Statistics 522, Problem Set 1 Solutions
Wellner; 1,/23/2008

1. PfS, exercise 3.2.3, page 42: Consider a measure space (2, A, p). Let
to = p| 4, for a sub o—field Ag of A. Starting with indicator functions,
show that [ Xdu = [ Xdpo for any Aj—measurable function X.

Solution: (a) Suppose first that X = 1p« where D* € Ay. Then since
D* e .Ao

/1D*d,u = u(D*) = po(D*) = / 1p+dpug.

Thus the claimed identity holds for indicator functions.
(b) Suppose that X = >7'% a;lp, for a; € R and D; € A for
J=1,...,m. Then

m m

/Xdu = /Zajlpjd,u:Zaj/ledu

J=1 J=1

= Zaj/led,uo by part (a)
j=1

= / Z ajlp,dug by linearity of the integral
j=1

(¢) If X > 0is Ag—measurable, then there exist simple functions X,
X which are also Ay—measurable. Then, by the monotone convergence
theorem,

/Xdu = lim/de,u = lim/deuo by part (b)

= / Xduy by monotone convergence again.



(d) If X is a general Ay measurable function, then write X = X+ — X~
where X and X~ are non-negative. Then by linearity of the integral
and (c) it follows that

/Xd,u = /(X+ — X )dp = /X*d,u— /X‘d,u

2. Exercise 8.4.1, page 173, PfS: show that if Q = ). D, for a finite or

countable collection of sets D;, and if D = o[Dy, Dy, ...], then we can
take
P(AD;)
P(AD) = g 1p, 1

where P(AD;)/P(D;) = P(A) if P(D;) = 0. Also show that for general
Y € £, we can take

E(Y|D) = Z {ﬁ /D de} 1p,. (2)

Solution: We need to show that the quantity on the right side of (1)
satisfies

E{1pP(A|D)} = E{1pna}  forall DeD.
For P(A|D) as defined in (1) and B € D let

n(B) = E{1zP(A|D)},
vo(B) = E{1pl4}.

With this notation we need to show that v1(B) = v,(B) for all B € D.
But since D is generated by the sets D; in the T—system {D;}, it



suffices, by Dynkin’s m — A theorem, to show that v1(D;) = 1»(D;) for
all j. But

P(AD;)
P(D;) Lo}

v(D;) = E{lp, Z

_ ;P;?é?;)P(DjDi)

_ P(AD;) . _ .
= D) P(D;) since D;D; =0 fori#j
= P(AD;) = E{1p,14} = na(D;).

Thus the right side of (1) is a version of P(A|D).

To see that the right side of (2) is a version of E(Y|D) in this case, we
need to show that

E{1,E(Y|D)} = E{1pY}  forall D€ D. (3)

As above it suffices to check this for D; € {D;}. But then

E{1Djzi:{P(1Di) /DinP}lDi}
= ;{ﬁ/mmp}zﬂ(@mm)

1 / . ..
= YdP ; P(D; since D;ND;=0 for i+#j
{p(D]) Dj } ( ]) J

= E{1p,Y}.

Thus (3) holds and the proof is complete.

. Exercise 8.4.2, page 175, P1S.

Solution: (a) When the sampling is done without replacement the
joint probability distribution for (X, X5) is as follows:



X
1 2 3
1]o 2/30 [3/30 [ 5/30
Xo |2 2/302/30 |6/30 | 10/30
313/30]6/30 |6/30 | 15/30
| | [5/30]10/30]15/30 | 1 |

Hence the marginal distribution of S = X; 4+ X5 is given by

ki 2 3 |4 5
P(S=Fk) | 4/30 ] 8/30 | 12/30 | 6/30 | 1

It is easy to compute the conditional distribution of ¥ = X, given S
(or given D = S~Y(B)): letting D; = [S = j],

Y

1 2 3 E(Y|D)
D 172 [1/2 |0 32
D, 3/8 |2/8 |[3/8 |2
Ds 0 12 |12 |5/2
Dg 0 |0 1 3
P(Y =4) || 5/30 | 10/30 | 15,/30

Note that ; .
P(Y =iD)=Y_ P([YP:(Z)]; D) 1p,

J=3

satisfies P(Y = i) = E{P(Y =i|D)}. Also note that E(Y) = 7/3, and
E(E(Y|D)) = (3/2)(4/30) + 2(8/30) + (5/2)(12/30) + 3(6/30) = 7/3.

