Statistics 522, Problem Set 6 Solutions
Wellner; 2/20/2004

1. PfS, Exercise 4.2, page 354: (a) If ¢"(0 is finite, then 02 < oco.
(b) If ¢*)(0) is finite, then F(X?) < oc.

Solution: (a) First, write
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and (1 — cos(hz))/h* > 0 for all z and h. Hence by Fatou’s lemma
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Thus E(X?) < oo and Var(X) < oco.
(b) The general case follows by induction on k as follows: Suppose that ¢(¥=2)(0) finite
implies that E(X?~2) < co. Assume that ¢(*)(0) is finite. Then ¢2*~2)(¢) exists and
is continuous in a neighborhood of ¢ = 0. By the induction hypothesis, F(X%~2) < co.
By exercise 4.2 (a),

¢(2k_2) (t) — (_1)k—1E(X2k—26itX) .
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Hence our hypothesis ¢()(0) finite is equivalent to ¢"(0) finite. From (a) it follows
that
E(X2k)

B2 = Eg(Y?) < —"(0) < oo;

ie. E(X%*) < oo.

. Find independent random variables X, Y, and Z so that Y and Z do not have the same
distribution, but X +Y and X + Z do have the same distribution. Hint: let X have the
de la Vallee - Poussin distribution with density f(z) = [1 — cos(z)]/7z?, let Y =4 X,
and let Z have the same characteristic function as Y, but extended periodically with
period 4; identify the probability distribution of Z explicitly. (This is from Feller, vol.
I1, pages 505-507.)

Solution: Let X be a random variable with the de la Vallee - Poussin density f(z) =
(1 — cos(z))/mz?, and corresponding characteristic function ¢(¢) = (1 — [¢[)1[_1,1(2)-
Let Z be a random variable with the charateristic function v (¢) which is ¢ extended
periodically with period 4. (Draw the picture!) Since 1 (ty) = 1 = €% for t; = 4 and
0o = 0 (and for tq = 4k, k € Z), it follows from problem 4 below that this characteristic
function corresponds to a discrete random variable Z with P(Z = wk/2 for some k €
Z) = 1. Thus with py = P(Z = 7k/2) the characteristic function 1 is given by

Y(t) = Ee'? = Z prexp(itmk/2) = Z pi cos(trk/2)

k=—o0 k=—o0

since 1 is real (and hence the p;’s are symmetric about 0). This is a Fourier series,
and it is easily seen that the coefficients p, can be recovered by

p = P(Z=kr/2)= /7/1 exp(—inkt/2) dt

= 2(1 —cos(km/2))/(7*k?)
2}2, ke{l1,3,5,...}
) S5 ke{2,6,10,..}
, ke {4,812,..
1/4, k=0.
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This is a discrete version of the de la Valle -Poussin density, and corrects the formula
given in Feller (1971) which is missing the factor of k% in the denominator. Since
B=Y2,2k+1)%=n?/8,

oo 1 o0
DR 3
k=—o00 k=1
1 2 1
= —-+2{—=B+—=B
i {7r2 +7r2 }



See Figure 1.
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Figure 1: py, k= —25,...,25

Then, if Y =; X so that ¢y = ¢, we have, by independence

dxiv(t) = dxdy = &> = ¢ = dxdz = dx1z

so that X +Y =; X + Z, but Y and Z have different characteristic functions and
hence also different distributions. (This is from Feller, An Introduction to Probability
Theory and Its Applications, Vol. II, pages 505-507.)

A second solution without characteristic functions: Let X, X > 0 have the same
distribution, and suppose that Y, Y > 0 have the same distribution where 0 < P(Y =
0)<1,0< P(X=0)<1,and X,X,Y,Y are independent. Let Z = —X + X 4+ Y.
Then P(Z < 0) > 0so0 that Z does not have the same distribution as Y. However
X+Z=X-X+X+YV=,X+Y.

3. Suppose that a characteristic function ¢x has |px(ty)| = 1 for some non-zero ty; i.e.
ox (to) = exp(iby) for some real 6. Show that P(X = (6 + 2kn)/ty for some k € Z) =
1.
Hint: Show that Re(1 — Eexp(itgX — i6p)) = 0 and examine the function
1 — cos(tox — o).



Solution: Since ¢x (o) = exp(ify) for some ¢y # 0 and 6y € R, it follows that
Eexp(itoX —iby) =1,

and hence
0= Re(l — Fexp(itoX —iby)) = E{1 — cos(txX — 6y)}.

But the function f(z) = 1 — cos(tox — 6p) is non-negative since | cos(y)| < 1. Thus
we have Ef(X) = 0 with f > 0, and hence f(X) = 0 a.s. Px. But this means that
1 — cos(tgX — 6p) = 0 a.s., and this occurs only if ¢ X — 6y = k27 for some integer k
a.s. Thus we conclude that

P(X = (0 + 27k)/ty for some k € Z) = 1.

. PfS, Exercise 1.4 (b). Suppose that X,i,...,X,, are independent Bernoulli(\,y)
random variables for which > 7 \,x — A and > 7 A2, — 0. Show that

M, = max |X,;| —¢ Bernoulli(1 — e™).
1<k<n

Note that theorem 1.2, PfS yields

Z Xk =4 Y ~ Poisson(\) .
1

Solution: Let ¢ € [0,1). then

P(max X, <t) = P(Xp1<t,...,Xpn<t)

1<k<n
= [[PXnr<t) = ][ P(Xor =0)
k=1 k=1
= [ - np) = e
k=1

by PfS, Lemma 4.3, page 353, since Y, Anx — A, 02 = (maxgAnx)? =
maxi<k<n Aoy < Dopoy Aag — 0, and My = D70 Ay = X > 0 satisfies 6, M,, — 0.
Fort > 1, we have P(max;<k<, Xnx < t) =1and fort < 0, P(maxi<x<y Xnx < t) = 0.
thus max;<x<, Xnr —¢ Bernoulli(l —e™).



