Statistics 521, Problem Set 10, Solutions
Wellner; 12/6/2012

1. Show that if X, is any sequence of random variables, there are constants
¢, — 00 so that X,,/c, —q.. 0.

Solution: Define F,(z) = P(]X,| < z), the distribution function of
| X,|. Set b, = F;Y(1 —n72) for n = 1,2,..., and let {a,} be any
sequence with a,, — oo. Let ¢, = a,b,. Then, for any ¢ > 0 we have
€a, > 1 for n > N, and hence, using F,, o F,;}(t) >t for all 0 < ¢ < 1,

P(|X,| > ec,) = P(|X,| > ea,b,)

< P(|X,| > bn)
= 1—F,(b,) =1—F,(F,'(1-n"?)
< n’Z, n > N..

Hence by the first Borel-Cantelli lemma, P(|X,| > ec, i.0.) =0 for
every € > 0; that is, X,,/c,, —4.. 0.

2. Show that if P(A,)) — Oand > °, P(A,NAS ;) < oo, then P(A4,i.0.) =
0.

Solution: If the A,’s are decreasing, this is fairly easy: then we can

write

Uzo:nAk = UZO:nAk N Az—i-l + UioznAk N Ak+1
- UZO:nAk N Aerl + An—l—l;

and this yields
P(A, i0.) = lim P(U2, Ag)
n—oo
< lim {PUZ,AxNAL) + P(Api)}

n—oo

— P(A,NAS,, i0)+0=0.

On the other hand, if the A,’s are not decreasing, this is a bit trick-
ier. Now use the usual disjointfication procedure: let By = Ay, By =
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ACApia, . By=ACAS, - A A,y -+ Then

U, A = > By
k=1

= Ay + Upop A N2, AS
C An + Uk:nAk—l-lAZ .

Since the left side is decreasing in n, this implies that for each fixed n
we have
[A, 1.0 C A, + [Ans1 NAS 10

But [A, 41 NAS i0] =[A,NAS 1o, s0
[A, 0] C A, +[A,NA;,, 10]
for every fixed n. Thus
P(A, io0.) < P(A,)+ P(A,N A, io0.)=P(A,)+0

by the first Borel-Cantelli lemma. Since P(A,) — 0, it follows that
P(A, i.0.) =0.

. Let X4, Xs,... be independent. Show that sup X,, < oo almost surely
if and only if > P(X, > M) < oo for some M < oco.

Solution: Suppose that > P(X, > M) < oo for some M < oo.
Then by the first Borel-Cantelli lemma, P(X,, > M i.0.) = 0; i.e. for
n > N, we have X, (w) < M. Thus

1<k<N,

sup X, (w) < < max Xk> VM < oo.

Now suppose that sup X,, < oo almost surely. If Y P(X, > M) = oo
for every M < oo, then, by the second Borel-Cantelli lemma, P(X, >
M i.o.) = 1for every M;i.e. limsup,,_,. X, > M a.s. for every M > 0,
and this implies, by taking a sequence My * oo, that limsup,,_, . X, =
oo a.s., which contradicts sup X,, < oo almost surely. We therefore
conclude that > P(X,, > M) < oo for some M < oo.



4. Let X1, Xo,... be independent with P(X,, = 1) = p, and P(X,, =0) =
1 — py,. Show that: (i) X,, =, 0 if and only if p, — 0, and X,, =, 0
if and only if > p, < oco.

Solution: Here, for any 0 < € < 1, P(|X,| > ¢) = P(X,, = 1) = p,.
Thus X,, —, 0 if and only if p, — 0.

By the first and second Borel-Cantelli lemmas and the first part, for
0 < e <1 we have

P(|X,| > €i.o.) :{ (1) } according as an{ iz } -
n=1

It follows that X,, —,, 0 if and only if >~  p, < co.

5. Suppose that X, Xy, ... are independent with P(X,, > z) = 2" for all
x>1landn =1,2,... withr > 0. Show that lim sup,,_, . (log X,,)/logn =
¢ almost surely for some number ¢, and find c.

Solution: Let ¢ > 0. Then
P(log X,, > clogn) = P(X,, > n) =n""".
Hence by the first and second Borel-Cantelli lemmas

0 if e>1/r

P(log X,, > clogn i.0.) —{ 1 i e<ifr

Hence
limsup(log X,,)/(logn) = 1/r almost surely .
n—oo
6. (a) Suppose that X;, X, ... are random variables with mean 0, EX]2 =
1, and E(X;X;) =0 for all i # j, and let S,, = X; +---+ X,,. Show
that S, /n® —,, 0 for any a > 1.
(b) Suppose that X, Xs, ... are random variables with mean 0, E(X;X;) =
0 for all 2 # j, and sup; EXJ2 < oo. Show that S,/n® —, 0 for any
a>1/2.

Solution: (a) Let € > 0. Then by Chebychev’s inequality

P(|Su]/n® > €) < 7Y " Var(X;) = e *n~ 7Y
i=1

3



since Var(X;) =0 and E(X;X;) = 0 for ¢ # j. Thus it follows that

> o0
ZP(‘Sn’/na >€) < 672271*(20471) <o
n=1 —

for a > 1 since this implies that 2o — 1 > 1. Thus by the first
Borel-Cantelli lemma P(]S,|/n* > € i.0.) = 0. This implies that
lim sup,,_, .. n~*|S,| < € a.s. for each € > 0. Thus we conclude that

limsupn=?|S,| = 0;
n—oo

len @S, —.s 0.
(b) Let € > 0. By Chebychev’s inequality again

P(|S,|/n% >€) < e 2p 2 ZVar(X@-) < Me2p~ 2D
i=1
— 0

since o > 1/2; here sup;s, Var(X;) = sup;s; E(X?) = M < co. We
conclude that S,,/n® —, 0if a > 1/2.



