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1. PfS, Exercise 1.1.3, page 9: (a) The minimal A—system generated by
the class D is denoted by A[D]. Show that A[D] is equal to the inter-
section of all A—systems containing D.

(b) A collection A of subsets of 2 is a o—field if and only if it is both
a m—system and a A—system.

(c) Let C be a m—system and let D be a A—system. Then C C D implies
that o[C] C D.

Solution: (a) Let
AD] =n{F,: Fqisa\—system with D C F,}.

Now Q € F, for all o, so Q € A[D]. Further, if A, B € \[D] with B C A,
then B, A € F, for all & and hence A\ B € F, for all «, and hence
A\ B € M\[D]. Finally, if {A;, As, ...} is an increasing family of sets in
A[D], then {A;, As,...} C F, for all a. Hence lim, A4,, € F, for all a,
and hence lim, A,, € F, for all a. Thus it follows that lim, A, € A[D].
Thus A[D] is a A—system. If A’ is a A—system such that D C A’, then
A = F, for some «, and hence A\[D] C A’; i.e. A[D] is the minimal
A—system containing D.

(b) Suppose first that A is a c—field. Thus it is closed under countable
intersections, and hence, in particular it is closed under finite intersec-
tions and is a m—system. To show that A is a A—system, first consider
A, B € A with A C B. Since A is closed under complementation,
A € A, and hence also BN A° = B\ A € A. Also Q € A since it
is a o—field. Finally, if {A,} is a sequence of sets in A with A, 1 A,
then A = lim, 4,, = U2, A, € A since A is a o—field. Thus A is
a A—system, and this completes the proof that a o—field is both a
m—system and a A—system.

Now suppose that A is a m—system and a A—system. Let A € A.
Since A is a A—system, 2 € A. Since A C Q) and A is a A\—system,
Ac=QNnC =0\ A€ A To show that A is closed under countable
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unions, suppose that {A,} is a countable family of sets with A, € A
for each n. Set B,, = U, A;. Then B,, € A for each n since A,B € A
implies that AU B = (A°\ B)® € A since A is a m— system and a
A—system implies that it is closed under intersections, complements,
and set differences. But since A is a A—system this implies that U2 | =
lim, U? ;A; = lim, U ; B; = lim,, B,, € A, and hence A is closed under
countable unions. Hence A is a o—field.

(c) It is clear that A(C) C o|C]| (since there are fewer restrictions in
defining a A—system than a field; or from (b)). If we show that A[C] is a
m—system, then since o[C] is a A—system containing C, it must also be
the minimal A—system containing C and hence ¢[C] = A[C] C A[D] C D.
Thus it suffices to show that A[C] is a m—system.

We do this in two steps:
Step 1: Let

Dy={BeXC): BNCeXC) foral CecC}

where C is a m—system and A(C) is the smallest A—system containing
C. To show that D; is a A—system we need to show that:

(i) Q € D;.

(ii) If D, € Dy, Dy 1, then UD,, € D;.

(iii) I A, B € D, with A C B, then A\ B € D;.

Proof of (i): Q € A(C) since it is a A—system, so we have QN C = C €
C C A(C) for each C € C, and hence §2 € D;.

Proof of (ii): Suppose Di,Ds,... € Dy and D,, T. Then we have
UnD,, € A(D) (since each D,, € A\(D), a A—system), and (U, D,,)NC =
Un(D, N C) =U,B, € X(C) since B,, € A\(C) is 1. Hence U, D,, € D;.
Proof of (iii): Suppose A, B € Dy with B C A. Then AC, BC, A, B €
A(C) for all C' € C, so

(A\B)NC=(ANnC)\(BNC) e \C)
for all C' € C. Hence A\ B € D;.
Step 2: Let
Dy ={A e \C]: BNAe (|, for all B € \[C]}.

Step 1 showed that D, contains C. As in step 1, we can show that Dy
inherits the A—system structure form A\[C] and that therefore Dy = A[C].
But the fact that A\[C] = Dy means that A[C] is a m—system.



2. PfS, Exercise 1.2.1, page 15. Let (€, .4, 1) denote a measure space.
Show that

~

AH = {AIA1CACA2, Al,AQEA,/L<A2\A1):O}
= {AUN:AecAand N C (someB) € A with u(B) =0}
= {AAN: A€ A, N C (someB)e A with u(B) =0}

and is a o—field. Show that ({2, ﬁu, ) is complete.

