Statistics 522, Problem Set 3 Solutions
Wellner; 2/7/2008

1. Exercise 11.6.1, page 34, Wellner, Chapter 11 notes. Prove the equiv-
alence of (i) and (ii) in Proposition 11.2.2.

Solution: Suppose that (ii) holds. Let

1, r <0,
h(x)=¢ 1—z, 0<z<1,
0, x> 1,

and for fixed x € R and € > 0, consider the functions

fealy) =h (y — x) :

€

Jea(y) = h (L‘W) '

€

Note that f,, and g, are continuous and bounded (since their range
is [0, 1]. Moreover

1(—00,;18—6] (?J) S ge,x(y) S 1(—00,;18] (y) S fe,x(y) S 1(—oo,x+e} (y) for all (/S R.

Thus by (ii) Efe.(X,) — Efe.(X) and Ege (X)) = Ege.(X). There-
fore

Fn(x) = El(—oo,ac](Xn) S Efe,x(Xn) i Efe,ac(X) S El(—oo,ac—i—e](X) - F(l‘ + 6)7

and, similarly,
Therefore we conclude that

F(x —¢€) <liminf F,(z) < limsup F,(z) < F(z + ¢)



for every € > 0. Letting ¢ — 0 and assuming that z is a continuity
point of I, we conclude that F,(x) — F(x); i.e. (i) holds.

For the reverse implication (i) implies (ii) (which is also solved via the
Skorokhod theorem on PfS, page 53), choose I = [a,b] with a,b € Cg
such that Prp(1°) = F(a)+(1—-F(b)) <e. Leta=ag<a;---<a, =>
define a partition of {I; = (aj_1,a;] : 1 < j < m} of [a,b] with a; €
CF for all 0 < j < m. Based on this partition define approximating
functions f;f and f,= by

frlw) = 3 sup(f (@)1, (x),
fulw) =3 inf (F(@))1, ().

j=1

/Ifmang/Ideng/If;;an.

The left and right sides in the last display converge, in view of our
hypothesis, and hence

/fn_ldF < liminf/den < limsup/den < /f,;:dF
I I I I

Then

n—~oo n—oo

Now let max;j<y, |a; — a;—1| — 0. Then, by choosing the partitions to
be nested,

fu() 1 f(x),  and  fi(z) | f(2).

By the dominated convergence this yields

lim / frdF = / fdF and  lim / frdF = / fdF.
moJr I moJr I

Thus we conclude that

limsup’/den—/de) < limsup’/lden—/Ide’—l—HfHoo-Qe

n—oo n—oo

= 26| flloo-
Since € > 0 is arbitrary, this yields [ fdF, — [ fdF for all bounded

and continuous F'.



2. Exercise 11.6.2, page 34, Wellner, Chapter 11 notes. Suppose that
tn — g and 02 — o% where both u and o? are finite. Suppose that
Z ~ By on R.
(a) Show that X, Lo vonZ —pu+oZ L X.
(b) Show that for f € BL(R)

|Ef(Xn) = Ef(X)] < | fllse {1 A (| = pl + [on = ol|Z])}-

Solution: (b) For f € BL(R) it follows that | f(y)—f(x)| < || fllzr{1A
ly — x|} for all z,y € R; recall the inequality before Definition 1.4 on
page 4. Thus

|f(n +0nZ) = f(u+0Z)| <[ fllBeAL Al — p+ (00 — 0) Z]};

This implies that

[Ef(Xn) = Ef(X)| = |Ef(un+00Z) = f(n+02)]
< Elf(pn+0nZ) — f(n+0Z)]
< Sl E{LA [pn = pl + low — ol| 2]}

(a) Since p, —p — 0 and o, — o — 0, it follows by the dominated
convergence theorem (with dominating function 1) that the right side
of the last display converges to 0. Thus Ef(X,) — Ef(X) for all
f € BL(R); therefore X,, —4 X by the portmanteau theorem.

3. Exercise 11.6.4, page 34, Wellner, Chapter 11 notes. Give a direct proof
of the equivalence of (i) and (iv) in Proposition 2.2. Hint: Consider
the functions 1 (y) = ¥(y/€) where 1) is defined as follows: ¥ (y) = 1 if
y<0,9(y) =0ify > 1, and

Y(y) = fy xp(~1/(ull - u)))du for 0 <y <1

Ji exp(=1/(u(l — u)))du

Solution: Suppose that (iv) holds. Then, in particular, Ev.(X, —
x) — B (X — x) for every € > 0 and x € R. But then since

1(—00,;18—6] (?J) S M(?J — T+ 6) S 1(—00,;18] (y) S we(y - 33') S 1(—oo,ac+e] (y>
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for all y € R, it follows that
Fn(l‘) = El(,oo,x}(Xn) S EQﬁe(Xn — ZL‘)

and hence
limsup F,(z) < limsup EvYe (X, — ) = EY(X —2) < El(_aopi(X) = F(x + €).

and, on the other hand,
Flz—¢) <EYp(X —ax+¢) = lirr;inf EY (X, — 2z +¢) <liminf F,(x).
Putting these together yields

F(z —¢) <liminf F,(z) limsup F,(z) < F(x + ¢)

for every € > 0. For x € Cg, the two extremes both converge to F'(x)
as € — 0; thus F,, —4 F, and (i) holds.

