Statistics 521, Problem Set 8 Solutions
Wellner; 11/30/2016

1. PfS Exercise 6.4.3, page 114. Prove just the parts of these formulas
involving F, not the parts involving F~!. You may also use Fubini’s
theorem directly. That is, show that:

(i) If X >0 has d.f. F, then
IS P(X > z)de = E(X) = [;°(1 — F(x))dz.
(ii) If F|X| < oo then
E(X)=—["_F(z)de+ [;°(1 - F(z))da.
(iii) Let r > 0. If X > 0, then
[ P(XT > a)de = BE(X") = [[“ra™ (1 — F(z))dx

Solution: (11): Since X > 0 we may write X = fOX dt to obtain

X
E@):/XM://dWD
Q QJ0
= // 1{O§t<X}dth
QJ0o

= / /1{0§t<X}det by Fubini’s theorem
o Ja
= / P(X > t)dt :/ (1 —F(t))dt.
0 0
If either side is 400, then both sides are +oc.

(12): Since X = Xt — X~ with X, X~ > 0, it follows from (11)
applied to X and X~ (and assuming that E|X| = EXT+EX~ < c0)



that

= /OOOP(X+>t)dt OOOP(X > t)dt
— /OOOPX>t /OP X > 1)d
- /Ooo /OOOPX<—t )dt
.

— /OOO dt—/OF

_ /000(1—F( ))dt—/OOF(t)dt

where the last equality follows by a change of variables and the fact
that F'(t) differs from F'(t—) on a set which has Lebesgue measure at
most zero.

(13): Since X > 0 we may write X" = fOX rt"~1dt to obtain

X oo
E(X") = / XdP = / / rt"dtdP = / / Lo<i<xyrt’ ™~ dtdP
Q QJo QJ0

= / /1{0§t<X}dPrt’"1dt by Fubini’s theorem
o Ja

= /OO rt" P(X > t)dt = /OO rt" N1 — F(t))dt.

If either side is 400, then both sides are +oc.

(14): First suppose that X and Y are both non-negative and that G
and H satisfy G_(0) = G4+(0) = H_(0) = H4(0) = 0. Then we can
write G(z) = [, o) Lo (8)AG-(s), H(y) = [i, o) Loy ()dH_(t). Now
finiteness of the covariance Cov|G(X), H(Y)] implies that (G(X) —
EG(X))(H(Y) — EH(Y)) is integrable and hence that G(X)H(Y) is

integrable. Furthermore

Cov|G(X), H(Y)] = E{[G(X)—-EGX)][H(Y)—-EH(Y)]}
E{G(X)H(Y)} — EG(X) - EH(Y).
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Thus Fubini’s theorem yields

B{G(X)H(Y)} = / . / | a@HEEE)
_ /[O N /[0 m){ /[U N /[O 700)1[0@)(3)1[0@)@)%(95,y>}dG(s)dH(t)

by Fubini’s theorem

_ / / P(X > 5,Y > )dG(s)dH(1):
[0,00) J[0,00)

note that this is always finite. Furthermore

EG(X) :/ )dFy (z /[0)/[0 1.0y (s)dG_(s)dFx (x)

_ /[ N { /[ N Lo ()P () | G
= /[0700) P(X > s)dG(s) <

and, similarly,
EH(Y) = / P(Y > t)dH(t) <
0.00)
Combining these yields
B{G(X)H(Y)} — EG(X) - EH(Y)
_ /OO /OO{P(X S S Y > 1) — P(X > 5)P(Y > £)}dG(s)dH(?)
_ /0 h /0 TLF(s,1) — Fxe(s)Fy (1) }dG () dH (1)

using the relations

P(X >sY>t)=1—Fx(s)— Fy(t) + F(s,t),
P(X > 5)P(Y > #) = (1= Fx(s))(1 — Fy (1))
=1- FX(S) - Fy(t) + Fx(S)Fy(t)
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For general X,Y we can repeat this argument for each of the four
quadrants, with each quadrant contributing a finite term, and add the
results to obtain the claimed formula.

. Prove the two formulas in (17), PfS page 113: if X > 0 is integer valued,
then E(X) =372, P(X > k) and E(X?) =>2 (2k —1)P(X > k).

Solution: First note that if X > 0 is integer-valued, then the distri-
bution function F of X is constant between integers, and P(X > z) =
1—F(x) =P(X > k) for k<x < k+ 1. Thus from (7.4.11) we find
that

B(X) = /Ooo(l—F(x))dx
= Z/ (1— F(z))dx

o0

- Z(l—F(k;))/ da

k=0 [k,k+1)
e}

= ZP(X>/<;):§:P(X2/<;+1)

k=0 k=0

Similarly, from (7.4.13) with r = 2,

B(X?) = /OOOQx(l—F(x))dx

_ Z/ 22(1 — F(x))dz

k=0 [k7k+1)

= ) P(X> k:)/ 2xda
k=0 [

k,k+1)

o0

= Y P(X>k)(2k+1)
k=0
since

k41 .
/ Qxdxzxz‘; =2k+1.
k
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3. PS Exercise 4.9, page 114: For any distribution function F' on R we
have [{F(x + 0) — F(x)}dx = 6 for each 6 > 0.

