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. PfS Exercise 7.4.3, page 131. Prove just the parts of these formulas
involving F', not the parts involving F~1.

Solution: (11): Since X > 0 we may write X = fOX dt to obtain

X
EX) = /XdP:// dtdP
Q QJ0
= // 1{0§t<X}dth
QJo

= / /1{0<t<X}det by Fubini’s theorem
0o Ja

= / P(X > t)dt :/ (1 —F(t))dt.
0 0

(12): Since X = Xt — X~ with X, X~ > 0, it follows from (11)
applied to Xt and X~ that

E(X) = E(XT)-E(X")

_ /OOOP(X+>t)dt—/OOOP(X > t)dt
= /OOOPX>t /OOOP —X >t)d
_ /OOO( /OOOPX<—t
_ /OOO( dt—/OOOF

= [Ca-roa- [ Fo

where the last equality follows by a change of variables and the fact
that F'(t) differs from F'(t—) on a set which has Lebesgue measure at



most zero.
(13): Since X > 0 we may write X" = fOX rt"~1dt to obtain

X [e'S)
E(X") = / XdP = / / rt"ldtdP = / / Lo<t<xyrt"~'dtdP
Q QJo QJo

= / /1{0<t<X}dP7"tT1dt by Fubini’s theorem
0o Ja

= /Oo " P(X > t)dt = /Oo rt" N1 — F(t))dt.

(14): First suppose that X and Y are both non-negative and that G
and H satisfy G_(0) = G+( )= H_ (0) H.(0) = 0. Then we can

write G(x f[o Liow)(s)dG_(s), H f[Ooo Loy (t)dH_(t). Then
ColG(X), HY)| = E{[G(X) - EG(X)|[H(Y) — EH(Y)]}
= E{G(X)H(Y)} - EG(X)-EH(Y)

where

E{GO)H(Y)} = /[ | /[ GHWIF(r.)
_ /[ } /[ w){ / BRIFCICRE /[ w)l[o,w(t)dH(t)}dF(x,y)
- /[()Oo)/mw){/w/ow)lw oy (DF (2.2) b dGis)a (0
:/ / P(X > 5,Y > £)dG(s)dH(t):

EG(X) — o)dFx (2 /[ /[ o) ()G (s)dFx (x)

P(X > s)dG(s),

[
_ /[0 ~ { /[0 . 1[071)(s)dFX(:1:)} dGi(s)
L

and, similarly,
EH(Y) = / P(Y > H)dH(t).
[0,00)
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Combining these yields
E{G(X)H(Y)} — EG(X) - EH(Y)
_ / / (P(X > 5, > 1) — P(X > 8)P(Y > £)}dG(s)dH ()
= [ [ e - Ee@rroyacan)
using the relations
P(X > 8Y > 1) = 1— Fx(s) — Be(t) + F(s,1),

P(X > s)P(Y > t) = (1 — Fx(s))(1 — Fy(t))
=1- FX(S) — Fy(t) + Fx(S)Fy(t)

For general X,Y we can repeat this argument for each of the four
quadrants and add the results to obtain the claimed formula.

. Prove the two formulas in (17), PfS page 131.

Solution: First note that if X > 0 is integer-valued, then the distri-
bution function F' of X is constant between integers, and P(X > z) =
1—F(z) = P(X > k) for k <z < k+ 1. Thus from (7.4.11) we find
that

B(X) = / T - F(a)da

N Z/k:k-i-l) =)o
= Z(l—F(k))/ dx

o0

= ZP(X>k):§:P(XZk+1)

o0

= ) P(X>m).



Similarly, from (7.4.13) with r = 2,
B(X? = / 2x(1 — F(x))dx
0
= Z/ 2x(1 — F(x))dx

o JIkk41)
:ZPX>I<:/ 2xdx
—o [k k+1)

= Y P(X>k)(2k+1)
k=0

since
A k+1
/ Qxdx:x’ =2k+1.
k

. PfS Exercise 5.1.4, page 91. (a) Let X = [0,1], Y = (1,00) both
equipped with the Borel sets and Lebesgue measure. Let f(z,y) =
e~ — 26*2”/ Show that

fo (7 [z, y)dy)de = fo 7 e ™ — e ?*)dx exists and is > 0.
(ii fl fo x,y)dr)dy = fl % — ¢7Y)dy exists and is < 0.

Solution: First,

/ X | stednas = | e e )

by an easy calculation of the inner integral. Note that the function
7 e ® — %) converges to 1 as x | 0, and is continuous elsewhere,
hence is uniformly continuous and uniformly bounded on [0, 1]. Since it
is strictly positive and bounded, the last integral exists and is positive.
On the other hand,

[ = [y - eay

again by an easy calculation of the inner integral. Now the integrand
is negative (since e™? < e7¥ for all y > 0), bounded and the two
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integrals [ y~'e"*dy and [” y~'e"¥dy both are clearly finite. Thus
the second iterated integral exists and is strictly negative. Of course
the difficulty here is that

/100(/01 |f(z,y)|dz)dy = /01(/100 \F 1) dy)da = o0

. Show that f(z,y) = e *¥sin(x) is integrable with respect on Lebesgue
measure on R? in the strip 0 < 2 < a, 0 < y. Perform the double
integral in the two different orders to find that

a o0 —ay o0 —ay
/ wdz =T cos(@)/ c dy — sin(a)/ ye dy .
0 2 0 0

x 1+ 92 1+ 92

Use the inequality 1 + 2 > 1 to obtain the bound

} asin(x)dI_E’ < 2
; 2

x a’