To see the reverse implication, suppose that (i) holds. Note that for f €
C*°(R) and a, b continuity points of F' with F'(a) < eand 1-F(b—) <€
we can write

|Ef(Xn) — Ef(X)]

- ‘ / fd(F, — F) / fd(F,—F)+ | fd(F,—F)+ fd(Fn—F))
(—00,a] (a,b] (b,00)
< el Fal@) + Pl@) + (1= Fao-)) + (L= FO-D} +| | fd(F = F)
< I lloed Ful@) + F(@) + (1= Fub=)) + (1 = F(0-)}
+ ) (Falb) = F(8) = fla)(Fa(a) = F(a)]
] ] f@E - P

where f’ is uniformly continuous on the compact set [a, b] and F,,(x) —
F(z) for Lebesgue a.e. x (since F' has at most countably many points
of discontinuity). Since F,(a) — F(a) and 1 — F,,(b—) — 1 — F(b) by
our hypothesis, it follows by using the dominated convergence theorem
on the last term (with dominating function 2| f'||o) that

limsup |[Ef(X,) — Ef(X)| < A/ f]loce +0;

i.e. (iv) holds.



4. Exercise 11.6.5, page 34, Wellner, Chapter 11 notes. Show that A(F, G)
as defined in proposition 2.3 is a metric and that the space of all dis-

tribution functions under \ is a complete separable metric space. Also
F, — F asn — oo if and only if \(F,,, F) — 0.

Solution:
e First, A\ is a metric:

(a) A(F,G) = \G, F): this follows since

inf{e >0: F(z—¢€)—e<G(x) < F(z+e¢) +eforal zeR}
=inf{e>0: Gly—¢) —e< F(y) <G(y+¢)+e foral yeR}

by taking y =x —e€ and y =z + €.
(b) A(F,G) =0 if and only if F' = G: if G = F, then

AME,F)=inf{e > 0: F(z—e¢)—e < F(z) < F(x+¢)+e for all z € R} =0
is clear. On the other hand, if A\(F,G) = 0, then
G(z) < F(x+¢e)+e foralle>0

which yields G(z) < F(x) for all x by right continuity of F. Reversing
the roles of F' and G using (a) gives F(z) < G(z) for all 2 and hence
F(z) = G(x) for all z; i.e. F=G.

(c) ME,H) < XF,G)+ MG, H): To see this, consider the sets

A={e>0: F(z—¢€)— e <G(x)
B={0>0: Gx—6)—9 < H(x)

< F(z+¢€)+e foral zeR}, and
<G(r+9)+06 forall xe R}

Then for e € A and § € B,

Flx—e—9)—e—0 G(x—9)—6

<
< Ha)<Gx+06)+6<Flz+e+d)+e+6

for all z € R. This yields the claim.

e Now we show that F,, — F'if and only if A\(F,,, F') — 0.
(a) Suppose that F,, — F. Fix ¢ > 0 and let a,b € Cp satisfy
F(a) < ¢/2 and 1 — F(b) < ¢/2. Subdivide the interval [a,b] by a =



ap < a; < --- < apy = b with each a; € Cp and such that a; —a;_; <e
for each j. Since F,, —4 F, we can find an N so that

max |F,(a;) — F(a;)| < €/2.

1<j<m
for all n > N. Now we will show that for all x € R and all n > N
Flz—¢e)—e< F,(zv) < F(z+e¢)+e). (1)

This will be done by considering the following cases: (i) = € [aj_1, a;]
for some j; (ii) x < a = ap; (iii) * > b = a,,. In case (i), we have

F.(z) < Fu(a;) < F(a;) +€/2 < F(x +¢)+¢/2, and
Fo(z) > Fy(aj_1) > F(aj—1) —€/2> F(x —€) — €/2.
In case (ii) (with z < ag = a) we have
F.(x) < Fy(ag) < F(ag) +€/2<e< F(x)+¢€ and
F.(x) > 0> F(ag) —€¢/2 > F(z) — ¢/2.
In case (iii) (with = > a,, = b) we have
F.(z) <1< F(ay)+¢€/2 < F(x)+¢€/2, and
F.(x) > Fy(ay) > F(a,) —€/2>1—¢> F(z) —e.