Solution: Let these three collections of sets be called ./21\1, .121\2, and .Zg
respectively. R R

To show that A; C A,, suppose that D € A;. Then there exist
sets Ay, Ay € A such that Ay C D C Ay and p(As \ A;) = 0. Let
B = A\ Ay; then p(B) =0 and B € A. Furthemore D = A; UN for
some N C B. Hence with A = A; and B = A3\ A; we have D = AUN
where A € Aand N C B with u(B) = 0. Thus D € JZl\Q, and ﬁl C ﬁg.
To show that ﬁg C le\g, let D e ./21\2. Then D = AU N with A € A,
N C Be Ahaving u(B) =0,s0 ACD. Let Ny=D\A=DNA=
N NA®C N C B. Hence we have

ANAN, = (A°N(DNAY))U(AN (DN A%
= (DNA°)U((AND)UA)
= (DNAYUA=DUA=D

and hence D € A.Zg. R R

To show that A3 C A;, let D € A;. Then D = AA N with A e A
and N C B € A with u(B) = 0. Take A; = ANB°, Ay = AU B.
Then Ay C ANNCC D CAUN C Ay. Since Ay \ Ay = (AUB)N
(ANB)=AN(A“UB)UBNA°NB=(ANB)U(A°NB) =B so
that p(As \ A;) = u(B) = 0, it follows that D € Ay, and hence that
A\g C.A\l.

Since we have shown that
A\1CA\2CA\3C./Z{1,
it follows that A, = Ay = As.

To show that ,Zl\ﬂ is a o—field:
Let A € A;. Then Ay C A C Ay, so that A§ C A° C A with AS, Af €
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A, and where A\ A = A\ A; and hence pu(A§\ A5) = u(Az\ A;) = 0.
Hence A€ € ﬁl = fTu.

Let Dy,...,D, € Ay. Then D,, = A,UN, with A, € A, N, C B, € A
with u(B,) = 0 for each n. Thus UA, € A, UB, € A, UN,, C UB,,
and p(UB,) < S u(B,) = 0. Hence UD,, = (UA,) U (UN,) € As,.
Hence .,Zt\u is a o—field.

To show that (€2, ﬁ“, i) is complete, first let A; U Ny = Ay U Ny with
Ay, Ay € A, Ny C By, Ny C By with pu(By) = pu(Bs) = 0. By definition
ﬁ(Al U Nl) = /L(Al) ﬁ(AQ U NQ) = ILL(AQ) But Al C Al U Nl =
Ay U Ny C Ay U By and similarly Ay € A; U By. Hence we have
p(Ar) < p(Az) + p(B2) = p(Az) and p(Az) < pu(Ar) + p(Bi) = p(As),
or iu(Ay) = p(Az). Thus p is well-defined. That it extends p is trivial.
To show completeness, let D C (some B) € A, with u(B) = 0. Then

DIQUDEAQZAM.

. PfS, Exercise 1.2.3, page 16: Suppose that y on a field C is o—finite on
C and is extended to A = o(C); call the extension pu.

(a) For each A € A with u(A) < oo and each € > 0 there exists a set
C = C, € C such that p(AAC) <.

(b) Let p denote counting measure on the integers. Then C = {C' :
C' or C° is finite} is a field. Determine ¢|[C]. Show that the conclusion
of part (a) fails for the set of even integers.

Proof of (a): Now
p(A) = inf{>  pu(A,): ACUPA, withall A, €C}.

Hence there exists {A,} C C such that

D (An) < p(A) + /2.

Without loss of generality, we may assume that the sets A,, are disjoint
(if not, form the disjoint sets By = Ay, B, = A{N...NAS | NA,,
n = 2,3,...). Furthermore, there exists an N = N, sufficiently large



such that "V, u(A,) < €/2, and hence

> u(An) <> u(An) +e/2= (> Ay) +e/2.
ThenCEZNz A, ecC,
WA\ O) <;LZA \C) = ZA C) < €/2

by the choice of N, and
u(C\ A) <NZA \A) = ZA A) <¢/2

by the choice of {A,}. Putting these together gives
MAAC) = p(A\NC) +pu(C\A) <e/2+¢/2 =

