈ As. But since Cs ≡ {[X > r] : −∞ ≤ r ≤ s} is a
π−system that generates As, it suffices to show that (1) holds for each
A of the form [X > r] with r ≤ s. But we compute

E{1[X>r]

(
Nt −

(
1[X≤s] + 1[X>s]

F (s, t]

1− F (s)

))
= E

{
1[r<X≤t] − 1[r<X≤s] − 1[X>s]

F (s, t]

1− F (s)

}
= F (r, t]− F (r, s]− F (s, t] = F (r, t]− F (r, t] = 0.

Thus (1) holds. Similarly, to show that

E
{

1[X≥u]|As
}

= 1[X>s]
1− F (u−)

1− F (s)
for −∞ < s < u ≤ t <∞

it suffices to show that

E

{
1A

(
1[X≥u] − 1[X>s]

1− F (u−)

1− F (s)

)}
= 0 (2)
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for all A of the form [X > r] with r ≤ s. To see this we compute

E

{
1[X>r]

(
1[X≥u] − 1[X>s]

1− F (u−)

1− F (s)

)}
= E

{
1[X≥u] − 1[X>s]

1− F (u−)

1− F (s)

}
= 1− F (u−)− (1− F (u)) = 0,

and hence (2) holds. Finally, with

Mt ≡ Nt −
∫
(−∞,t]

1[X≥r]dΛ(r) ≡ Nt − At

we have first, for r ≤ s < t,

E{1[X>r] (Nt − Ns)} = E{1[r<X≤t] − 1[r<X≤s]}
= F (r, t]− F (r, s] = F (s, t],

and, on the other hand

E{1[X>r](At − As)} = E

{
1[X>r]

∫
(s,t]

1[X≥v]dΛ(v)

}
=

∫
(s,t]

E{1[X>r]1[X≥v]}dΛ(v)

=

∫
(s,t]

E{1[X≥v]}dΛ(v)

=

∫
(s,t]

(1− F (v−))
1

1− F (v−)
dF (v)

= F (s, t].

Thus

E{1A(Mt −Ms)} = 0

for each A ∈ Cs and hence for each A ∈ As. Thus {Mt,At} is a
martingale.

3. Exercise 13.1.5, page 353, PfS Course Notes, Chapter 13.
(Exercise 18.1.5, page 471, PfS, 2000.)

Solution: As in Example 1.11,

Nn(t) ≡ nGn(t) = #{i ≤ n : ξi ≤ t} =
n∑
i=1

1[0,t](ξi).
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Then with An(t) ≡ σ[1[ξi≤s] : 0 ≤ s ≤ t, 1 ≤ i ≤ n], and

Mn(t) ≡ Nn(t)−
∫
[0,t]

n(1−Gn(r−))

1− r
dr,

{Mn(t),An(t)}0≤t<1 is a martingale for each n. To see this, note that

Mn(t) =
n∑
i=1

{
1[ξi≤t] −

∫
[0,t]

1[ξi≥r]
1

1− r
dr

}
where the terms in the sum are independent, and hence it suffices to
establish the claim for n = 1. Here is a detailed calculation: for any
fixed n ≥ 1 and 0 ≤ s < t ≤ 1} we have:

E{Mn(t)|An(s)} =
n∑
i=1

E

{
1[ξi≤t] −

∫
[0,t]

1[ξi≥r]
1

1− r
dr

∣∣∣∣An(s)

}
=

n∑
i=1

E

{
1[ξi≤t] −

∫
[0,t]

1[ξi≥r]
1

1− r
dr

∣∣∣∣An,i(s)}
where An,i(s) ≡ σ[1[ξi≤r] : r ≤ s], 1 ≤ i ≤ n,

=
n∑
i=1

{
1[ξi≤s] −

∫
[0,s]

1[ξi≥r]
1

1− r
dr

}
a.s.

= Mn(s)

where the next to last equality holds via the previous exercise. To see
the second part of (16), note that

Mn(t) = Nn(t)− nt+ nt−
∫
[0,t]

n(1−Gn(r−))

1− r
dr

=
√
nUn(t) +

∫
[0,t]

n(1− r)
1− r

dr −
∫
[0,t]

n(1−Gn(r−))

1− r
dr

=
√
nUn(t) +

∫
[0,t]

Un(r−)

1− r
dr

by using Un(t) ≡
√
n(Gn(t)− t).

4. Exercise 13.1.6, page 353, PfS Course Notes, Chapter 13.
(Exercise 18.1.6, page 471, PfS, 2000.)
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Solution: In example 1.12, N(t) is a Poisson process with intensity λ;
and M(t) = N(t)−λt and M2(t)−λt are both martingales. A natural
exponential martingale to consider is

Y (t) ≡ Yc(t) ≡
exp(cM(t))

E exp(cM(t))
.

