Statistics 521: Problem Set 6 Solutions
Wellner; 11/16/2016

1. (a) Give an example of a sequence of random variables X,, X (all
defined on a common probability space (2, A, P)) satisfying X,, —..
X, but E(X,) - E(X).

(b) Give an example of a sequence of non-negative random variables
X,, X on a common probability space satisfying F(X,) — E(X) but
Xn _HG.S. X'

(c) Give an example of a sequence of random variables X,,, X satisfying
Xp —a X, but X, =, .1 X.

Solution: (a) Let U ~ Uniform[0, 1]. For a > 0, let X,, = n®1(1/(n+1),1/n)(U)-
Then X,, =45 0= X since X,, =0 forn > 1/U and P(U € (0,1]) = 1.
But

BE(X,)=n*n"'=(n+1)"HY=n""1/(n+1) — Loy (o) + 00 12,00y ().

Thus E(X,) » E(X) for a > 2.
(b) Let U ~ Uniform[0,1]. For0 < a <1, m > 1,and 1 < k < 2™
define

Yok = (27%) Le—1)/2m s y2m (U);

Then let X,, = Xomy, =Y, for m > 1 and 1 < k < 2™. Note that
E(X,)=EYpg) =2m-27m =20@"Um 5 )asn =2"+k — oo, but
X,, = Y, > 0 i.o. with probability 1 since P(U € (0,1]) = 1.

(c) Suppose that X, X, ... are independent and identically distributed
random variables with common distribution function F' all defined on
a common probability space. (We will make this completely rigorous
in chapter 5.) Then F,(z) = P(X, < x) = F(x), so F, certainly
converges to F' for all x € R and in particular at all z € Cr. Thus
X, —a X, but X, -, ,1. Alternatively, the X,,’s could be taken
to be defined on separate probability spaces (£, A, P,) with induced
distributions Py, on R with distribution functions F,(z) = P(X,, < x)
satisfying F,, —4 F. Now we cannot even talk about the random
variables X, — X, so X,, =45 ,1 X. Here is yet a further simple
example: Suppose that X,, = U ~ Uniform|0, 1] for all n > 1. Suppose
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that X = 1 — U. Then X ~ Uniform[0,1] so X, £ X for all n and
hence X,, =4 X, while X,, =U #,, 1 —U =x, s0 X, »,.5 X. Note
that

(Xa=X|2¢}) = (U-(1-0)| 2} ={2U 1|24
— {(1-92<U < (1 +0)/2)

has P(|X,, — X| > €) = 1 — € for every n > 1 and hence X,, », X.
This also implies that X,, =, X.

. PfS, Exercise 3.5.7, page 61, modified as follows: Suppose that fy, f1,...
are > 0, defined on a sigma-finite measure space (€2, A4, 11). (a) Suppose
that fQ fodp =1 forn =0,1,..., and f, —4. fo with respect to pu.
Show that

sup‘/fnd,u—/fodu}%() as n — 00.
AcA JA A

(b) Show that the conclusion of (a) holds if just f, —, fo and
fQ fnd,u — fg de,u'

Solution: (a) By the solution to problem #3 below,

sup | [ g~ [ gl = [ (o= 1.y

AcA JA

where (fo — fu)™ —ae 0 and is dominated by the integrable function
fo- Hence the right side converges to 0 by the dominated convergence
theorem.



(b) If we have f, —, fo and [ f.du — [ fodu, then we still have
sup | [ fadp — / fodp) (1)
AcA JA A

< sgpA!fn—fo!du
n— foldu = — fuld

V= ol = [ 10— fuld

= [t grdu+ [t = fdn

= [th= s dut [~ ) dn =D,

— 2 (o f)tdu-D, @)

IA

where
D, = /Q (o — fu)du = /Q (o )" — (o fu) Ydu — 0.

But the right side of (2) converges to 0 by the dominated convergence
theorem together with D,, — 0.

. Suppose that P, are two probability measures on the same measur-
able space (£2,.A) which are both absolutely continuous with respect
to the measure p with densities (Radon-Nikodym derivatives) p and
q respectively. Thus P(A) = [, pdp and Q(A) = [, qdu for A € A.
Show that

drv(P.Q) = sup [P() ~ Q)| = 5 [ o= aldi = [ (v~ a)*d.

AcA

Solution: Let § = p — ¢, so that fQ 0dp = 0. Then for A € A we have
0= J,0du = [,0du+ [, 6du and hence | [, ddu| = | [, 6dp|. Thus
for A € A we have

2I/5du!=|/5dul+|/ Sd) S/Wdu-
A A Ac Q



If A=1[d > 0], then we have equality in the above inequality, and hence
it follows that

jlelalP(A)—Q(A)l Ziléal/A(p—Q)dul = %/Q|P—Q|duz/(p—Q)+d/~L-

Note that the hypothesis of this problem, namely P << pand Q) <<
for some measure p is always satisfied with = P + Q.

