
Statistics 522, Problem Set 7

Wellner; 2/27/2013

Reading:
Shorack, PfS Course Notes Sections 9.1-9.2, pages 193-200;
Shorack, PfS Course Notes Sections 10.1 - 10.3, pages 225-249;
Wellner Chapter 11, Sections 1-3, pages 1-21.

Due: Wednesday, March 6, 2013.

1. Exercise 9.2.4, PfS Course Notes, page 199. (Exercise 11.8.4, page 293,
PfS 2000).

2. Exercise 11.6.6, page 34, Wellner, Chapter 11, notes.

3. Exercise 9.1.6, PfS Course Notes, page 197. (Exercise 11.7.6, page 291,
PfS 2000).

4. Suppose that X1, . . . , Xm are i.i.d. with E(X1) = µ and V ar(X1) =
σ2 <∞; suppose that Y1, . . . , Yn are i.i.d. and independent of the Xi’s
with E(Y1) = ν and V ar(Y1) = τ 2 <∞.
(a) Use the classical CLT (Theorem 11.2.2, W Chapter 11) to show
that

√
m(Xm − µ)/σ →d N(0, 1) and that

√
n(Y n − ν)/τ →d N(0, 1).

(b) Let N = m+ n and set

Dm,n ≡
√
mn

N

(
Y n −Xm − (ν − µ)

)
.

Use (a) to show that if λN ≡ m/N → λ ∈ [0, 1] then

Dm,n →d

√
λτZ −

√
1− λσZ ′ ∼ N(0, λτ 2 + (1− λ)σ2)

where Z,Z ′ ∼ N(0, 1) are independent.
(c) Let S2

m,n ≡ λNS
2
Y +(1−λN)S2

X where S2
X ≡ m−1

∑m
i=1(Xi−Xm)

2

and S2
Y ≡ n−1

∑n
j=1(Yj − Y n)

2. Show that if λN → λ ∈ [0, 1] then

S2
m,n →p λτ

2 + (1− λ)σ2.
(d) Use (b) and (c) to show that if λN → λ ∈ [0, 1], then Tm,n ≡
Dm,n/Sm,n →d Z ∼ N(0, 1).
(e) Use the result of (d) and the Helly selection theorem to show that
Tm,n →d Z ∼ N(0, 1) whenever m→∞ and n→∞.
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5. Bonus problem 1: Exercise 11.6.5, page 34, Wellner, Chapter 11,
notes (or equivalently Exercise 9.1.5, PfS Course Notes, page 196).

6. Bonus problem 2: Suppose thatX1, . . . , Xm are i.i.d. F and Y1, . . . , Yn
are i.i.d. G. Let Fm(x) ≡ m−1

∑m
i=1 1(−∞,x](Xi) andGn(x) ≡ n−1

∑n
j=1 1(−∞,x](Yj).

To test the hypothesis F = G consider the test statistic

Dm,n ≡
√
mn

N
sup
x∈R
|Fm(x)−Gn(x)| ≡

√
mn

N
‖Fm −Gn‖.

Under the null hypothesis F = G continuous, show that Dm,n →d

‖U‖ ≡ sup0≤t≤1 |U(t)| whenever m → ∞ and n → ∞ where U is a
standard Brownian bridge process.
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