Thus (1) holds. Since € > 0 is arbitrary, this implies that A(F,,, F') — 0.
(b) Suppose that A(F,, F)) — 0. Let xy be a continuity point of F.
Then for every e > 0 there exists > 0 such that

|F(z) — F(xg)| <e if |z — zo| < 4.
Let v = min{e, d} and let n be so large that A\(F,, F') < . Then

Fa

) = F(zo—v) —v = F(xo) — 2¢, and
Fy(mo) < F

) < Flzo+7) +7 < Fxo) + 2€.

Since € > 0 is arbitrary, this implies that F,(zo) — F(x¢) for any
ro € CF, and hence that F,, —4 F'.

Zo
Zo

e Now we show that the space of one dimensional distribution func-
tions with the metric A is complete.
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Suppose that {Fj} is a sequence of distribution functions satisfying
A Fy, F) — 0 as k,m — oo. Let C be a countable dense set of points
on the real line. Since the values of Fj,(x;) are bounded, the standard di-
agonal argument proves the existence of a subsequence Fy, (), Fy,(z), ...
which converges for every x € C'. The limit

G(zj) = lim F, (z;)

r—00

is defined on the set C and is a nondecreasing function. If we define

F(z) = inf G(z;),
Tj>x
then F'is defined for all z € R and is right-continuous. From A(Fj, F,) —
0 it follows that F'(—oo) = 0 and F(4+o00) = 1: for every € > 0 there
exists a k such that A(Fy, F,,) < € for m > k. Further there exists a z
such that Fi(z) < €. Then for z; < z — ¢,

Fi.(xj) < Fo(2)+e<2  for k. >n

and therefore
G(.CI?]) S 2¢.

Since € > 0 is arbitrary, it follows that F(—oo) = 0. A similar ar-
gument shows that F(+o00) = 1. Now note that Fy (z) — F(z) at
every continuity point of F. Thus it follows that A(Fj,, F') — 0. This
together with the hypothesis implies that A\(Fy, F') — 0.

e Now we show that the space of one dimensional distribution func-
tions with the metric A is separable.

Let n > 1 and fix a distribution function F'. Define a distribution
function F,, by

m2"
2" E(k /2" k—1 k
F,(z) = 2: L ;/)h{ n §x<%}
k=—m27+1

2" F(~m)] |2 F(m)]
LT B TI

. 1[x<fm} +

Lazm]

where m = m,,  is chosen so that F'(—m) V (1 — F(m)) < 27". Then
F, € F, m, the class of all distribution functions concentrated at integer
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multiplies £ of 27" with —m2" < k < m2™, and with masses which
are also integer multiples of 27". This is a finite set of distribution
functions, and U_, Us2, F), ., is countable. Moreover for (k—1)/n <
x < k/n we have

Fo(x) < F(k/2") = F ( —

k—1 1
+ —) <Flz+2")<Flx+2") 427",

while on the other hand

Fu(z) > 2L (’“é )L p) 2 s Fla) -2 > Fa— 2 -2

For x > m we have
Fo(z) < F(m) < F(z) < F(z+27")4+27",

and on the other hand
F.(x) >F(m)—2">1-2"=-2">F(x)—2-27">F(x—2-27")—2-27".
Similarly, for x < —m

F.(x) <F(—m)<2"< F(x+2")+27", and

F.(z)>F(-m)—2">0—-2">F(z)—2-27"> F(z—2"")—2-27".
Thus we conclude that A(F,, F) < 2-27" — 0 as n — oo. Thus the

countable collection Fo, = U, Us2 Fy, , is dense in F.

. Exercise 11.6.6, page 34, Wellner, Chapter 11 notes. Formulate and
prove an extension of Proposition 2.1 to R¥.

Solution: Proposition 2.1 in R*: Suppose that {X, }, X are random
vectors in R* and suppose that Ef(X,,) — Ef(X) for each f € C*(R),
the class of all bounded functions on R* with bounded derivatives of
all orders. Then X,, —4 X.

Proof. Let X ~ Ni(0,1). For a fixed f € BL(R*) and ¢ > 0 , define
a smoothed function f, : R¥ — R as follows:

fo(x) = Ef(zx +07) = m/.../f(y) exp (_\:1:2;;;]2> dy.
8




Then f, € C°°(R¥) since we can justify repeated differentiation by the
dominated convergence theorem. Furthermore

sup |fo(z) — f(z)| < sup E|f(z+0Z) — f(x)]

zERF zERF

< |llsLE{L Aol Z]}

where the right side converges to zero as ¢ — 0 by the dominated
convergence theorem.

As in the case of R, for fixed ¢ > 0 we can choose ¢ > 0 so that
| fo = flloo < €. Then

[Ef(Xn) = Ef(X)] < |Efe(Xn) = Efo(X)| + 2e

so that

limsup | Ef(X,)) — Ef(X)| < 2
since f, € C*®°(R*) and hence Ef,(X,) — Ef,(X) by our hypothesis.
Thus X,, —4 X by the portmanteau theorem.



