Statistics 522, Problem Set 8 Solutions
Wellner; 3/5/2004

1. PfS, Exercise 18.1.6, page 471.

Solution: In example 1.12, N(t) is a Poisson process with intensity A; and M (t) =
N(t) — Xt and M?(t) — At are both martingales. A natural exponential martingale to
consider is

_ _ exp(cM(t))
Y(t)=Y(t) = Eoxp(chM (1)
Since
Eexp(cM(t)) = FEexp(c(N(t) — At))
= exp(—cAt)E exp(c(N(t))
= exp(—cAt) exp((e® — 1)),
we find that

Y (t) = exp(cN(t) — (e — 1)At).

I claim that {Y'(¢), A:}22, is a martingale on [0, c0). To see this, note that for 0 < s <
t < oo we have

E(Y(t)|As) = E(exp(eN(t) — (ef — 1)At)|Ay)
= E (exp(c(N(t) = N(s)) — (e = 1)A(t — s)) exp(eN(s) — (e — 1) As)|.As)
= Y(s)E (exp(c(N(t) — N(s)) — (e —1)A(t — 5))|4;)  as.
= Y(s)E (exp(c(N(t) — N(s)) — (e = 1)A(t — 5))) a.s.

since N(t) — N(s) is independent of Aj
= Y(s)-1=Y(s) a.s.,
and hence {Y (t), A;}2°, is a martingale. Note that

V(1) = DY)y = Yalt) V(D) — eX) |y
(

R (
= Yo(t) (V@) = e\ |y

while
VI = SVl = Vo) (V) = N |y Yalt) (M) |
= Yol V(D) — €M) |
= M?*(t) — At.



2. P1S, Exercise 18.3.3, page 477. (a) Let --- C A_; C Ay C - - - be sub o—fields of A. Let
X € L£i(,A,P). Let Y,, = E(X|A,). Then (Y,, A,)s> _ is a uniformly integrable
martingale.

(b) Let Y; = E(Y|D;) for an arbitrary collection of sub sigma fields D; of A. These
Y,’s are necessarily uniformly integrable.

Solution: (a) Now

E|Y,| _ EIE(X|A,)| _ ELX]

P(lY,| >\ <
(1¥al > %) < ol < 2L
so that Bl
sup  P(|Y,| > ) < BXT
—oo<n<oo )\

as A — oo. Thus we have

E{Yallpvont = E{[E(X[A) [y, 55}
B{E(|X|| A}y, 150}
by the conditional Jensen inequality
E{E(IX 1y, 1>x1[An)}
since Y,, is A,, measurable
= E{[X[1py,zn} =0

IN

uniformly in n by the absolute continuity of the integral. Thus (Y,,.4,)2 _ is a
uniformly integrable mg.
(a) Similarly,
EY)| _ E|E(Y|D)| _ E|Y|
A A - A

P(JYy > )) <

so that

EY
sup PV, > 2) < 2y g
teT A

as A — oo. Thus we have
E{[Yi1vysn}t = E{|EY D) Lvsa} < E{IY 1y sn} — 0

uniformly in ¢ € T by the absolute continuity of the integral. Thus {Y;: ¢t € T} is
uniformly integrable.

3. Suppose that S and T are stopping times relative to the filtration {F,}. Show that
SAT, SVT,and S+ T are also stopping times.

Solution: To see that S AT is a stopping time, note that
[SAT>n|=[S>n]N[T>n]=[S <n]*N[T < nl
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where [S < n] € F, and [T < n] € F, since S and T are stopping times. It follows
that [SAT > n] € F,, and hence also [SAT < n] € F,;i.e. SAT is a stopping time.
To see that SV T is a stopping time, note that

[SVT <n|=[S<n|N[T <n]

where [S < n] € F, and [T < n] € F,. It follows that [SVT < n] € F,;ie. SVTis
a stopping time.
To see that S + T is a stopping time, note that

[S+T <n|=U_,[S=k|N[T=n-—k|

where [S = k] € F, C F,, and where [T =n—k| € F,,_y C F,, for k=0,...,n. Hence
[S+T <n|C F,;ie. S+T is a stopping time.

. Polyd’s urn: At time 0, an urn contains 1 black ball and 1 white ball. At each time
1,2,3,..., a ball is chosen at random from the urn, and is replaced together with a
new ball of the same color. Just after time n, there are therefore n + 2 balls in the
urn, of which B,, 4+ 1 are black, where B,, is the number of black balls chosen by time
n. Let M, = (B, + 1)/(n + 2), the proportion of black balls in the urn just after
time n. Prove that (relative to a natural filtration which you should specify) M, is a
martingale. Prove that P(B, = k) = 1/(n+1) for 0 < k < n. What is the distribution
of © = lim,, M,,? Prove that for 0 < 0 < 1,

N? (n+1)!
"7 Byl(n— By)!

68 (1 — )"~ 5B»

defines a martingale N’.

Solution: Let F,, = o(By,..., B,). Note that M,, = (B,+1)/(n+2) is the conditional
(given JF,) probability of drawing a black ball at the n + 1st draw. Thus we compute

E(MlF) = B (%m) = B(Bun 117
= B D= M) + (Ba+ D)
- n13{3n+1—Mn+2Mn}
- n_1|_3{(n+2)Mn+Mn} M, as.