. Suppose that X,, ~ Binomial(n,p,) for n = 1,2,... with np, — A >
0, and let P, be the induced distribution of X, on R. Let X, ~
Poisson(A) and let Py be the corresponding induced distribution on R.
Use Scheffé’s theorem to show that dry (P, By) — 0 as n — 0.

Solution: As we showed in problem 5, Problem Set 1,

He

n

i) = P =1 =

Y= o e =
for each fixed £ > 0. Thus the hypotheses of problem 2(a) hold and we

conclude that

dry (P, By) = sup |Py(A) — Py(A)| — 0.

Ae2N

This is considerably stronger than X,, —4 Xy ~ Poisson(\).

. Let X1, ..., Xy, be independent, X,x ~ Bernoulli(p,), and let Y,, ~
Poisson(} ;_, pnk). Let P, be the distribution of Y ,_, X,; and let Q,,
be the distribution of Y,,. Show that

dry (P, Q) = sup [P(S, € A) = P(Y, € A)| < > vl
€ k=1

Note that when p,; = p, — 0 for all k and np, — A, then >, p2, =
np? = (np,)?/n=0(n"1).

Hint: Construct S,, and Y,, on a common probability space as fol-
lows: let T, ~ Poisson(p,i), k = 1,...,n be independent, and let
Znk ~ Bernoulli(1 — (1 — ppg)eP*), k = 1,...,n be independent and
independent of the T),;’s. Define X, = 1i7,,>1) + 17,,—0 11z Set
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Sn =Y 41 Xoks Yo = >4 Tog. Check that X, ~ Bernoulli(p,y),
Y,, ~ Poisson( ] pnx), and

P<Tnk = OaXnk = 1) = e P — (1 _pnk)
P(Tnk > 1’Xnk = O) = 0, P(Tnk > 2) =1—e Pk —pnk€_p"k.

Show that

n

k=1

k=1

Solution: Using the notation in the hint we first show that X, ~
Bern(p,): this follows since, using P(Y), > 1) = 1 — P(Y, = 0) =
1 — e if Yy, ~ Poisson()\),

PXu=1) = PTw>1)4+P(Tw=0)P(Zy=1)
1 — ¢ Prk + e*pnk(l _ (1 _ pnk)epnk)
= DPnk-

Next,
Pl =0,X=1) = e P*(1 — (1 — ppr)eP™ = e Prk — (1 — pui),
while
PTww>1,Xu=0)=PTw>1, T, =0)=0,
and
PTw>2)=1—P(Ty,=0o0r1l)=1—ePrk —pre Prk,
Thus

0 _'__ e_pnk _ (1 _pnk) + 1 _ e_pnk _ pnke_pnk
= pu(l —e ) < pik-



Thus for any A € 2,

P(S,e€ A)—P(Y, € A)
= P([S, € AIN[Ss =Y,])+ P([S, € AJN[S, #Y,])
— P([Y, e AlN[S, =Y,])+ P([Y, € AJN[S, # Y]
= P([Sh € A]N[Sy # Ya]) — P([Yn € A]N[Sn # Va])
< P([S, € AlN[S, #Y,]) < P(S, #Y,).

Similarly, by a symmetric argument,
P(S, € A)—P(Y, € A) > —P(S, #Y,),
and this yields

dTV(Pn7Qn) = sup |P<Sﬂ S A) - P<YTL € A))‘

Ag29

< P(Sy #Y,) <Y P(Xpr #Tor) < ) pie
k=1 k=1

If por, = A/n for 1 < k < n for some X > 0, then this bound yields

2N

n

drv (P, Qn) < n(A/n)

For still stronger results, see Barbour, Holst, and Janson (1992), Pois-
son Approximation.

. Let X1, Xs,...,X,,... be i.i.d. Uniform(0,1) random variables. Let
Y, = nX,.; = nmin;<;<, X; be the first order statistic of the first n of
the X;’s.

(a) Compute the survival function 1 — Fy, of Y,, and show that Y,, —4
Y ~ exponential(1).

(b) Compute the density function fy, of Y, and show that fy, (y) —
fr(y) =e¥ fory > 0.

(c) Use (b) and Scheffé’s theorem to show that

1

drv(Py,, Py) = 5/000 | fv.,(y) — fy(y)|dy — 0.

How fast is the convergence in the last display?
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Solution: (a) For y > 0 we have

1—Fy(y) = P, >y)=PXn >y/n)

= P(Xi>y/n,....Y, >y/n) = P(Xy>y/n)--- P(X, >y/n)

= PXi>y/n)"=10-y/n)}

where z; = z1{z > 0}.
(b) It follows from the last line of (a) that

1—Fy,(y)=1—y/n)t —e?=PY >y) forally >0

where Y ~ Exponential(1). Thus Y,, —4 Y.
(b) The density function of Y;, is just

) = Fy(y) =1 —y/n)i o)
— eV =fy(y) forall y>0.

