Statistics 521, Problem Set 6 Solutions
Wellner; 11/08/2012

1. P1S, Exercise 3.5.6, page 54, modified as follows: Suppose that fy, fi,. ..
are > 0, defined on a sigma-finite measure space (2, A, u). (a) Suppose
that fQ fodp =1 forn =0,1,..., and f, —4. fo with respect to pu,
then

sup‘/fndu—/fodu}%o as nm — 00.
AeA JA A

(b) Show that the conclusion of (a) holds if just f,, —, fo and [, fudp —
fQ f()d:u

Solution: (a) By the solution to problem #2 below,

sup | [ udn— [ ful = [ (o~ )%

AeA Ja A
where (fo — fn)" —ae 0 and is dominated by the integrable function
fo. Hence the right side converges to 0 by the dominated convergence

theorem.
(b) If we have f, =, fo and [ fudu — [ fodu, then we still have

sup | [ /Afoul (1)

AeA

< sgp[q|fn—fo|du

< [ 1o foldu= [ 1fo= foldn

= [t pyrau+ [(= £ d

= [th= g du+ [(o- g du-D,

- 2/(f0 — fu)Tdp — D, (2)

where

D, = /Q(fo f)dp = /Q{(fo A = (o= fa) Ydi— 0.
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But the right side of (2) converges to 0 by the dominated convergence
theorem together with D,, — 0.

. Suppose that P, are two probability measures on the same measur-
able space (£2,.A) which are both absolutely continuous with respect
to the measure p with densities (Radon-Nikodym derivatives) p and
q respectively. Thus P(A) = [, pdp and Q(A) = [, qdu for A € A.
Show that

drv (P, Q) = sup |[P(4) — Q(A4)] = %/ p — qldp = /(p —q)"dpu.

AcA

Solution: Let § = p — ¢, so that [, ddpu = 0. Then for A € A we have
0= [,0du = [,0du+ [,.0du and hence | [,.0du| = | [, ddp|. Thus
for A € A we have

2|/5du!=|/5du|+!/ Sd| S/Wdu-
A A Ac (9]

If A= [0 > 0], then we have equality in the above inequality, and hence
it follows that

1
sup | P(A)—Q(A)| = sup | /(p—Q)dul = 5/ [p—aqldp = /(p—CI>+d/~L-
AeA AeA JA Q

Note that the hypothesis of this problem, namely P << pand QQ << p
for some measure p is always satisfied with = P + Q).

. Suppose that X,, ~Binomial(n, p,) for n = 1,2, ... with np, — A > 0,
and let P, be the induced distribution of X,, on R. Let Xy ~Poisson(\)
and let Py be the corresponding induced distribution on R. Show that
dry(P,, Py) — 0 asn — oo

Solution: This is an immediate consequence of the convergence of
the Binomial probabilities to Poisson and problems #1 and #2 above:
since

fulk) = P(X, = k) — (k) (L pyrt



where f, and fy are the densities of P, and F, with respect to counting
measure 4 on {0,1,2,...}, it follows from problem 1 that

1 o0
dTV(Pn,Po):§Z’P(Xn:k)_P(X0:k)|—>0

k=0

as n — o00. (Question(s): how fast does this convergence happen?
What if the Bernoulli rv’s being added up have different success prob-
abilities? What if there is some dependence between the Bernoulli’s
being added? ... For answers to these and more, see Poisson Approxi-
mation, by Barbour, Holst, and Janson, (1992).)

4. If X is a non-negative random variable satisfying [ /P(X > t)dt <
0o, then we say that X € Ly;.
(a) Show that if X € Ly, then X € L.
(b) Show that if X € £, for some r > 2, then X € Lo;.

Solution: (a) Suppose first that Y is a bounded random variable; i.e.
P(Y < M) = 1 for some constant M. Since the claimed inequality
is trivially true if E(Y?) = 0, we may assume that F(Y?) > 0. Then
E(Y?) < oo and [;°+/P(Y >t)dt < co. Moreover, since t*?P(Y >
t) < E(Y?) by Markov’s inequality,

E(Y? = /OOO 2P(Y > t)dt

= /Ooo 2t\/P(Y > t)\/P(Y > t)dt
< 2 [ (RO VP S
0
and hence, dividing by {E(Y?)}/2 > 0, it follows that
(EOYe <2 [P S B,

For a general X with X > 0, set Y = Y); = X1x<py). Then YV is a
bounded random variable, and the above inequality yields

{B(X*1xamn)}'? < 2/ \/P(Xl[xgm > t)dt .
0
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Letting M " oo and applying the Monotone Convergence Theorem on
both sides yields

gﬂxapﬂgz/m\0%X>tMu

Le. || X2 < 2| X|]21-
(b) If X € L,(P) with r > 2, Markov’s inequality yields P(X > t) <
E(X7)/t" for all t > 0, and hence we have

e8] EXr 1/2
/’MHX>Wﬁ§l/ﬁ+/ PN
0
7r/2+1
U+

(B(X")"22

for all u > 0. This bound is minimized by choosing u = {[E(X")]'/2}?/" =
| X|];, and then we have

°° r
P(X > t)dt < —||X||,.
| VRSB < L)

. Suppose that ¢(A) = [, Xdu for X measurable, X~ € £;. Identify
¢, |¢|, and W( ) in this case.

r/2—1"

Solution: I claim that

67(A) = [ Xtdu=9(A0") with O = {w: X(w) 2 0},
6(A) = [ Xodp = —0(A") with @7 = {w: X(w) <0}
ol(A) = [ 1Xidp. and

ol = [ 1 Xl

To see this, note that QF, Q~ are, respectively, positivity, negativity
sets for ¢ since

= / Xdpu >0 for all events A C QF,
A

= / Xdu <0 for all events A C Q7.
A
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Furthermore, if O, O~ denote the decomposition guaranteed by the
Jordan-Hahn theorem 1.1, then

PO\ =6(Q"NQ7)=0, and
PO\ Q) = (2T NQ7) =0,

where the zeroes follow by using the definitions of QO+, Q~, QF, Q.
Thus .
|](2TAQT) = 0;

ie. OF = [X > 0] differs from QF by (at most) a set of |¢|—measure 0.