Since

E exp(cM(t)) = E exp(c(N(t)− λt))
= exp(−cλt)E exp(c(N(t))

= exp(−cλt) exp((ec − 1)λt) ,

we find that
Y (t) = exp(cN(t)− (ec − 1)λt) .

I claim that {Y (t),At}∞t=0 is a martingale on [0,∞). To see this, note
that for 0 ≤ s < t <∞ we have

E (Y (t)|As) = E (exp(cN(t)− (ec − 1)λt)|As)
= E (exp(c(N(t)−N(s))− (ec − 1)λ(t− s)) exp(cN(s)− (ec − 1)λs)|As)
= Y (s)E (exp(c(N(t)−N(s))− (ec − 1)λ(t− s))|As) a.s.

= Y (s)E (exp(c(N(t)−N(s))− (ec − 1)λ(t− s))) a.s.

since N(t)−N(s) is independent of As
= Y (s) · 1 = Y (s) a.s. ,

and hence {Y (t),At}∞t=0 is a martingale. Note that

Y ′c (t) ≡
d

dc
Yc(t)

∣∣
c=0

= Yc(t) (N(t)− ecλt)
∣∣
c=0

= Y0(t) (N(t)− ecλt)
∣∣
c=0

= N(t)− λt = M(t) ,

while

Y ′′c (t) ≡ d2

dc2
Yc(t)

∣∣
c=0

= Yc(t) (N(t)− ecλt)2
∣∣
c=0

+ Yc(t) (−ecλt)
∣∣
c=0

= M2(t)− λt .

Further derivatives yield still more martingales.
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5. Exercise 8.9.2, page 186: Turn {S2
k ,Ak}1≤k≤n into a martingale by

centering it appropriately.

Solution: By example 8.9.1, page 186, {S2
k ,Ak}1≤k≤n is a sub-martingale.

Furthermore,

E{S2
k+1 −

k+1∑
j=1

σ2
j |Ak} = E{(Sk +Xk+1)

2 −
k+1∑
j=1

σ2
j |Ak}

= E{S2
k + 2SkXk+1 +X2

k+1|Ak} −
k+1∑
j=1

σ2
j

= S2
k + 2SkE(Xk+1|Ak) + E(X2

k+1)−
k+1∑
j=1

σ2
j

= S2
k + 2Sk · 0 + σ2

k+1 −
k∑
j=1

σ2
j − σ2

k+1

= S2
k −

k∑
j=1

σ2
j a.s.

Thus {S2
k −

∑k
j=1 σ

2
j ,Ak} is a martingale.

6. Exercise 8.10.1, page 189: Show that {Tk,Ak}n≤k≤N is a martingale
and that V ar(TN) is equal to the right side of (b) on page 188.
(Exercise 8.11.1, page 249, PfS, 2000.)

Solution: If {Sk,Ak}0≤k≤N is a 0−mean martingale and Xk ≡ Sk −
Sk−1 has V ar(Xk) = σ2

k <∞ for all 1 ≤ k ≤ N , then with

Tk ≡ Sn/bn +
k∑

j=n+1

Xj/bj, for n ≤ k ≤ N,
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{Tk,Ak}n≤k≤N is a martingale. To see this, note that

E{Tk+1|Ak} = E{Sn/bn +
k+1∑
j=n+1

(Xj/bj)|Ak}

= Sn/bn +
k∑

j=n+1

(Xj/bj) + E{(Xk+1/bk+1)|Ak}

= Tk a.s.

since E(Xk+1|Ak} = E(Sk+1|Ak}−Sk = 0 almost surely. Furthermore,

V ar(TN) = b−2n

n∑
k=1

σ2
k +

N∑
j=n+1

(σ2
j/b

2
j)

since

V ar(TN) = V ar(Sn/bn) + 2b−1n Cov(Sn,
N∑

j=n+1

(Xj/bj)) + V ar(
N∑

j=n+1

Xj/bj)

= b−2n V ar(Sn) + 0 + V ar(
N∑

j=n+1

Xj/bj)

= b−2n

n∑
k=1

σ2
k +

N∑
j=n+1

σ2
j/b

2
j

via the following additional calculations:

V ar(Sn) = ES2
n = EE{(Sn−1 +Xn)2|An−1}

= E{S2
n−1 + 0 + E(X2

n|An−1)}
= V ar(Sn−1) + V ar(Xn) = V ar(Sn−1) + σ2

n

= · · · =
n∑
j=1

σ2
j ,
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while, similarly,

V ar(
N∑

j=n+1

Xj/bj) = E


(

N∑
n+1

Xj/bj

)2


= EE


(
N−1∑
n+1

Xj/bj

)2

+ 2b−1N XN

(
N−1∑
n+1

Xj/bj

)
+ b−2N X2

N |AN


= V ar(

N−1∑
j=n+1

Xj/bj) + 0 + b−2N σ2
N

= · · · =
N∑

j=n+1

σ2
j/b

2
j .
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