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Proposition 1. Suppose that Xi,..., X, arei.i.d.,and let S, =n /23" X,.
If S, = O,(1), then E(X}) < oo and E(X;) = 0.

Our proof of Proposition 1 will rely on the following three lemmas.

Lemma 1. (Symmetrization.) For independent rv’s Xy,..., X, and €y, ..., €,
i.i.d. Rademacher rv’s independent of the X;’s,

(1) P(ln Y " eX] > 2t) < 2sup (I~ Xi| > 1),

Proof of Lemma 1. By conditioning on the Rademacher’s we see that
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i.e. (1) holds. O



Lemma 2. (Khinchine’s inequalities.) There exist constants A,, B,, such
that, for @ = (ay,...,a,) € R", and p > 1,
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Recall that we proved this for p = 1 and found that A; = 1/4/3 and
B, =1 work.

Lemma 3. (Paley-Zygmund inequality.) Suppose that Y is a non-negative

random variable with mean EY and second moment F(Y?) = ||Y||3. Then
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Proof of Lemma 3.

E(Y) = E(Vly<g) + E(YV1ysq)
< t+VEY?)P(Y >t)

by the Cauchy-Schwarz inequality. Rearranging this inequality yields (2). O

Proof of Proposition 1. The following proof is from Giné and Zinn (1994)
Lemma 1 yields
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sup P(|n~1/? Z ¢ Xi| > 2t) < 2sup P(|n~Y/? ZXA > 1).
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Thus tightness of {5, } implies that

n

{n~1/? Z X} is tight .

=1

By Khinchine’s inequality (Lemma 2), regarding the X;’s as fixed (condition-
ing on the X;’s), we find that

n

. 1/2
E5|n_1/2 Z aXi| > Ay (n‘l ZX?) = ¢[S,] .
=1

=1

2



Thus by the Paley-Zygmund inequality (Lemma 3) applied with Y = |[n=/2 3"
and the X;’s held fixed (conditioning on the X;’s)
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Taking expectations across this inequality with respect to the X,’s yields
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P(ln™ 2N eXi > 1) = S P(18.] > 2t/e).
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It follows that the sequence {[S,]} is tight. Now for fixed M € (0, o)
1 n
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Thus in particular this convergence holds in probability and in distribution.
Therefore, by the Portmanteau theorem 11.7.4 (f),
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By the tightness of {[5,]}, we can make the right side of the last display as
small as we please; in particular there exists a number #5 < oo such that the
right side is less than 1/2. But this implies that for this ¢y the indicator on
the left side of the inequality must be zero, uniformly in M; i.e.

sup E(Xfl[XleM]) <tg.
M>0

But the last supremum is just F(X}), and hence we have E(X?) <ty < oo.
To complete the proof, note that E(X7}) < oo implies that F|X;| < oo,
and hence by the strong law of larg numbers we have
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But the hypothesis n™/2 3" X; = O,(1) implies that

Tty X =, 0,
=1
Combining these two displays yields F(X;) = 0. O

Giné and Zinn (1994) use similar methods to establish the corresponding
theorem for U-statistics.

Theorem. (Giné and Zinn, 1994). If the sequence {n™/2U, (h)}2, is tight
(stochastically bounded), then ER?(Xy,...,X,,) < oo and Fh(Xy, x2,...,2,) =

0 for almost every (z,...,2,) € X™L.
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