4. Exercise 8.4.4, page 180, PfS. (In proving the statement (26), page 177,
it is to be understood that F(XY") exists; alternatively, show that the
statement holds for all bounded D—measurable random variables X.)

Solution: (24): C,: For r > 1, |z|" is a convex function of z, so
(@ +y)/2" < (1/2)(|z]" + [yl"). Thus |X + V|7 < 277 H{|X]" + Y]}
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Taking condition expectations across this inequality and using (16)
yields E(|X +Y|"|D) < 2"~ E(|X|"|D) + E(|Y|"|D)}. For 0 <r <1,
| X +Y|" < |X|"+|Y]|", so taking conditional expectations across this
inequality yields E(|X + Y|"|D) < E(|X|"|D) + E(|Y|"|D).
Holder’s inequality: for arbitrary a,b € R and r, s satisfying (1/r) +
(1/s) =1, we have

lab| < ﬂ + ﬂ

r s

with equality only if [b] = |a|/~V. Taking a = |X|/EY"(|X|"|D) and
b=|Y|/EY*(|Y|*|D), we find that

XY | X
BV (X['D)E (YD) = rE(X[TD)  sE(X[D)’

and taking conditional expectations across this inequality and using
(16) gives
BUXIVIDY 11
EVr(|X['D)EVS(YFID) T r s
This yields E{|X||Y||D} < EV"(|X|"|D)EY*(|Y|*|D) with equality if
and only if

V] X M=
_— = _— a.s.
EVs([X][D) ~ \EV(IX|'|D)

Liapunov’s inequality: Suppose that E|X|? < co. and let 0 < p < q.
Then by the conditional Hélder inequality with 1/r = p/q, 1/s =
1 —p/q, we find that

E(IXP|P) < B(X[[DY/*EQY /D)7 = B(X[DY/*  as.

This implies that E(|X[P|D)Y? < E(| X9 D)V a.s.

Minkowski’s inequality: This follows from the conditional Holder in-
equality in the same way that Minkowski’s inequality follows from the
unconditional Holder inequality.

Jensen’s inequality: see the nice proof in Williams, page 89, and note
the “important corollary” to Williams’ (h).

(26): Suppose that E(XY) = E(Xh) for all D—measurable rv’s X.
Then, in particular with h = 1p for D € D, we have E(1pY) = E(1ph)
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for D € D, and hence h is a version (or “determination”) of E(Y|D).
On the other hand, suppose that h is a version of E(Y'|D);i.e. E(1pY) =
E(1ph) for all D € D. Note that this implies E(1pY ") = E(1ph™)
and E(1pY ™) = E(1ph™) for all D € D.

Suppose first that X > 0. Then there is a sequence of D—measurable
simple functions X, = Z?Zl dilp, /* X. Then by the monotone
convergence theorem

E(XY) = E(X(Y*—Y"))=E(XY*)— BE(XY")
lign E(X,YT)— lirrln E(X,Y™) by the MCT

= hmE(ZdleJY”L)—hmE(Zdle]Y_)
1 1
= lim)» d;E(1p,Y")—1lim» d;E(1p,Y ")
1 1

= limY» d;E(1p,h") —lim Y d;E(1p,h~ )by the equality for sets
1 1

= lirrln E(X,h") — liin E(X,h7) by reversing the above steps
= E(Xh*)— E(Xh™) by the MCT
= E(X(h* —h7))=E(Xh).
Now suppose that X is arbitrary with £|XY| < co. Then
B(XY) = E((X*—X7)Y)=EX*Y) - EBXY)
= E(X"h)— E(X h) by the result for X > 0
E((X* — X")h) = E(Xh).

. Exercise 8.4.5, page 180, PfS. If X and Y are independent random
variables with mean py = 0, then for each » > 1 we have E|X|" <
E|X +Y|". More generally E|X + py|” < E|X +Y]".

Solution: Note that uy = E(Y) = E(Y|X) by independence of X
and Y. Then since X + E(Y|X) = E(X + Y|X) and the conditional
version of Jensen’s inequality for the convex function ¢(z) = |z|",

X +py| = | X+EY|X) = |[E(X4Y|X)]" < E{X +Y|"|X}  as..
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But then by monotonicity of expectation

EIX +py[" < EIE{X +Y['|X}] = E{|X + Y[}