(b) Note that all the singletons Dy, = {k} are in C, and since all subsets
of Z are either finite or countable, every subset A of Z can be written
as a countable union of the singletons Dy, k € A. Thus o[C] = 2%.
Consider A = {2,4,6,...} = Ur{2k} = UCy where each Cy € C
since C}, itself is a finite set. Note that A ¢ C since neither A nor
A¢ = {1,3,...} is finite. Thus pu(A) = oo (so the hypothesis of (a)
fails). Furthermore, for any set C' € C

AAC = (ANC9) U (A°NC)

where both A and A€ are non-finite sets, and either C' or C¢ is non-
finite, and hence at least one of AN C° and A°N C is also non-finite.
Thus u(AAC) = oo for all C' € C. Hence the conclusion of (a) fails to
hold.

. P1S, Exercise 1.2.4, page 16. Let € consist of the sixteen values 1, ..., 16.
(Think of them arranged in four rows of four values.) Let

¢, ={1,2,3,4,5,6,7,8},

Cy = {9,10,11, 12,13, 14, 15, 16},
Cs ={1,2,5,6,9,10,13,14},
Cy={3,4,7,8,11,12,15,16}.
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Let C = {Cl, 02,03, 04}, and let A = O'[C]

(a) Show that A = o[C] # 2.
Proof. Write {1,...,16} in four rows of four numbers each as follows:

Gy

3
7

4
8

Cs

11
15

12
16

Let B={C;NC;: 4,5 €{l,...,4}}. Then it is clear that #(c[C]) =
28 = 24 £ 216 = 4(2%). Thus o[C] # 2%

(b) Let u(C;) = 1/2 where 1 < < 4 with u(C,C3) = 1/4. Show that
A, = A with 2* sets.

Proof. Let Bl = 0103, B2 = 0104, B3 = 0203, and B4 = 0204. Then
w(By) = p(C1Cs) = 1/4 implies that u(B;) = 1/4 for i = 2,3,4. This
holds since 1/2 = u(Cy) = p(By+ B2) = pu(By) + u(Bs) = 1/4+ u(Bs),
so that u(Bs) = 1/4, and similarly 1/2 = p(Cs) = u(B; + B;) =
u(Br) + p(By) = 1/4+ pu(By), s0 u(Bs) = 1/4, and 1/2 = p(Cy) =
(( By + By) = pi(Bz) + u(Bs) = 1/4+ p(By), so u(By) = 1/4. Thus the
only set B € A with u(B) = 01is B = (), and it follows that A, = A
with #(A,,) = #(A) = 2%

(¢) Now suppose u(C;) = 1/2 for i = 2,3, 4, but u(CyCy) = 0. Show
that A, contains 2'° = 1024 sets.

Proof. In this case u(By) = u(C2Cy) = 0, and this implies that p(Bs) =
1/2 = u(Bs) (since u(Cy) = 1/2 = p(Cy). Thus we also have p(B;) = 0
(since p(By) 4 p(B2) = 1/2). Therefore we need to consider all the sets
N c 281 4 2B4 in forming the completion; that is we need to consider
all the sets {{1},{2},{5},{6}, {11}, {12}, {14},{16}} in forming the
completion together with the two basic sets with non-zero probability,
B, and By. Thus #(A,) = 2'° = 1024.

(d) Tlustrate Proposition 1.2.1 in the context of this exercise.

Proof. Consider p as given in part (b), and let B = {1}. Consider
extending p to o[A, U{B}| by defining p(B) = a where 0 < a < 1/4.



This is valid extension of u for each a € (0,1/4), but it is not unique
since there are (uncountably) many choices for a.

. PfS, Exercise A.1.5, page 428.

Solution: Easy differentiation:

) = LR, > 1)

) ) (B
. ()t

Thus (19) holds.

. Optional bonus problem: Let 2 = Z =the integers, and let A be
the collection of subsets A of Z so that A or A€ is finite. Let pu(A) =0
in the first case, and let u(A) = 1 in the second. Show that p has no
extension to o(A).

Solution: Since Z = U, {—n,n} with u({—n,n}) = 0, countable
additivity of ¢ on A would imply that u(Z) = > 2 0 = 0. On the
other hand, since Z¢ = () is finite, u(Z) = 1. Hence we conclude that
/4 is not countably additive on A, and the Caratheodory extension
theorem does not apply. Since u is not countably additive on A, there
is certainly no extension which is countably additive on o(.A).
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