Hence {M,,, F,} is a martingale. Similarly, letting

(n+1)!

= R 17O



the process N? = p,(B,) and

E(Ng+1|]:n) = E(pn+1(Bn+1)|Fn)
pn—|—1 (Bn)(l - Mn) + pn—|—1(Bn + 1)Mn
(n+2)! B g (n+1—08y,)
= gB~(1 —g)ynti-bBnr__ - "R/
B,\(n+1-B,)! ( ) (n+2)
(n + 2)! 93n+1(1 . 0)n+1—Bn—1 (Bn + 1)
(B, +1)!(n+1-B, —1)! (n+2)
(n+1)! B, n—By,
B B (1= 0 (1= 0) +0)
= pu(Bn) =N’ a.s.,

n

+

so {N? F,} is a martingale. This implies that EN! = EN{ =1 for all § € (0,1), or

n! 1
E{———  fBr(1—9)" B} = ) 1
{Bn!(n—Bn)! ( ) } n+1 (0.1)

This equality clearly holds if P(B, = k) = 1/(n+ 1) for k = 0,...,n. On the other
hand, (1.1) implies, by letting o = 6/(1 — ), that, with p, = P(B, = k),

n n

n! & 1 1 n! K
z:k!(n—k)!ap]C n—i—l( +a) n+1zk!(n—k)'a ’

k=0 k=0
and this yields py = 1/(n + 1) by matching coefficients.
The distribution of B, is a discrete uniform distribution on 0,...,n for every n,

the distribution of M, is a discrete uniform distribution on 0 < 1/(n +1) < ---
(n+1)/(n+2) <1 and it is clear that M, —4 U(0,1) as n — oo; P(M, < u)
[(n+2)u]/(n+1) - u= P(U < u) where U ~ Uniform(0, 1).

A 3B

. Let &,&,...,& be iid.  Uniform(0,1) random variables, and let G,(¢) =
ntY T1py(&) for 0 < ¢ < 1; G, is the empirical distribution function of the
¢'s. Fix n and let F,(t) = 0{G,(s) : s < t} for 0 < ¢t < 1. Consider the
processes Y,(t) = (G, (t) —t)/(1 —t) and Z,(t) = (1 — G,(¢))/(1 — t). Show that
(Ya(t), Fr(t) : 0 <t < 1) and (Z,(t), Fp(t) : 0 <t < 1) are martingales.

Solution: Let 0 < s < t < 1. Now (nG,(s),n(G,(t) — G,(s)),n(1 — G,(t))) ~
Mults(n, (s,t — s,1 —t)), and hence by direct calculation with the mass functions the
conditional distribution of n(1 — G, (t)) given nG,(s) is Binomial(n(1 — G, (s)), (1 —
t)/(1 —s)). Thus we compute

1-1¢

E{n(1 ~ Gy (1)) [nGu ()} = n(1 — Ga(s)) 7 —




Dividing across this equality by n(1 — t) shows that

Since {n(1 — G,(t)) : 0 <t < 1} is a Markov process,
E{n(1-G,(t))|Fu(5)} = E{n(1-G, (t)|n(1-G,(s))} = E{n(1-G, (t)|nG,(s)}, a.s.

(for a proof, see below) and hence we have

E{Eﬂﬂﬂﬁw%=ll@fz as.

1-—1¢ 1-—s

Thus {Z,(t), F.(t)} is a martingale. Since Z,(¢) is a mean 1 martingale, Z,(¢t) — 1 is
a mean 0 martingale, and rewriting this yields
I_Gn(t) _1_Gn(t)_(1_t) Gn(t)_t_

B T (AN S =-Y,(1).
Zn(t) — 1 1—t¢ 1 1—t 1—t (*)

Thus {Y,(t), F.(t)} is also a mean 0 martinagle.

To show that nG,(t) is Markov, it suffices to show that for any fixed set 0 < #; <
<+ < tp < tgp1 < 1 the conditional distribution of Ny = nG, (tgy1) given Ny =
nGy, (1), - - -, Ny = nGy, (tx) depends only on Ny = nGy, (tx). To show this, let Dy = Ny,
Dj EN]—Njfl,]ZQ,,k—{—l Then

P(Nk_|_1 = m\Nl =MNi,... aNk = nk)
= P(Nk+1_Nk:m_nk|D1 :dla---aDk:dk)
dl!...dkﬁ!(n_m)!ﬁh (ta = t1)® - - (tegr — ) B+ (1 = tq)™ ™™

d1!---dk!(n71!m+dk+1)!ttfl (t2 _ tl)d2 . (tk _ tk_l)dk(l _ tk)n—m+dk+1

(n —m + dk_|_1)! (tk—|—1 - tk)dk"'l(l — tk+1)n_m
dk+1!(n — m)' (1 — tk)n_m+d’“+1
= P(Nk—H = m|Nk = nk)

where ny <mp < ...<mnp <m<n,di =ny,dj =n;—n;forj=2...k+1,
k+1
di,...,dgs1 >0, and Zj;djzmgn.



