Statistics 521, Problem Set 6 Solutions
Wellner; 11/8/2019

1. (a) Give an example of a sequence of random variables X,, X (all
defined on a common probability space (£2,.A, P)) satisfying X,, — ..
X, but B(X,) - E(X).

(b) Give an example of a sequence of non-negative random variables
X,, X on a common probability space satisfying F(X,) — E(X) but
Xn “a.s. X.

(c) Give an example of a sequence of random variables X,,, X satisfying
X —a X, bt Xy #past X.

Solution: (a) Let U ~ Uniform[0, 1]. For a > 0, let X, = n*1(1/(n+1),1/n)(U)-
Then X,, =45 0= X since X,, =0 forn > 1/U and P(U € (0,1]) = 1.
But

BE(X,)=n*n"'=(n+1)"H)=n""/(n+1) — Loy (@) + 00 1(2,00) ().

Thus E(X,,) » E(X) for a > 2.
(b) Let U ~ Uniform[0,1]. For0 < a <1, m > 1,and 1 < k < 2™
define

Yok = (27) Le—1)/2m s y2m (U);

Then, note that ) 7", 2071 =2(2m 1 —1) and let X,, = Xo@m-1_1)1
Yo form>1land1l <k <2™ Then E(X,) = E(Y,,;) =2m"-2"" =
20@=bm 5 0asn = 22" ! - 1)+ k — oo, but X,, = Y, > 0 i.o.
with probability 1 since P(U € (0,1]) = 1. (The indicator functions
{Le—1y/2m 2 (U) : m > 1, 1 < k < 2™} are sometimes called the
“dancing functions”.)

(c) Suppose that X, Xs, ... are independent and identically distributed
random variables with common distribution function F' all defined on
a common probability space. (We will make this completely rigorous
in chapter 5.) Then F,(x) = P(X, < z) = F(x) for all n > 1, so F,
certainly converges to F' for all x € R and in particular at all z € Cp.
Thus X,, =4 X, but X, =45 ,1. Alternatively, the X,,’s could be taken
to be defined on separate probability spaces (£2,,.A,, P,) with induced
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distributions Px, on R with distribution functions F,(z) = P(X,, < )
satisfying F,, —4 F. Now we cannot even talk about the random
variables X, — X, so X,, #,s 1 X. Here is yet a further simple
example: Suppose that X,, = U ~ Uniform[0, 1] for all n > 1. Suppose
that X = 1 — U. Then X ~ Uniform[0, 1] so X, £ X for all n and
hence X,, =4 X, while X,, =U #,, 1 —U =x, s0 X,, »,45 X. Note
that

(Xa=X|2¢} = ({U-(1-0)|2e} = {20 ~1] > ¢)
— {1-9/2<U < (1+9/2)°

has P(|X,, — X| > €) = 1 — € for every n > 1 and hence X,, », X.
This also implies that X,, -+, X.

. PfS, Exercise 3.5.7, page 61, modified as follows: Suppose that fy, f1, ...
are > 0, defined on a sigma-finite measure space (€2, A4, 11). (a) Suppose
that fQ fodp =1 forn =0,1,..., and f, —4. fo with respect to pu.
Show that

sup‘/fnd,u—/fodu}%() as n — 00.
AcA JA A

(b) Show that the conclusion of (a) holds if just f, —, fo and
fQ fnd,u - fg de,u'

Solution: (a) As we saw in class,

Anm—émﬂzfm—nmm

where (fo — fn)T —ae 0 and is dominated by the integrable function
fo. Hence the right side converges to 0 by the dominated convergence
theorem. For the record, here are the details of the argument again:
letting 6,, = fo — f, we have §,, —,.. 0 and 5?5 —ae 0.

sup
AcA

dry(Pn, Py) = Sup’Pn(A)—PO(A”

AeA
/ 5ndu‘
A

= sup
AeA




where

/ Ondp +/ Opdp = / Ondp = 0.
A c Q
so that [,. dndp = — [, dudp. It follows that
%/%@‘:’/mw+UUmMg/mm
A A Ac
= /(5:4‘5;)61#:2/5:61#

and equality holds if A = {4, > 0}. Note that 0 = [d,du = [(6,} —
6, )dp implies that [, dp = [ 6 dpu was used in the last equality. It

follows that
/5W' /WWZ/&W

(b) If we have fo —, fo and [ fud — [ fodu, then we still have
%aénw—éhm‘ (1)
< sup [ 1f = fold
< [ 1= foldu= [ 10— folds
= [t prau+ [(= £ dn
— [t stdus [(h= 1) dn =D,
~ 2 [(fo= £.)du - D, @)

dTV(Pm Po = sup
AeA

where
— — — — + — — - —

But the right side of (2) converges to 0 by the dominated convergence
theorem together with D,, — 0 by the hypothesis [ f,du — [ fodpu.



