Statistics 522, Problem Set 5
Wellner; 2/4/2004

1. Let {X,;} be a triangular array of random variables, independent with each row and
satisfying: (i) ., P(| Xy > €) — 0 for each € > 0,
(ii) Z?:l VaT(Xn,il[\Xn,i|§e]) — 1 for each € > 0.
Show that > 7" Xp; — Ay =4 Z ~ N(0,1) where A, = > 7 E(Xy 1) x,,<1)- Hint:
Consider truncated variables 7, ; = X, ;1 x, ;|<e,] and & i = Mni — E(nn,:) for an some
appropriate sequence €,.

Solution: By (i) and (ii) we can choose a sequence €, — 0 so slowly that both

ZP(\XH,A >€,) =0 and ZVCLT(Xn,il[\Xn,”gen]) -1—-0.
1

=1

Then the recentered and truncated random variables &, ; satisfy

Y E) =0, > Var(&.) —1,
1 1
and
ST Blenl® < 26,y E(€2,) »0-1=0.
1 1

Thus by our basic theorem for triangular arrays > | &.; —4 Z ~ N(0,1). Now

PO Xni# Y i) <Y P(| Xl > ) >0,
1 =1 1

while
1> EXnilixai<a)) = ) EXnilixag<n)l < D ElXnilli.<ix,, <
1 1 1

IN

D P(IXpil > €) 0.
1

Putting all this together we have
n n n
Z Xn,i - An = Z gn,i + Z Xn,i1[|Xn,i\>en]
i=1 1 1
n

+ ¥ B(Xnalix,i<ea) = O BE(Xnslyx, <)
1

1

¢ Z+0+0=2~N(0,1).



2. (Liapunov’s 2 + ¢ CLT). Suppose that {X,,} is a triangular array of row-wise
independent random variables satisfying:
i) E(Xn, )—Ofori—l n;
(i) Var(X,,) =o0.;, < o0 for i=1,...,m
(111) S E|X ‘2+5/02+5 5 0 for some 8 > 0 where oy =0, +---+o0,,. Show that
Sn/on —a Z ~ N(0,1). [The classical version of this is with § = 1.

Solution: It suffices to show that the Lindeberg condition holds. But

nzl
Ln(e) = — ZE \Xn,|>ean < _ZE 1[\X,”\>eon])

"il "il

02+5 Z E| Xy,
noo

— 0.

IN

Thus it follows that S, /o, —4 Z ~ N(0, 1) by the Lindeberg-Feller CLT.

3. Construct an example with i.i.d. random variables X, X, ... for which the Lindeberg
condition holds but for which Liapunov’s 2 + § condition fails for each 0 < 6§ < 1.

Solution: For i.i.d. random variables X;, X, ... the Lindeberg condition becomes
Ly(€) = E(X71)x,>eym) — 0

as n — oo, and this holds if E(X?) < oo. On the other hand the Liapunov 2 + §
condition becomes n~'7/2F|X;|*** — 0. Thus it suffices to find a distribution for
which E(X?) < oo but E|X;|**® = oo for every § > 0. Suppose that X has density

function .

= 1
P = G og a7
where the constant ¢ is chosen so that f integrates to 1. Note that f is symmetric

about zero, E|X| < oo, and E(X) = 0 Then via the change of variable y = log(z),
dy =z duz,

E(X?) = 20/600%@3

z(log x)

o
= 20/ Yy 2dy = 2¢ < 00,
1

while, on the other hand, for any § > 0

o 1
246 __ —
E|X| —2(:/6 xl_é(logx)zdx—oo.



Note that

lz/oof(a:)dm:%/e de:%/l Yy “e Ydy

1 o
- =2 / vy 2e” W dy=.0750685....
c 1

. Suppose that U, is a sequence of independent random variables with P(U,, = +cn) =
1/(2n?), P(U, = 0) =1 — 1/n? for some ¢ > 0. Let {¥,,}°°, be independent random
variables, independent of the U,, with mean 0 and variance 1 so that \/nY, —4 Z ~
N(0,1). Consider the independent random variables X,, =Y, + U,,.

(i) Show that with S, = X; +---X,, and 02 = Y[ Var(X;), Sp/on —4 aZ ~
N(0,a®)  with a®=1/(1+¢c?).

(ii) Show that the Lindeberg condition fails.

Proof. (i) Note that Var(X;) = Var(Yy) + Var(Uy) = 1+ ¢*, and hence o2 =
(1 + #)n. Furthermore, Y 7° P(|Ux| > €) = Y.k 2 < o0, so by the Borel-Cantelli
lemma P(|Uy| > €i.0.) = 0. Thus v/nU, —., 0. Thus by Slutsky’s theorem

Se _ VAVa | VA,

On Vit V1+¢
Z
+0~ N, (1+*)Y =N(0,d?).
s+ 0 N(O, (146 ) = N0, o)
(ii) On the other hand, Lindeberg’s condition fails. To see this, note that
Ukl = [Yi + Uy = Y| < [Yi + Uk| + Y]

—d

so that

[|Ux| > 2e0,] N[|Y| < €0n] C [| Vi + Ux| > €0,],
and

Uk|? = |Yi + U — V3> < 2(|Ye + Ui + [Y2]?)
and hence

1
Ve + Uil > §|Uk\2 L
Using these inequalities together gives

POFent) = B {0+ s
1
> E { (§U,§ - Y,f) 1[Uk|>2wn]1[lYkSwﬂ}

1
= B w520 P(Ye| < €0m)
— BE(Y{ i/ zcon) P(IUk] > 2€00) (0.1)

3



where we have used independence of Y, and Uy in the last equality. Here, since the
Yy’s are i.i.d. with E(Yy) =0, Var(Yx) =1, and o, = y/n/a,

P(ka‘ S 60n) — 1, and 1 2 E(Y;flﬂyk\ﬁfﬂn]) — 1

as n — oo. Thus for n sufficiently large these are both > 1/2 (uniformly in k) and
hence the right side of (0.1) is larger than

1
ZE(UI?1HUM>26(7”]) - P(|Uk| > 2€O'n) .

Thus we see, with a*> = 1/(1 + ¢?) and ¢2 = n/a?, that

a?
Lae) = ;Z (X215, 5001
k=1
4 Ak? a? <
2 / k—l[ck>2wn] - P(‘Uk‘ > 2€Un)
n
k=1 k=1
a2c?
- ——=0>0
4
since
2 n 2 n o0
a a 1 a?
_ZP(|Uk| > 2€0,) = — ﬁ [ck>2e0,] < —Z
k=1 n k=1 n k=1
as n — oC.

. Consider the triangular array of row-wise independent random variables {X,,;} with
Xn1~ N(0,pn) for some p € (0,1), X, ; =0 for 2 < j < |pn|, and X,,; ~ N(0,1) for
pn < j < n. Show that S,/0, —4¢ Z ~ N(0,1) while Lindeberg’s condition fails and
MAax)<k<n Oa /0 — P > 0.

Solution: Here
op =00 404 +0+00 0+ +on,=pn+1-(n—[np]) =n+np— [np]
so that 02/n — 1, and

Sna  v/nN(0,pn)+ N(0,n — [np])

o On NG
d Vv N(0,n + np — [np])
On vn

4 @N(

—q¢ 1-N(0,1).

0,1+p—n""[np])
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—

max o, /oy =0y, /o, = pn/(n+np — [np]) — p
1<k<n 7 ’

1
 E(mZypse ) E(Z s
n+np—[np]{ (nZ°Y 215 e, ) + (0= [MP) E(Z 1z, }

PE(Z°1)z5¢/ ) > 0.