(c) The hypotheses of Scheffé’s theorem are satisfied by (b), so we
conclude that

1
drv(Py,, Py) = / |fY fr(y)|dy — 0.

To start to get a handle on how fast the right side in the last display
converges to 0, first note that

n(fv, () — fr(y)) — %y(2 —y)e ¥ = h(y)

for each fixed y € (0,00) where [;°|h(y)|dy = 4e~2. Thus if we can
justify the interchange of limit and integration it would follow that

wdne (P Py) = 5 [ 1) = )l
> 5[ gl
= 22

I suspect that this limiting relation can be turned into an exact bound
with a little more work.



7. Suppose that g : R? — R U {400} is convex. Show that h(z,t) =
tg(x/t) is a convex function on R4 x (0, 00).
Hint: First show that h(cz,st) = ch(x,t) for any ¢ > 0, (z,t) €
R? x (0,00), and hence t~'h(z,t) = h(z/t,1).

Solution: First note that if ¢ > 0, then h(cz,ct) = ctg(cx/ct) =
ch(z,t), so with ¢ = 1/t it follows that g(z/t) = h(z/t,1) =t~ 'h(x,t).
Now let A € [0,1] and (z;,¢;) € R? x (0,00) for j = 1,2. Then

1+ Mo
Aty (z1/t) + Atz(xz/b))
A+ Mo

= (M1 + Ma)g (

— )\tl 2 }
< (MM —g(x1/t) + ———=—g(x2/T
< O+ R { gt /) 4 1 o)

= Aag(mi/t) + Mag(wa/ta) = Ma(21,t1) + Ah(z9, t2).
It follows that A is convex.

8. For s € RU {£o0}, u,v € RT, and A € [0, 1], the Holder mean (or
generalized mean) M;(u,v; \) of order s is defined by

(Aus + (1= N5V, 540, u,v >0,

0, 5 <0, uv =0,
M,(u,v;\) = { vl 5=0,

(AR s = —00,

u Vv, s = +00.

(a) Interpret M (u,v; A) in terms of some function of the expected value
of some random variable X.

(b) Show that for any r < s the inequality M, (u,v;\) < M(u,v; \)
holds for all u,v € R, A € [0,1]. Thus

Mr(u7 v; /\) S M()(U, v; )‘) S Ms(ua v; /\)

(In class on 10/31 we proved a related statement with » = —1 and
s=1.)



Solution: (a) Let X be a random variable taking on the value u with
probability A and v with probability 1 — X. Thus for u,v > 0 and s # 0
we have

M(u,v;0) = {E(X*)}° = || X]s. (3)
For s =0 and u,v > 0
Moy(u,v; \) = exp (Elog X).

(b) For 0 < r < s the inequality M,(u,v;\) < M(u,v;\) becomes
I Xl < [|X]|s in view of (3), and this is just Liapunov’s inequality
Inequality 3.4.4, PfS page 48.) For r < s < 0, the inequality follows
by replacing X by 1/X and r < s <0 by 0 < —s < —r. Now consider
r =0 and 0 < s. By concavity of g(y) = s 'logy it follows from
Jensen’s inequality that

Flog X = Es 'log X* < s7'log E(X*®) = log(|| X|s),
and hence
Moy(u,v;\) = Eexp(Elog X) < [| X||s = Ms(u,v; \)

For the case r < 0 = s, note that g(y) = r~!logy is convex, so Jensen’s
inequality gives

Flog X = E(r tlog X") > r tlog X" = log(|| X||),
and hence
My(u,050) = Eexp(Elog X) > | X[, = My (u, v; \).
The cases with r = —o0 or s = 0o are easy. When r < oo and s = 400,

{EXT} {EXOE = Ot + Mot} for every r <t < oo

<
< {MuVvo) +XuVo) I =uvo=Mg(u,uv;\).

The case r = —o0 and s > —oo is similar.



9. PIS, Exercise 4.1.2, page 67: Identify ¢t, ¢, |¢| and |¢|(2) in the
context of the prototypical situation of example 4.1.1, page 66. Be sure
to specify QT and Q™.

Solution: I claim that
67(A4) = [ Xtdu=0(A0") with @ = {: X(w) 2 0},
67(A) = [ X du=—s(a2) with @ = {0+ X(w) <0}
ol() = [ Xl and
ol = [ 1 Xl

To see this, note that QF, Q™ are, respectively, positivity, negativity
sets for ¢ since

P(A) = / Xdp >0 for all events A C QF,
A

#(A) = / Xdp <0 for all events A C Q.
A

Furthermore, if O, O~ denote the decomposition guaranteed by the
Jordan-Hahn theorem 1.1, then

ST\ Q) = 92" NQ7)

0, and
BT\ Q) = (2T NQ7) =0,

where the zeroes follow by using the definitions of O, Q~, QF, Q.
Thus .
|](QTAQT) = 0;

ie. Qf = [X > 0] differs from QF by (at most) a set of |¢|—measure
0.

10



