Statistics 522, Problem Set 6 Solutions
Wellner; 2/28/2008

1. Suppose that {N; : t > 0} is a Poisson process with rate v > 0; recall
PfS, Chapter 9, pages 195-196 (or, for example, Billingsley, pages 307-
313).

(a) Fix0<s <t ,andlet A=[Ny=0], Bi=[N;=1],i=0,1,2,...,
and let D = 0 [By, By, ...]. Show that P(N,=0|D) = (1 — s/t)M.
(b) Fix 0 < s < t. Show that
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Thus (N,|N¢) ~ Binomial(Ny, s/t).
(c) Fix 0 =359 <81 <+ < Sp_1 < Sy = t. Show that
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Remark. The result of (c¢) implies that

({Ns : Ogsgt}|Nt:n)i{nFn(s): 0<s<t}

where F,,(s) =n~' Y 7" | 10,4(X;) is the empirical distribution function
of X; i.i.d. Uniform(0, t)

Solution: (a) and (b). Note that D = o [V]. Thus conditional
probabilities given D are just conditional probabilities given N;. For



B; = [N; =], by using the independent increments property of the
Poisson process,
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It follows that
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(c) Similarly to the calculations above,
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. Suppose that Xi,...,X,,... are i.i.d. with distribution function F,
and let N be a Poisson random variable with parameter A which is
independent of the X;’s. Define the stochastic process {M; : t € R} by

N
= Lcoon(Xi) = NFy(t)
i=1



where F,,(t) = n™ "> | 1(—eo(X;) is the empirical distribution func-
tion of Xq,..., X,.

(a) Show that M; ~ Poisson(AF(t)) for each fixed t € R.

(b) Show that for fixed —00 = 89 < 51 < 8§93 < +++ < Sp1 < Sy =
00, the random variables My, , My, — M, ,..., M, — M, _

) Sm

, are inde-
pendent Poisson random variables with parameters AF'(s1), A\(F'(s2) —
F(s1)),..., A1 — F(sm-1)) respectively.

Remark: (a) and (b) imply that the process M; is a Poisson process
with intensity (and mean) function AF'; this fact generalizes to the em-
pirical measure of observations X; i.i.d. P on (X,.A); see e.g. van der
Vaart and Wellner (1996), section 3.5.2.

Solution: (a) Since (M;|N) ~ Binomial(N, F'(t)), for k € {0,1,2,...},
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Thus M; ~ Poisson(AF'(t)) as claimed.
(b) Since
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it follows that

PN, (M, = M, = kj])
= E{P(N, [M,, —M,,_, =k;]|N)}

Sj—1

NI 5 L.
= E - L (F(s5) = F(s5-1))" Lok, <, 57 k=)

n

— e TS — Floyo P exp(- TG~ Flsy-0)
A(F(s;) — Fls, )]

Thus (Ms,, My, — My, , ..., M, — M, ) areindependent Poisson ran-
dom variables with parameters (AF'(s1), A\(F'(s2) — F(s1)),...,A(1 —
F(sm-1))) as claimed.

. Suppose that Xi,..., X, ... areindependent and identically distributed
with F|X;| < oo, and let S,, = X1+ -+ X,,. Let u = E(X;). Suppose
that N is an integer-valued random variable independent of the X;’s.
(a) If EN < oo, show that E(Sy) = uE(N).

(b) If Var(N) < oo, and Var(X;) = 02 < oo, compute Var(Sy).
Remark: Consider Example 10.5.3, page 245, and Theorem 11.6.1, page
309, in this connection, noting that the random number of terms in
these results need not be independent of the X;’s being summed.

Solution: (a) E(Sy) = E{E(Sx|N)} = E{Nu} = uE(N).
(b) Now

Var(Sy) = EVar(Sy|N)+ Var[E(Sy|N)]
= E{No’} + Var [Ny
= o*E(N) + p*Var[N].

. Exercise 11.8.16, page 56, Wellner, Chapter 11, notes. If H : {>(T')
R is bounded and continuous, and K C ¢*° is compact, then for every
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€ > 0 there is a 6 > 0 such that: if x € K and y € (>°(T) with
|ly — z||7 < 0, then |H(y) — H(x)| < e.

Solution: Suppose K C (>°(T) is compact and H is continuous. Fix
€ > 0. For each x € K, continuity of H implies existence of a § = ¢, =
0z > 0 such that y € B(x,0,.) = {y € £>°(T) : |ly — z|lr < 6z}
implies that |H(y) — H(z)| < €/2. Note that the family of open sets
{B(z,6,/2) : x € K} covers K. By compactness of K there is a finite
sub-cover
B(1,04,/2), ..., B(xm, 0x,,/2).

Let 6 = (1/2) minlgigm 5%

Now let # € K and suppose y € (>°(T) satisfies ||z — y|[r < 0. Thus
y € B(z,9). Furthermore, z € B(x;,d,,/2) for some i < m. Then by
the triangle inequality

ly —=zille < lly—zllr +llz —zillr <6+6i/2 < 00,/2+ 00,/2 = b,
By choice of the ball B(xz;,d,,) it follows that

|H(y) = H(z)| < [H(y) = H ()| + |H(2:) — H(z)]
< €/2+¢/2=¢

Thus the claim holds for this choice of §.



