Statistics 522, Problem Set 4 Solutions
Wellner; 2/16,/2008

1. Suppose that Yi,...,Y, be independent Bernoulli (1/2) random vari-
ables so that X; = 2Y; — 1 are independent Rademacher random vari-
ables. with EX; =0 and Var(X;) =1. Let S,, = X; +---+ X,,, and
S, = S,/\/n, and define F,(z) = P(S, < z). Show that

1
lim su n||f, — Plleot = —.
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Hint: Take n = 2m + 1; take t,, = —(2m + 1)~'/2; note that
>1Y; ~Binomial(n, 1/2); show that P(Bin(2m +1,1/2) <m) =1/2;
and hence that Fo,y1(tm) — ®(t,) = ft?n o(y)dy.

Solution: Note that

Fus) = P(Sy <) = P(YX; < i)

n

= PO_(2Yi—1) <avn)

=1

= P(2Binomial(n,1/2) —n < xy/n)

For n =2m+ 1 (i.e. odd) and z = t,,, = —(2m + 1)7%/2 it follows that

Fomi1(tyn) = P(2Binomial(2m + 1,1/2) —2m +1 < —1)
= P(Binomial(2m +1,1/2) < m)
= 1/2 = P(Binomial(2m +1,1/2) > m + 1)

by symmetry. Therefore

Fomi(t) — B(t) = uz—/m¢wmy=/'¢@my—/m¢wmy

= /t : o(y)dy,
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and hence

V 2m+ 1HF2m+1 _(bHoo 2 V 2m—|—1]F2m+1(tm) —é(tm)’
0
= V2m+ 1/ o(y)dy
tm

1 €
= — [ ¢o(y)dy with €= —t,, — 0.
€Jo
Thus
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2. Stroock’s chapter II, page 64: verify the claim that the bound in Lin-
deberg’s CLT can be taken to be the expression in (2.1.13) of Stroock
when the X,;’s all have finite third moments.

Solution: As in the proof of Theorem 11.6.1 (Lindeberg’s theorem),

A = |Bp(S,) - Ep(Z)]
< S {EIRW.: X + EIRU: )}

i=1

where 1
R(z;y) < H@”’Hoog\y\g-

Thus
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and, as before,
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where the second inequality follows from Liapunov’s inequality and

where -
EB|Z|? = 2/ 2o(2)dz = 2/2/7.

0
Therefore, summing on ¢ and using the notation

Pn = Z E|Xm|3/0-27
i=1

1
A < [l¢" loopn (1+2v/2/7)
where 1
- <1 + 2\/2/7r) = 432628... < 2/3.
Thus Stroock’s claimed bound holds; in fact Stroock’s 2/3 can be re-

duced to the constant above which is less than .45.

. (Stein’s method for Poisson random variables). Suppose that X ~
Poisson(A), and write Py, for the corresponding Poisson probability
measure on ZT and F\ for expectation under Py. Show that the fol-
lowing identity holds: for any bounded function ¢ : Z* — R,

Ex{ (X +1) - Xg(X)} =0.

Solution: Suppose X ~ Poisson(\) and ¢ is bounded. Then we com-
pute

E{dg(X +1) — Xg(X)}
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4. (Stein’s method for Poisson random variables, continued). Let A C
Z*. Consider the bounded function p(z) = 14(2) for z € ZT and its
Poisson-centered version ¢(z) = ¢(z) —Exp(X). Suppose that g = g a
is constructed to solve the equation

Ag(z+1) = 29(2) = @(2) = 1a(z) — PA(A). (1)
Show that the solution of the equation in the last display is given by
g(z+1) = X7 P(ANU.) — PA(A)PA(U.)}
= AR PA(ANU)PA(US) — PA(ANUS)PA(U.)}
for 2> 0, z € ZT where U, = {0,..., z}.

Solution: With g(z + 1) as given in the first line of the last display,
we find that

Ag(z+1) — zg(2)
= /\_ZZ!GA{PA(A N Uz) - P)\(A)PA(UZ)}
—A 72N PV(ANU. 1) — PA(A)P\(U._1)}

1

- m {P\(ANU,) — P\(ANU,_1) — P\(A)(P\(U,) — P\(U.-1))}
1

= By PNt - AAARED]

= 1a(z) — PA(A)

where the next to last equality holds because U, = U,_; +{z} (disjoint
union) and hence

PA(UZ) = P)\(Uz_l) + PA({Z}), and
P\(ANU,) =P(ANU,_1)+ PA\(ANn{z}).
The second identity follows by writing Py(A) = Py\(ANU,)+ P\(ANU?)
so that
{P\(ANU,) — P\(A)P\(U,)}

= P(ANU.) —{P(ANU.) + (AN U PA(U:)
PA(ANU.)PA(UL) = PA(ANUZ)PA(Uz).



5. (Stein’s method for Poisson random variables, continued). Suppose
that W, = > " | X; where X, ..., X,, are independent, X; ~ Bernoulli(p;).
Let A=\, = E(W,) = >, p;- Use the identity of the previous prob-
lem to show that for any set A C Z*

2sup, [gra(2) 21, P}
P(W € A) — Py(A)] < £ T "
POV e A) - pay| < { Dol CIE st

Hint: Use the identity in the previous problem, then note that E{X;g(WW)} =
E{X;g(W;+ 1)} = piEg(W; + 1) where W; = > ., X;. Furthermore,
note that W and W; are equal unless X; = 1, which occurs with prob-
ability p;.

Solution: This is as in the notes: since the identity Ag(z+1)—zg(z) =
14(z) — Px(A) holds for any set A C Z*, it follows that

P(W € A) — Py(A)
= E{la(F) - P\(2)}
= E{N(W +1)—-Wg(W)}

- E{Z pig(W +1) — X;9(W)]}

— ipiE{g(W +1)—g(W; +1)} (2)
= D_pB[{a(W +1) = g(Wi+ D} (3)

where (3) holds since E{X;g(W)} = F{X;g(W; + 1)} = p;Eg(W; + 1)
where W; = >0, i, and (3) holds because W = W; unless X; = 1,
an event with probability p;. The claimed bounds follow immediately
from (3).

6. (Stein’s method for Poisson random variables, continued). It is shown
in Barbour, Holst, and Janson (1992) that for g = gy 4 solving (1), the
following bounds hold:

lglloo < min{1,A72}, JAglle < ATHIL =€),



Use these bounds to show that
dpy (P(W,, € ), P\) < A1 —e” sz,
which improves substantially on the bound > | p? established in prob-

lem 6, Math/Stat 521 homework set 6, via coupling.

Solution: This follows almost immediately from the preceding prob-
lem and the given bound for ||Ag||:

dry(Pw,P\) = sup |[P(W, € A) — P\(A)|

ACZ+t

< sup sup|gra(z +1) —gralz |ZPZ
ACZ+ =z

< A1 -e? sz



