Statistics 522, Problem Set 5
Wellner; 2/4/2004

Reading: Shorack, PfS, Chapter 13, pages 341 - 357;
Shorack, PfS, Chapter 14, pages 365 - 376
Chapter 11, sections 11.3- 11.5.

Due: Wednesday, February 11, 2004.

. Let {X,,;} be a triangular array of random variables, independent with each row and
satisfying: (1) Y., P(|Xn;| > ¢) — 0 for each ¢ > 0,
(ii) Z?:l Var(Xn,il[\Xn,iKe]) — 1 for each € > 0.
Show that > " | Xp; — A, —¢ Z ~ N(0,1) where A, = > 7 E(Xplx, |<1)- Hint:
Consider truncated variables 7, ; = Xy i1{x, ;|<e,] a0d &ni = i — E(1n:) for an some
appropriate sequence €.

. (Liapunov’s 2 + 6 CLT). Suppose that {X,;} is a triangular array of row-wise
independent random variables satisfying:
i) E(X,;)=0fori=1,...,n;
(i) Var(Xn:) =05, <oofori=1,...,n;
(ili) Y7 E|Xp,**0 /02t — 0 for some 6 > 0 where o), = 07, +--- + 0, . Show that
Sn/on —a Z ~ N(0,1). [The classical version of this is with § = 1.

. Construct an example with i.i.d. random variables X, X, ... for which the Lindeberg
condition holds but for which Liapunov’s 2 + ¢ condition fails for each 0 < 6 < 1.

. Suppose that U, is a sequence of independent random variables with P(U,, = +cn) =
1/(2n?), P(U, = 0) = 1 — 1/n? for some ¢ > 0. Let {V,,}°; be independent random
variables, independent of the U,, with mean 0 and variance 1 so that \/nY, —4 Z ~
N(0,1). Consider the independent random variables X, =Y, + U,,.

(i) Show that with S, = X; + ---X,, and 02 = Y7 Var(X;) Sp/on —a aZ ~
N(0,a®)  with a® =1/(1+ ).
(ii) Show that the Lindeberg condition fails.

. Consider the triangular array of row-wise independent random variables {X,;} with
Xn1 ~ N(0,pn)for some p € (0,1), X,,; =0 for 2 < j < |pn|, and X, ; ~ N(0,1) for
pn < j < n. Show that S,0, —4 Z ~ N(0,1) while Lindeberg’s condition fails and
Maxi<k<n az’k/afb —p>0.