Solution: First note that

F(z+6) — F(z) = /( W) = / T Lpmsn (0)dE(y)

o0

where the integrand, h(z,y) = 1 e40(y) > 0 for all z,y. Thus by the
Tonelli corollary of Fubini’s theorem

[tFa+0 - Fwyar = {/wlmm <y>}d:c
[ 4]

(z x+0]

= /_OO {/1[ye,y>( )dx

_ /Oo{é}dF(y):O-lze.

—00

H,_/H,_/
U
=
<

4. PfS Exercise 4.11, page 114:
(a) Show that [°{P(|X|> z)}"/?dz < oo implies E(X?) < oc.
(b) Show that [[*{P(|X| > z)}'/?dz < 5| X|, for any r > 2 so
that the integral on the left is finite whenever X € L, for any r >
2. If [[{P(|X| > x)}'/*dz < oo then we say that X € Ly;; this
condition arises in connection with optimal transportation inequalities
for empirical processes and in multiplier and bootstrap CLTs.

Solution: (a) Now t*P(|X| > t) < E{|X[*1x»q} < E|X|? for all
t > 0. Thus, using problem 1 and letting ¢ty > 0,

o0 to [e%s)
EIX] = / 2tP(|X\>t)dt:/ 2tP(\X|>t)dt+/ 2P(|X| > t)dt
0 0

to

to [e%s)
< / 2tdt+/ 2 /EP(IX| > )/ P(X] > Dt
0 to
< Gr2xl [ VPIRT> D
to
< 2_1||X||§—|—2||X||2/ VP(|X| > t)dt by choosing ty = 272|| X||.
0
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Rearranging terms yields

1 o0
SIXIE < 21X]s [ VPOXT> e
0
and hence

1X ], < 4/ VP(X[ > t)dt.
0

(b) We proceed somewhat similarly to the proof in (a): for any fixed
to € (0,00) we have, by Markov’s inequality,

[eS) to 00 r
/ VP(X[> Dt = / \/P(|X|>t)dt+/ t“Tdt
0 t
tl r/2 ’
< t D ¢ [ —
<t X

The right side in the last line of the last display is minimized by tq =
| X |-, and the minimum value is

1—7r/2
x|+

X r
X1, + | X]"/? r - X,
1 X[+ 11X 772 =1 r_2|| 1

. P1S, Exercise 5.1.4, page 91.
Let X = [0,1], Y = (1,00) both equipped with the Borel sets and
Lebesgue measure. Let f(z,y) = e — 272, Show that
fo (7 [z, y)dy)de = fo “L(e™® — e72®)dx exists and is > 0.
(ii fl fo x,y)dx)dy = fl % — e7Y)dy exists and is < 0.

Solution: First,

/01 (/100 fl=, y)dy> dr = /01 (e — e ) do

by an easy calculation of the inner integral. Note that the function
r7 (e — e7%) converges to 1 as ¥ | 0, and is continuous elsewhere,
hence is uniformly continuous and uniformly bounded on [0, 1]. Since it
is strictly positive and bounded, the last integral exists and is positive.
On the other hand,

/100 </01 f(z, y)dw> dy = /100 y (€™ —eV)dy
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again by an easy calculation of the inner integral. Now the integrand
is negative (since e™® < e7¥ for all y > 0), bounded and the two
integrals [~ y~'e *dy and [” y ‘e ¥dy both are clearly finite. Thus
the second iterated integral exists and is strictly negative. Letting
Ei(z) = — [“t~'e 'dt, the exponential integral function, it is easily
shown that

/ 1 ( I f(x,y)dy) w = [ (e — e d

—Ei(—2) 4+ Ei(—1) + log(2)
= 0.522664...,

| ( / lf(:v,y)dw) o= [ e e

= —FEi(-2) + Bi(-1)

while

= —0.170483....
Of course the difficulty here is that
00 1
/ (/ !f(:v,y)ldx) dy = ( flzy !dy) = 00.
1 0
In fact
1 0o
/ (/ f*(x,y)dx) dy = / (/ (z y)dy) dx
0 1 —1log2
— / —10g2 _210g2)dl'

/ “tdr = 400,
0

and similarly
1 00 1 z~log2
/ (/ f(x,y)dw) dy = (/ f(x,y)dy> dz
0 1 0
xil((l o ef2log2) o (1 o eflog2))dx

1 /1
= Z/o ™ dr = +o0.

=] =



See Figures 1-3 in the “long” version.



