Statistics 522, Problem Set 1 Solutions
Wellner; 1/16/2004

1. Complete the proof of (7) in Inequality 3.4 on page 212, PfS. i.e. show how the two
one-sided arguments combine to yield the inequality with absolute value signs.

Solution: Let 7 = inf{k < n : [Sg] > A}. Thus [7 = k] = [|S1] < A,...|Sk1] <
NSkl > A, k=1,...,n,and > _ [T = k] = [maxi<k<y |Sk| > A]. Thus, with

a= min P(|S, — Sk| < (1—0c)A),

1<k<n

P( max ]Sk| >\ < iPﬂSn =Sk < (1 =c)N)P(t=k)

= Z P(] N[]S, — Skl < (1 =c)A]) by independence
- ZP NSkl = AN 1S, — Sil < (1= )A])

< ZP N[5, > eX])

= (|5n| > c)).

2. Exercise 10.3.3, page 213, PfS: Suppose that €)1, ... ¢, are i.i.d. Rademacher random
variables. Let aq,...,a, be real constants. For p > 1 it holds that

n 1/2 n 1/p
Ap (Z a%) < <E‘ Z aka’p> .
1 1

for some constants A, and B,. Establish this for p = 1 with A; = 1/\/§ and B; = 1.
[Hint: use Littlewood’s inequality with r, s,t equal to 4,2,1.]

Solution: For p = 1 it follows from Liapunov’s inequality that E|Y| < (E|Y|*)Y/2, so
with Y =57 ageg

n

By =Y a},

1



and this gives the upper bound with By = 1. For the lower bound we use Littlewood’s
inequality with r, s, equal to r,2,1 as suggested by the hint. Thus mym? > m3, or

E|Y [ < {BIX["}{BIX[}*?,

o 213/2
E|Y
EYPPE
{E[Y[*}2
With Y = Y7 | a;e; we find that E(Y?) =Y " | a? and

n
EIX" = E{ ), aoyaaveepee)
73,37 k,k'=1

= Zn: a? + (;l) Z a?ai,

J<y’

= Za —l—GZaa,

J<j’

53 )

IA

Hence it follows that

) S I
B\ > {Eir s > G - O

We conclude that Khintchine’s inequality holds for p = 1 with A; = 1/4/3 and B; = 1.
The best possible constants A, and B, are known for all p; for p = 1 the best possible
value of A, is 1/v/2, and this is due to Szarek (1976), Studia Math. 63, 197-208.

. Exercise 10.3.4, page 213, PfS. Hint: Use Jensen’s inequality. Let Xi,..., X, be
independent with 0 means, and independent of the i.i.d. Rademacher rv’s €y, ..., €,;
thus P(e, = £1) = 1/2. Let ® be convex and , on R. Then

(Y e Xil/2) S ER(|Y - Xil) < ER(2] D e Xy)

Solution: Let X7, ..., X/ be an independent copy of X7, ..., X,,. Then since F(X}) =
0, it follows that

EQ(|Y X)) = E®(> (X, - EX])|)



< Ex®(BEx| Y (Xk — Xp)l)

1

by Jensens’ inequality since |-| is convex

< ExEx® ] Z<Xk — X)) since @ is convex

1
= Exx @Y en(Xp — Xp)))

1
< Bxx @) aXil + 1) eXil}/2)

1 1
since ® is

<

% {ECD(Z{\ Z e Xi|) + EO(2{| Z Glech}

since ® is convex
n
= B(2{])_ eXil)
1
since the two terms have the same expectation.

Thus the second inequality holds (the one on the right). Similarly, to prove the first
inequality (the one on the left),

E®(|Z€ka|/2) = E‘D(|Z€k(Xk—EX1;)|/2)

IN

Ex P(Ex/| Z ex(Xe — X3)[/2)
1

by Jensens’ inequality since |-| is convex

IA

Ex Ex:®(| Zek(Xk - X;)|/2) since ® is convex
1

= Exx®| Z(Xk — Xp)1/2)

IA

Exx®({| Y Xel +1>_ Xi[}/2)
1 1
since ® is

- {Efb({l S Xl) + Ba({] wa}

since ® is convex

IN



= BO({|)_eXil)

since the two terms have the same expectation.

4. (A weak law of large numbers under the assumption of uncorrelated summands.)
Suppose that X, X, ... are uncorrelated and E(XJQ) < M < oo for all 7 > 1. Show

that X — E(X,,) = (S, — ES,)/n —, 0 and X,, — E(X,,) —2 0 as n — oo.
Solution: Since the X,,’s are uncorrelated,

n

Var(S,) = i Var(X;) + Z Cov(X;, X;) = i Var(X;) < Z E(X7) <nM

i =1

and hence Var(X,) = n=2Var(S,) < M/n. Therefore, by Chebychev’s inequality

— — — M
P(X,-EX,)|>¢ <e*Var(X,) <e?— =0
n
for every e > 0; i.e. X —FE(X,) —, 0. Since E[X, - E(X,)]* = Var(X,) < M/n — 0,
we also have X — F(X,,) — 0.

5. (Ly—convergence in the SLLN.) Suppose that Xi,..., X,,... are i.i.d with F|X;| <
co. Show that X, —; u = E(X)); ie. E|X, —u| — 0 as n — oo. [Hint: show
that \Yn| <Y, where Y,, is uniformly integrable, and that this implies the uniform
integrability of X,,.

Solution: Note that .
Xl <n D) X =Y,
i=1

where Y,, is uniformly integrable by Vitali’s theorem: E(Y,) = E|Xi| for every n
and Y,, —., E|Xi| = Y, by the strong law of large numbers and E(Y,) — E(Y;) =
E|X;|. Tt follows that {X,} is uniformly integrable, and by Vitali’s theorem again
E|X, —pul —0asn—oo;ie X, — u=FEX)).