Letting a — oo yields [~ ™! sin(z)dz = 7/2.
Solution: Note that

/ / e~ sin(z)|dydx = / |sin(z)|z " dr < a < 00
o Jo 0

since |sin(x)| < z, x > 0. Hence we may apply Fubini’s theorem to
compute the double integral in two different ways: the first iterated
integral, integrating on y first yields

a oo a 1
/ (/ sin(x)exydy) dx = / sin(x)—dx .
0 0 0 z
The second iterated integral, integrating on x first yields
/ (/ sin(a:)e’”ydx) dy
0 0
B /°° 1 e~%(cos(a) + ysin(a)) J
o Jo \1+y? 1+y? /
00 —ay o0 —ay
= I cos(@)/ c dy — sin(a)/ ye dy .
2 0 0

1+y2 1+y2

b}



Because these two iterated integrals are equal by Fubini’s theorem, it
follows, using 1 + y? > 1 for y > 0, that, for a > 1,

a 0o 0o 2
} / SlH(I) dr — E’ < / e—aydy +/ ye—aydy <Z.
0 x 2 0 0 a

Letting a — oo yields [~ ™! sin(z)dz = 7/2.

. Optional bonus problem: Suppose that ¢ : (0,1) — R™ satisfies:
(i) (1) = 0,

(i) ¢/ <0,

(iii) ¢” > 0.

(iv) ¢(u) — oo as u | 0.

For example: (a) ¢(u) = (v —1)/0, 0 < 0 < oo; (b) é(u) =
(—logu)'?, 0 <6 <1; (c) p(u) =log(7=%), 0 < < oo, 6 # 1.
Define C': (0,1] x (0,1] — [0,1] by C(u,v) = ¢ (d(u) + ¢(v)).
A. Show that C' is the joint distribution function of a pair of random
variables (U, V') which have the property that the marginal distribu-
tions of U and V' are Uniform(0, 1).

B. Show that under (i) - (iv) (U, V') have a joint density function c(u, v)
and calculate it; i.e. show that C'(u,v) <Lebesgue measure on [0, 1]%.
C. What if lim,_oo(u) = ¢(0) < co? Does (U, V') have a joint density
function? Show that if lim,_.o ¢(u) = ¢(0) < oo, then C' is still a distri-
bution function, but with one component C,. with a density function
Cac (“ac” for “absolutely continuous with respect to Lebesgue measure
A2 on R?), and a component which is singular with respect to Ay. Show

that the singular component has probability p = —(Z’,((%))
given by: ¢(u) + ¢(v) = ¢(0).

Solution: A. Note that C(u,v) = ¢~ (¢(u)+¢(v)) for (u, v) such that
o(u) + ¢(v) < ¢(0), and is naturally defined by C(u,v) = 0 for (u,v)
such that ¢(u) + ¢(v) > ¢(0). For (u,v) such that C(u,v) > 0, we can
calculate the joint density as follows: since ¢(C(u,v)) = ¢(u) + ¢(v)
on D = {(u,v) € (0,1)*: C(u,v) > 0}, it follows that

} on the curve

(O, ) -l 0) = ¢/ ()
and P
¢/(C(u7 U))%C(uv U) = ¢/(U>



Then we also have

0

/! C _

(O, v)) o

Solving the last equation for %C(u,v) = ¢(u,v) yields, upon use of
the preceding two displays,

P (O me
N 8u8v0( 0) [/ (C(u,v))]? ‘

From the properties of ¢ it follows that c(u,v) is positive on the set D,
and hence for any rectangle A C D we have C(D) = [ [ c(u,v)dudv >
0. Also note that C'(u,1) = u for v € (0,1), and C(1,v) = v for v €
(0,1), and furthermore C(1,1) = 1. Also C' is continuous from above
by virtue of the continuity of the function ¢. Hence C' is a bivariate
distribution function on [0, 1]* with uniform marginal distributions.

B. When ¢(u) — oo as u | 0, C(u,v) is positive for all (u,v) €
(0,1)2, and the density c(u, v) calculated in part A works for all (u,v) €
(0,1)2.

C. When ¢(0) < oo, then the mass p accounted for by the density c is

_ v)dud

P //¢(u)+¢(v)<¢(0)c(u v)dudv
_ ¢"(C(Uav))¢/(u)¢/(v)d d
//¢>(u)+¢>(v)<¢(0) [¢'(C(u,v))]? e

= ] T O
/01 W)

c(u,v)

)P
o) ' . 60
B Lﬁ(u)h =gt

where the next to last equality follows from integration by parts, and
the last equality follows from lim,_; ¢(a)/¢'(a) = 0 by convexity of ¢
since ¢(a)/¢'(a) is the z intercept of the tangent line to ¢ at a < 1
(draw the picture!). Thus p < 1 if and only if ¢(0)/¢'(0) # 0. In
the latter case the distribution C' has a singular component on the



boundary curve B = {(u,v) € (0,1)? : ¢(u) + ¢(v) = ¢(0)}, and the
probability that (U, V) € B is exactly —¢(0)/¢'(0).

Questions: what is the length of the boundary curve? Is there a
“density” for the remaining mass with respect to the natural distance
measure along this curve?

Note: This problem is based on

e Genest, C. and MacKay, J. (1986). The joy of copulas: bivariate
distributions with uniform marginals. The American Statistician
40, 280 - 283.