3. Let X,1,..., X, be independent, X, ~ Bernoulli(p,), and let Y,, ~
Poisson(} ;_, pnk). Let P, be the distribution of Y ,_, X, and let Q,,
be the distribution of Y,,. Show that

dry (Po; Qn) = sup|P(S, € 4) = P(Y, € )] < > vl
€ k=1

Note that when p,, = p, — 0 for all £ and np,, — A, then Zzzlpik =
np;, = (npa)?/n=O0(n™1).
Hint: Construct S,, and Y,, on a common probability space as fol-
lows: let T, ~ Poisson(p,x), & = 1,...,n be independent, and let
Znk ~ Bernoulli(1 — (1 — ppr)ePns), k= 1,...,n be independent and
independent of the T,,;’s. Define X, = 17, >1) + 1i7,,=012,,=1)- Set
Sn = 41 Xoks Yo = >4 Top. Check that X, ~ Bernoulli(p,y),
Y,, ~ Poisson( "} pnx), and

P(Tnk = 07Xnk = 1) = e Pnk _ (1 _pnk>

P(Tnk > 1, X, = O) = 0, P(Tnk > 2) =1—¢e Pk —pnke_p”’f.

Show that

n

dTV(Pm Qn) < P(Sn 7& Yn) < P(Xnk 7é Tnk) < Zpik
k=1

k=1

Solution: Using the notation in the hint we first show that X, ~
Bern(pyx): this follows since, using P(Y), > 1) = 1 — P(Y, = 0) =
1 — e A if Yy ~ Poisson()\),

P(Xpe=1) = P(Tue > 1)+ P(To = 0)P(Zup = 1)
— 1 _ e_pnk + e_pnk(l _ (1 _ pnk)epnk)

Next,
P<Tnk = 07Xnk = 1) = eipnk(l - (1 - pnk)epnk =e Pk — (1 - pnk)7
while

P(Tye > 1, X, =0) = P(Th, > 1, Ty =0) =0,
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PXpk #Th) = PXue =0T =1)+P(Xox =1,T =0) + P(Tor, > 2)
= 0+ e Pk — (1 - pnk) +1-— e Pk — pnkeipnk
= pur(l —e ™) < pik'

Thus for any A € 2,

P(S,€ A)—P(Y, € A)
= P([S, € AIN[S; =Y,])+ P([S, € AJN[S, #Y,])
- P([Yn € A] N [Sn = Yn]) + P([Yn € A] N [Sn 7£ Yn])
= P([S, € AIN[S, #Y.]) — P([Y. € A|N[S, # Y.])
< P([S, € AJN[S, #Y,]) < P(S, # Ya).
Similarly, by a symmetric argument,
P(S,€A)—P(Y,€ A) > —P(S, #Y,),
and this yields
dTV(Pan) = sup |P<Sn € A) - P(Yn € A))|

Ae29

< P(Sy#Y) <Y P(Xok #T) < Y0l
k=1 k=1

If por = A/n for 1 < k < n for some A > 0, then this bound yields

dTV(Pna Qn) S n()‘/n)2 = %2

For still stronger results, see Barbour, Holst, and Janson (1992), Pois-
son Approximation.

. Let Z ~ N(0,1) and let Y, ~ x? for r > 0. Thus X, = Z//Y,/r ~ t,,
the Student ¢t— distribution with r “degrees of freedom” with density

t2 —(r+1)/2
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where C,. =T'((r+1)/2)/(/7rT(r/2). Let P, denote the corresponding
probability measure on R.

(a) Show that Y, /r —, 1 as r — oc.

(b) Show that X, —4 Z ~ N(0,1) as r — oo.

(¢) Show that f,(t) = ¢(t) = (2m)~ /2112,

(d) Use the result of (c¢) to show that dry (P, Pz) — 0 as r — oc.

Solution: (a) Now E(Y,/r) =r/r =1 for all » > 0. Since the density
of Y, is given by
1
— r/2—1 -
fr(z) = Wx exp(—z/2) for z >0,
it follows that

oo 1 o0
E(Y?) — 2 _ r/242—1 —/2
(Y9) /0 z* f.(z)dz F(r/2)27“/2/0 x e “dx

_ D((r+4)/2)20972 e (rA N (rtd
B [(r/2)2r/2 B 2 2
= 242

where we used the duplication formula for the I' function,
INz)=(xr—1DI'(x—1).

Hence Var(Y,) = EY? — (E(Y;))? = 2r. Thus

as r — oo. Thus Y, /r —, 1.
(b) Now X, = Z/+/Y,/r =4 Z ~ N(0, 1) by (a) and Slutsky’s theorem.
(¢) The non-constant term in the ¢, —density is

2 —(r+1)/2
(1 + —) — exp(—t?/2) as r — o0
r
since (14 z/r)" — ¢€* for z € R. Since

2 —(r+1)/2
1 = /fr(t)dt:C’T/(l%——) dt
R R r
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we have

tz —(r+1)/2
C. = /<1+—) dt
R r

= T((r+1)/2)/(VrrT(r/2)

— (27r)_1/2

by a direct argument using Stirling’s formula for the Gamma function
twice. It then follows that f,(t) — (21)~/2e~*/2 = ¢(t) for all t € R.

(d) Thus by (c) and Scheffé’s lemma we conclude that dry (P, Pz) — 0.
(How fast does this convergence happen? Pinelis (2015) showed that
rdry(P,, Pz) — C where

1 [7T+5V2



